Figure 7.4.38 The class function vx(1 — x) for fitting airfoil shapes according to Equation 7.4.3 
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Figure 7.4.39 Airfoil shapes for NACA 0012 and NACA 4412 and corresponding shape functions f(x) defined 


by Equation 7.4.3 
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Chapter 8 


Lift and Wings in 3D at Subsonic Speeds 


In this chapter, we extend the discussion of lift from 2D to 3D take up the topics of the flow around a 3D wing, 
the lift distribution on a 3D wing, the induced drag, wingtip devices, and the manifestations of lift in the extended 
flowfield. Finally, we'll delve into some of the interesting issues that arise when wings are swept. 


8.1 The Flowfield around a 3D Wing 


The flow around a 3D wing must differ in some basic ways from the flow around a 2D airfoil, simply because of 
the finite span and the resulting flow gradients in the spanwise direction. In this section, we'll first describe the 
general features of 3D wing flowfields, and then we'll look at how they can be explained. The classical approach 
(starting with the early work of Prandtl and others, see historical sketch by Giacomelli and Pistolisi, in Durand, 
1967a) looks at the distribution of bound vorticity and the vorticity in the wake and deduces the velocity field 
everywhere else using the Biot-Savart law. Though this yields correct results if the correct vorticity distribution 
is used, it is not a real physical explanation in the cause-and-effect sense, as we argued in Sections 3.3.9 and 7.2. 
So we'll also seek an explanation based on the local balance of force and acceleration, that is, the interaction of 
the pressure and velocity fields. We constructed explanations of this type for the generic flow around an obstacle 
in Section 5.1 and the flow around a 2D lifting airfoil in Section 7.3.3. Even in those relatively simple flow situ- 
ations, however, we found that qualitative arguments alone did not enable us to predict the flow a priori. Instead, 
we had to settle for explaining things “after the fact,” based on prior knowledge of what the pressure and velocity 
fields look like. In the case of a 3D wing, we will also have to rely heavily on prior knowledge of the flow struc- 
ture. 


8.1.1 General Characteristics of the Velocity Field 


The flow around a 3D wing 1s similar in some ways to the flow around a 2D airfoil, so to start the discussion, 
let's review the relevant features of the flow in the 2D case. In the flow over a lifting 2D airfoil, the velocity 
disturbances produced by the airfoil die out rapidly in all directions, including downstream. Downstream of the 
airfoil, the only significant velocity “signature” of the lift production 1s the downwash field, which carries a flux 
of downward momentum across any vertical plane, corresponding to half of the lift. With increasing distance 
downstream, this downwash spreads out rapidly in the vertical direction and becomes very diffuse, but the flux 
of downward momentum remains constant. As we discussed near the end of Section 7.3.4, the flow around a 2D 
airfoil in the inviscid case is reversible, in that an onset flow that is uniform in the limit far upstream becomes 
uniform again in the limit far downstream, and the same flow pattern and pressures would arise if the flow were 
run in the reverse direction. In a viscous flow in the attached-flow regime, the flow outside the boundary lay- 


er and wake still follows the reversible pattern quite closely. In addition to the near-reversibility of the gener- 
al flow pattern, there is also very little permanent vertical displacement of streamlines between upstream and 
downstream (none in the inviscid, shock-free case). And, of course, all these flow features are by definition uni- 
form in the spanwise direction. 

Now consider a 3D wing of finite span, with moderate-to-high aspect ratio, operating in the attached-flow 
regime. At any station along the span of the wing other than very close to the tips, the chordwise distributions of 
pressure and boundary-layer development are not much different from those of a 2D flow, and the streamlines 
projected in a longitudinal plane look qualitatively like the flow around a 2D airfoil, as illustrated in Figure 
8.1.1. But this projected view misses an important aspect of the 3D flow; that is, that the streamlines of the 3D 
flow don't generally lie in planes as those of a 2D flow do. A key part of what distinguishes the 3D flow from 
the flow around a 2D airfoil is a significant out-of-plane component to the motion. This out-of-plane component 
would be difficult to discern if it was shown in a perspective view like Figure 8.1.1, but it 1s important nonethe- 
less. 


Figure 8.1.1 Flow around a 3D wing viewed in terms of streamlines projected in a plane perpendicular to the 
span is similar to flow around a 2D airfoil 





We can visualize the 3D flowfield more clearly in terms of velocities projected in planes perpendicular to the 
freestream, as illustrated in Figure 8.1.2. This cross-stream velocity field develops in conjunction with a pres- 
sure field that is nonuniform in the spanwise direction. The general pattern is characterized by downward flow 
in the area between the wingtips, upward flow outboard of the tips, outboard flow below the wing, and inboard 
flow above the wing. Note that these lift-induced velocities are not concentrated closely just around the wing 
itself or the wingtips, but are spread fairly diffusely over a wide area of the flowfield. 


Figure 8.1.2 Flowfield around a lifting wing illustrated by velocity vectors 1n a cross-flow plane. This general 


flow pattern is well established around the wing itself and persists for long distances downstream 
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The streamwise development of the cross-stream velocity field in the 3D flow is quite different from anything 
in the development of a 2D airfoil flow. In the flow more than about one wingspan ahead of the wing, the velo- 
city disturbances are small and are distributed diffusely, as they are in the 2D case. As we approach closer to the 
wing, a pronounced upwash appears ahead of the leading edge, as in the 2D case. As we pass behind the leading 
edge and over the wing itself, the general flow pattern shown in Figure 8.1.2 becomes well established. Behind 
the wing, the flow pattern continues to evolve, with velocities increasing in parts of the field and decreasing in 
others, but continuing to look qualitatively like Figure 8.1.2. At a distance on the order of a wingspan behind 
the wing, the flow will have settled into an asymptotic pattern, and then it changes only very slowly over long 
distances downstream. This is a key distinction between 3D and 2D: While the velocity disturbances in the 2D 
case begin to decrease immediately behind the airfoil and become very small and very diffuse far downstream, 
the cross-stream velocity field that develops in 3D persists for very long distances downstream. Another way 
to look at this distinction is in terms of reversibility: Both the 2D and 3D cases start with a uniform onset flow 
upstream, but while the 2D flow becomes uniform again downstream, the 3D flow becomes nonuniform, with 
persistent transverse velocities even at very large distances downstream. It is therefore not even close to being 
reversible like the flow around a 2D airfoil. 

At the location of the wing itself, we have a well-established flow pattern in which the wing is flying through 
air that is already moving generally downward between the wingtips. Thus the wing can be thought of as flying 
in a downdraft, or downwash, of its own making. At the location of the wing itself, the downwash can in general 
vary considerably, both spanwise and chordwise. But on a high-aspect-ratio wing, we can simplify the picture: 
We can think of the downwash at the location of the wing as consisting of two parts, a 2D part that would be 
there if the local airfoil section were in a 2D flow at the same sectional lift (not the same geometric angle of 
attack), and a 3D part that is a result of finite span. In the limit of high aspect ratio, the 3D part of the downwash 
is constant along the chord at a given span station. The 3D downwash can thus be seen as a downward shift in 
the apparent angle of attack of each airfoil section along the wing, often called the induced angle of attack. For 
positive total lift, the effect of the induced angle of attack, integrated over the span, always corresponds to a 
reduction in the apparent angle of attack of the wing. 

One consequence of the apparent downdraft in which the wing is flying 1s that a 3D wing generally requires 
a higher geometric angle of attack to achieve the same lift coefficient as a corresponding 2D airfoil, a fact we'll 
make use of when we attempt to explain features of the 3D flowfield. And because the downwash increases 
with angle of attack and thus subtracts progressively more from the lift, the lift slope of a 3D wing is generally 
less than that of a 2D airfoil section. 


The other important result of the downwash 1s that the total apparent lift vector is tilted backward slightly. 
This backward component of the apparent lift 1s called induced drag, and the work done against it is reflected 
in the kinetic energy of the large-scale flow pattern. We'll discuss the physics and the theory of induced drag 
further in Section 8.3. 

In Figure 8.1.2, we saw that the spanwise velocity components behind the wing are 1n the outboard direction 
below the wing and in the inboard direction above the wing. There is thus a mismatch, or jump, in the spanwise 
velocity, and this jump constitutes a vortex sheet that 1s shed from the trailing edge and convected downstream. 
The development of this vortex wake is our next topic. The induced drag and the presence of vorticity that is 
convected downstream are both earmarks of the general irreversibility of the 3D flow pattern. 


8.1.2 The Vortex Wake 


The trailing vortex wake 1s a distinctive feature of the lift-induced flowfield, and it plays a prominent role in 
discussions of induced drag and in the quantitative theory. The nature of the vortex wake and its role in induced 
drag have been a source of some serious misunderstandings, so we'll take extra care in the following discussion 
to point out the common misconceptions, to help ensure that we develop a correct understanding. 

As we noted above, the vortex wake starts as a vortex sheet shed from the trailing edge of the wing as a 
byproduct of the establishment of the flow pattern shown in Figure 8.1.2. It is a necessary part of the flowfield 
because the wing cannot produce the general flow pattern of Figure 8.1.2 without also producing the jump in 
spanwise velocity between the streams that pass above and below the wing. Even if we model the flow around 
the wing as inviscid, a vortex sheet must be shed if the lift is nonzero. Milne-Thomson (1966, Section 3.3.1) de- 
scribes the shedding of a vortex sheet from a body in 3D inviscid flow as the “bringing together of layers of air 
which were previously separated, and which are moving with different velocities.” Of course, if a shed vortex 
sheet is wetted on both sides by air that has come from the freestream without any change in stagnation pressure 
or stagnation temperature, the velocity magnitude on both sides must be the same. So by “different velocities” 
Milne-Thomson means different flow directions. Farther along in the discussion, we'll attempt to explain how 
those different flow directions arise in the case of a lifting 3D wing. 

Milne-Thomson's quote above provides interesting food for thought and merits a little digression. He's given 
us an intuitively appealing way to think of what's happening when the vortex sheet leaves the trailing edge, but 
“previously separated” in this context 1s ambiguous. If all it means is that the layers of air were not together 
prior to being joined, then there's no problem. But it could also be taken to imply that the layers of air coming 
together at the trailing edge were separated from each other at some location upstream, presumably where they 
attached to the wing at the attachment line. This more specific meaning wouldn't be precisely correct. On a wing 
of finite span, a layer of air can come only very close to attaching to the surface, but can't actually attach in 
a rigorous sense. Recall from our discussion in Section 5.2.2 that a finite attachment line is at best a band of 
approximate attachment, and that only discrete filaments of flow can actually attach to the surface at singular 
points. Often there is only one point of attachment, like the nodal point marked “N” on the nose of the fuselage 
of the simple wing-body combination sketched in Figure 5.2.4. In this case, strictly speaking, the layers of air 
that join at the trailing edge originated from the filament that attached at the nose of the fuselage, not from lay- 
ers that were split apart by the wing. At any short distance above and below the trailing edge, however, we find 
layers of air that were similarly close together when they passed near the leading edge. When such layers come 
close to “joining” at the trailing edge, they generally will have experienced considerable spanwise displacement 
relative to each other, in addition to the longitudinal displacement that we discussed in connection with 2D flow 
in Section 7.3.1. 


And now to return to our main topic. We've seen that the vortex wake starts its life as a free vortex sheet 
that seems to originate from the trailing edge of the wing. But the trailing edge cannot be the actual origin of 
the vorticity in the wake. Because vortex lines cannot end at a solid surface with a no-slip condition (except at 
singular points of attachment or separation, as we saw in Section 3.3.7), the vorticity in the wake must originate 
in the viscous or turbulent boundary layers on the upper and lower surfaces of the wing. Where does this lead? 
If we look at all of the vorticity present in the 3D flow in the boundary layers and the wake, we see a very 
complicated picture, but it can be simplified greatly if we boil 1t down to its essentials. With regard to the global 
flowfield, what really matters is the net vorticity at any station on the wing or wake, as seen 1n a local plan view. 
At a station on the wing planform, the net vorticity would thus be defined by integration through both the upper 
and lower surface boundary layers; and at a station on the wake, it would be defined by integration through the 
entire viscous layer. The complicated distribution of vorticity through the viscous layer at a given station is thus 
replaced by a single vector value that is much easier to visualize. 

Viewed thusly in terms of net vorticity, the shed vortex sheet is actually a continuation of the bound vorticity 
associated with the lift of the wing, which we discussed in Section 7.2 in connection with lift in 2D. This view 
in terms of net vorticity was option 3 of the ways of looking at bound vorticity that we identified 1n that dis- 
cussion, illustrated in Figure 7.2.1c. In the 3D case, as the lift per unit span decreases in the outboard direction 
along the span, the circulation and total bound vorticity flux must also decrease. The vorticity representing this 
loss in total strength cannot just disappear and is shed from the trailing edge into the flowfield, supplying the 
vorticity that forms the vortex wake. 

Now imagine the net vorticity on the wing and in the wake as an array of vortex filaments. These filaments 
take on a general horseshoe shape, as shown in Figure 8.1.3. Since each filament of this system forms a horse- 
shoe, if we take a cut through the wake anywhere downstream of the wing, at the plane marked A, for example, 
the filament will be cut in two places, and the flux of vorticity passing through the cut will be equal and opposite 
in the two places. (Recall from Section 3.3.7 that a vortex filament is a construct that carries the same flux of 
vorticity along its entire length.) Thus it is clear from the horseshoe configuration of the vortex system that the 
total vorticity flux passing through a cut through the whole wake is zero. We could arrive at the same conclusion 
by placing a closed contour in the cut such that it encloses the entire wake, and invoking Stokes's theorem on a 
capping surface that bulges out ahead of the wing and thus cuts none of the vorticity. The circulation around the 
closed contour must then be zero, and there can then be no net vorticity flux through any cut across the entire 
wake. 


Figure 8.1.3 Bound and trailing vorticity of a lifting wing viewed as vortex filaments. The plane marked “A” 
illustrates how these filaments would be cut by a transverse plane behind the wing, and the plane marked “B” 
illustrates how they would be cut by a longitudinal plane through the wing 





Another conclusion that follows from the horseshoe configuration of the system is that if we take a cut 
through the wing anywhere along the span, at the plane marked B in Figure 8.1.3, for example, the total fluxes 
of vorticity shed from the trailing edge on opposite sides of the cut will be equal and opposite, and their mag- 
nitudes will equal the flux of bound vorticity at that span station. Then, as a special case, we can say that when 
the lift distribution is laterally symmetrical, the total vorticity flux of the sheet shed from each side must equal 
the flux of bound vorticity at the center. 

Like the boundary layers in which it originated, the wake shear layer 1s a real physical shear layer filled with 
small-scale turbulent motions. The idealized inviscid theories model the shed vortex wake as a thin vortex sheet 
of the kind we discussed in Sections 3.3.7 and 3.3.8, and illustrations often show it that way for simplicity. In all 
of the discussion that follows, “vortex sheet” can be thought of as referring to either a real physical shear layer 
or to an idealized thin sheet. 

The development of the vortex sheet after it leaves the trailing edge is illustrated in Figure 8.1.4. The vortex 
lines in the sheet leave the trailing edge and follow the general direction of the flow downstream. In the case of 
the ideal thin vortex sheet, the vortex lines are aligned with the mean of the velocity vectors above and below 
the sheet, as in Figure 3.3.8c. Within the first couple of wingspans downstream, the sheet generally rolls up 
toward its outer edges to form two distinct vortex cores. (This is the general pattern for a wing in the “clean” 
condition, flaps up. The flaps-down pattern is more complicated, with cores forming behind flap edges as well 
behind the wingtips.) Although the vortex cores are distinct, they are not as concentrated as they are sometimes 
portrayed, because a considerable amount of air that was initially nonvortical is entrained between the “coils” 
of the spiral formed by the sheet during rollup. 





Figure 8.1.4 Development of the vortex wake downstream of a lifting wing. The lines drawn on the sheet are 
the vortex lines of a continuous distribution of vorticity in the sheet 





In simplified theoretical models, such as the Trefftz-plane theory we'll discuss in the next section, the vortex 
lines are assumed to stream straight back from the trailing edge in the direction of the freestream, and the de- 
formation and rollup of the wake are not represented. The classic argument 1s that the assumption of a nondis- 
torting wake is valid in the limit of zero lift on the wing. For finite lift, however, it is kinematically impossible 
for the wake sheet to remain undistorted. Obviously a nonuniform downwash field behind the wing will distort 
the wake, and downwash fields behind lifting wings are generally nonuniform. Even in the case of an elliptic 
spanwise load distribution, which we'll see in the next section ideally produces a uniform downwash “contri- 
bution” from the trailing vortex wake, the “contribution” from the bound vortex is nonuniform, and the sheet 
must still distort and ultimately roll up. Even if we could find a situation in which the downwash was uniform, 
however, it would still be impossible for the wake to remain undistorted. This is sometimes attributed to an “in- 
stability” (Milne-Thomson, 1966, for example, in Section 10.4 refers to the wake sheet as “unstable” but does 
not provide a detailed explanation, and in Section 3.31 hints that viscosity might play a role). Spalart (1998), 
however, has shown that it is not an instability, but a result of the basic kinematics of the sheet, associated with 
the singularity in its strength at the edge, due to the usual infinite slope of the loading at the tip. In the real 
world, of course, there is no singularity, but there still tends to be a high concentration of vortex strength, and 
real wake sheets still roll up at their edges. 

Note in Figure 8.1.4 that in the early phase of wake rollup, the vortex lines are swept outboard toward the 
rolling-up edges of the vortex sheet. As the sheet rolls up into coils, the vortex lines become helical, and when 
rollup is complete, the vortex lines in the outer part of the core appear as illustrated in Figure 8.1.5. In the ideal- 
ized inviscid world, however, the vortex cores would appear as tightly wound spirals, continually stretching and 
tightening. In the real world, the coils of the spiral merge by turbulent diffusion, and diffuse vortical cores are 
formed in which the vortex lines are still helical. The helical vortex lines are very closely aligned with the helic- 
al streamlines. This is consistent with Crocco's theorem (Equation 3.8.8) and with the fact that the total-pressure 
loss associated with the viscous drag has diffused throughout the wake, so that the local total-pressure deficit is 
relatively small. 


Figure 8.1.5 Helical vortex lines and the associated velocities in the rolled-up vortex cores. The helical vortex 
lines line up closely with the helical streamlines 
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To get an idea of how the vorticity should be distributed within the cores, consider the initial distribution 
of vortex strength in the sheet that leaves the trailing edge and is eventually “wound up” into the cores. Figure 
8.1.6 illustrates the distributions of bound and shed vorticity for a typical wing, showing that the shed vorticity 
is most intense at the tips and is much weaker inboard. Based on this, we should expect intense vorticity in the 
center of the rolled-up core and much weaker vorticity in the outer part. 


Figure 8.1.6 Sketch of typical distributions of the fluxes of bound and shed (trailing) vorticity, showing that 
shed vorticity is heavily concentrated near the tip 
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Now let's look at the details of the velocity field in the mature wake far from the wing. The first feature we 
must note 1s that the pair of vortex cores descends slowly relative to the flight path of the airplane. This is often 
attributed to “mutual induction,” but it 1s better to think of it simply as convection by the downwash behind the 
wing, which persists far downstream because there is practically nothing acting to stop it. We'll consider the 
cause-and-effect issues further in Section 8.1.4. As the cores descend, they carry with them a “descending oval” 
of fluid, as illustrated in Figure 8.1.7. 


Figure 8.1.7 Sketch of the descending “oval” associated with the mature, rolled-up vortex wake, in terms of 
streamlines in the reference frame descending with the oval 








The flow within much of the vortex core in each half of the descending oval is nearly axisymmetric. Figure 
8.1.8 shows how the vertical velocity, the vorticity, and the pressure are distributed spanwise along a horizontal 
line through the centers of the cores (based on rollup calculations by Spalart and consistent with measurements 
by Widnall; see Spalart, 1998). Only the right half of the field is shown, with a symmetry plane assumed at y/bo 
= 0. For comparison, dashed curves show what these distributions would be if all of the vorticity were concen- 
trated 1n a pair of line vortices, and the flow everywhere else were irrotational (potential flow). Another dashed 
line shows what the distributions would look like for a Rankine core, with the core in solid-body rotation with 
constant vorticity, a model we'll look at again in Section 8.3.3 in connection with induced drag. 


Figure 8.1.8 Details of the flow field of the mature vortex wake, shown as distributions along a horizontal cut 
through the middle of the descending oval. (a) Vertical velocity w. (After Spalart (1998).) (b) Vorticity, estim- 
ated from w, assuming axisymmetric flow in core. (c) Pressure, estimated from w, assuming axisymmetric 
flow in core. (From Spalart, 1998) 
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In the real flow (solid curves), the peak circumferential velocity (Figure 8.1.8a) is quite high and occurs at 
a small radius r1 from the center of the core. Significant vorticity persists out to a much larger radius r2, which 
extends almost to the center plane and to the boundary of the oval. This persistence of the vorticity is clearly 
seen in the fact that the velocity profile does not fair in to the potential-flow curve until it reaches r2, but it 1s 
hard to see in the plot of the vorticity distribution (Figure 8.1.8b) because the scale was chosen to show the 
very high vorticity at the center of the core. The intense vorticity concentrated in the central peak and the lower 
levels in the rest of the core are consistent with the vorticity distribution in the initial sheet that feeds the core, 
as we expected from our earlier discussion. The plot of the pressure distribution (Figure 8.1.8c) shows that very 
low pressures are concentrated only in the intense central core. 


The low pressure in a vortex core is accompanied by low temperature, which often causes condensation of 
water vapor, making the core visible. How much of the core is visible under such conditions depends on the 
situation. In a newly forming core just downstream of a wingtip or flap end, usually only a central portion of 
the core is marked by condensation, making the core appear more compact than it really is. In the farfield, the 
situation is more complicated. Often, engine exhaust has been rolled up into the cores, carrying with it water 
vapor and condensation nuclei (soot) from the engines into the outer parts of the cores. Under such conditions, 
nearly the entire turbulent wake of the airplane may be visible. But the picture can change over time, as the 
condensation evaporates, as it appears to be doing in the photos in Figure 8.1.10. 

The vortex cores are often referred to as “wingtip vortices,” though we can see from the foregoing that this is 
a bit of a misnomer. While it is true that the cores line up not very far inboard of the wingtips, the term “wingtip 
vortices” implies that the wingtips are the sources of all of the vorticity. Actually, as we saw in Figure 8.1.4, 
the vorticity that feeds into the cores generally comes from the entire span of the trailing edge, not just from the 
wingtips. Though it is difficult to tell from the curve in Figure 8.1.8b, the concentrated peak of high vorticity 
inside of rj in Figure 8.1.8b accounts for only about 30% of the total vorticity in the core. 

Figure 8.1.9 illustrates another feature of the velocity field associated with the rolled-up wake. In the direc- 
tion parallel to the core axes, there is usually an axial “jet” in the downstream direction, away from the wing. 


Figure 8.1.9 Sketch of a “jet” of axial velocity in a vortex core 
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Progression of vortex breakup initiated by the Crow instability, made visible by condensation. 
Wake of a B-47 photographed at 15-second intervals. (From Crow, 1970) 





The decay of the trailing vortex cores, if it were by viscosity alone, would be extremely slow, and even 
though the cores are turbulent at all but the lowest Reynolds numbers, turbulent transport 1s suppressed by flow 
curvature, and the decay of the vortices 1s still very slow. At the scale of a large airplane, the vortices would 
persist for hundreds of miles behind the wing if viscosity and small-scale turbulent diffusion were the only dis- 
sipation mechanisms. In actuality, the vortices typically persist for something more on the order of 10 miles, and 
the eventual breakup of the wake is not by small-scale turbulence but by large-scale motions and distortions of 
the vortices, resulting from slow-growing instabilities such as the Crow instability (Crow, 1970). 
shows a progression of breakup initiated by the Crow instability, made visible by water condensation. Spalart 
(1998) refers to this process as collapse, to contrast it with the much slower process of decay. We'll consider the 
breakup process further and speculate on what the whole flowfield looks like in a time-averaged sense on a very 
large scale, in Section 8.5.5. 


§.1.3 The Pressure Field around a 3D Wing 


If we take longitudinal vertical cuts through the flowfield as we did to look at streamlines in | ) , but 
look at the pressure field instead, what we see looks qualitatively like what we saw for a 2D airfoil in 
and _ . This is a view 1n which 3D effects are difficult to discern. For purposes of understanding the 


3D flow, the view in cross-stream planes is more informative. Consider pressure distributions in a succession 


of cross-stream planes: one a short distance upstream of the wing, one through the middle of the wing, and one 
immediately downstream of the wing. These are illustrated in Figure 8.1.11 for both the 2D and 3D cases. The 
cuts shown for the 2D case are just cross-sections of the generic 2D lifting pressure field we considered in Fig- 
ure 7.3.11. In making these sketches, I've assumed that the maximum chord and load per unit span at the center 
plane of the 3D wing are the same as for the 2D airfoil, so that the center section of the 3D wing matches the 
lift coefficient of the 2D airfoil, not the angle of attack. Because of the downwash in the 3D case (which is one 
of the things we'll be seeking to explain in Section 8.1.4), the 3D wing will need a higher angle of attack than 
the 2D airfoil, and eventually we'll come back around to seeing this reflected in our explanation of the velocity 
field. 


Figure 8.1.11 Gross features of pressure distributions in cross-planes in lifting flows. (a) Upstream. (b) Cut 
through the wing. (c) Downstream 
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Now note in Figure 8.1.11 that the pressure distributions in the 3D case show distinct effects of finite span. 
As the lift decreases outboard of the center section, a combination of the intensity and vertical extent of the 
pressure distribution must decrease, depending on the planform and lift distribution of the wing. In this case, we 
show the vertical extent decreasing, as would be the case if the reduction in local lift load were due mostly to a 
reduction in chord. Note that there 1s also a kind of “3D relief’ effect, in which the pressure disturbances off the 
surface inboard are “dragged down” closer to the smaller disturbances outboard. As a result, the vertical extent 
of the pressure distributions in 3D is smaller everywhere along the span, even at the center section, than it is for 


the 2D airfoil. This more rapid “dying off’ of the pressure disturbances away from the wing in 3D is seen at all 
stations: ahead of the wing, at the wing, and behind the wing. 


§.1.4 Explanations for the Flowfield 


Now that we have a qualitative description of the flowfield around a 3D lifting wing, we'd like to explain phys- 
ically how the flow does what it does. One of the main things we'll want to explain is why the velocity disturb- 
ance downstream, which dies off rapidly in the case of a 2D airfoil, persists over long distances in the case of 
a 3D wing. As we've already noted, the classical approach to this is to describe the distribution of the vorticity, 
both the bound vorticity and the vorticity in the wake, and to use the Biot-Savart law to infer what the velocity 
field does. Of course the Biot-Savart law is applicable, and all of the features of the cross-flow velocity field 
near the wing that we saw in Figure 8.1.2 are “explainable” as being “induced” by the bound vorticity and the 
shed vortex sheet, mostly the part in the near field downstream of the trailing edge. Likewise, the velocity field 
that persists far downstream, and differs from Figure 8.1.2 only in some details, is consistent with “induction” 
by the rolled-up vortex wake shown in Figure 8.1.8. An apparent strength of the vorticity-based approach 1s that 
the convection of a somewhat compact vortex wake downstream provides an “explanation,” of sorts, for the 
persistence of the velocity disturbance. A weakness is that the “explanation” that it provides is incomplete in 
that we had to know or assume a priori how the vorticity is distributed. And we must also remember that even 
if we know the vorticity distribution, appealing to Biot-Savart only gives a correct description of the flowfield, 
and that it does not explain it directly in terms of physical cause and effect. The description using Biot-Savart 
is convenient as a mental crutch and for quantitative purposes, but it is prone to misinterpretation in terms of 
the induction fallacy, as discussed in Section 3.3.9. The correct view is that the vorticity 1s not the cause of the 
flowfield but is more of a passive result of other things that are happening in the flowfield. 


As we noted in the introduction to Section 8.1, a real physical explanation must involve the interaction of the 
pressure and velocity fields. In the case of a 2D airfoil in Section 7.3.3, the vertical component of the velocity 
and its interaction with the pressure field played a prominent role in our explanation of the flow. Now let's see 
how far this kind of thinking can take us in the 3D case, in explaining the cross-flow velocity components illus- 
trated in Figure 8.1.2. Of course, now we'll have to explain the evolution of the spanwise velocity component, 
in addition to that of the vertical component. 

We'll approach the problem by thinking in terms of individual fluid parcels passing through different parts 
of the pressure field sketched in Figure 8.1.11, and of the pressure gradients the parcels are subjected to dur- 
ing their passage. The most obvious conclusions we can draw have to do with those major portions of the field 
where one component of the pressure gradient maintains the same sign throughout a parcel's passage through 
the region. In these situations, the corresponding velocity component is set in motion and not stopped, and we 
should expect that part of the motion to persist downstream. By inspection of the pressure distributions in Fig- 
ure 8.1.11, we can see that this mechanism is consistent with the spanwise velocities in the outward direction 
below the wing and in the inward direction above the wing, and with the upwash outboard of the tips. So these 
features of the flowfield of Figure 8.1.2, which persist far downstream and have no counterparts in the 2D case, 
seem to be explainable in terms of simple gross features of the 3D pressure field associated with the lift. 

The downwash between the tips is the only major feature of the pre-rollup velocity field not yet explained, 
and it is more complicated. The vertical component of the pressure gradient, which drives this part of the mo- 
tion, reverses sign twice for fluid parcels passing above or below the wing, just as it does in the 2D case. In our 
explanation of the 2D case in Section 7.3.4, we saw that the pressure field participates in a delicate balancing 
act that results in downwash that decays to zero far downstream of the airfoil. In the 3D case, on the other hand, 
we know the downwash persists over long distances downstream. With pressure fields that are qualitatively so 


similar, that is, with two reversals of the gradient in both cases, how do we account for the dramatic difference 
in the resulting downwash fields? To answer this question, we have to look at the interactions in both cases in 
more detail. 


In the 2D case, there is both upward and downward turning taking place in the flowfield ahead of the airfoil. 
In connection with Figure 7.3.23, we noted that vertical cuts through the field ahead of the airfoil see the same 
net flux of vertical momentum across them, corresponding to half the lift, which doesn't change from one cut to 
another. However, if we limit our attention to a streamtube that passes close to the airfoil above and below, we 
see that the pressure gradient ahead of the airfoil turns the flow upward, then the gradients above and below the 
airfoil turn the flow downward, and finally the gradient behind the airfoil turns the flow upward again, canceling 
the local downwash velocities in an asymptotic sense far away from the airfoil. The upward turnings ahead of 
the airfoil and behind are just enough to cancel the downward turning that takes place as the flow passes close 
to the airfoil surfaces. 

In the 3D case, the downward turning immediately above and below the wing 1s stronger than it 1s in the 2D 
case, for the same lift. This is because the more rapid dying off of the pressures above and below the airfoil 
means the vertical pressure gradient near the wing surface is stronger than in 2D. More rapid downward turning, 
resulting in larger downwash by the time the trailing edge is reached, is also consistent with the fact that the 
3D wing requires a higher angle of attack to achieve the same lift. The airfoil pressure field also dies out more 
rapidly ahead of the airfoil and behind, which results in less upward turning of the flow in those regions. So in 
the 3D case, we have more downward turning above and below the wing, and less upward turning ahead and 
behind, with the result that some downwash persists in a central portion of the field behind the wing, that 1s, 
between the wake-vortex cores. 

To complete this explanation, we must point out that all of these effects of the pressure gradients on the cross- 
flow velocities constitute only one side of the interaction. Remember that cause-and-effect is a two-way street 
and that the velocity changes, or accelerations of the flow, are both caused by the pressure gradients and also 
serve to sustain the pressure gradients. This is the same point that we made a major issue of in our explanation 
of 2D airfoil flow in Section 7.3.3. There we talked about “confinement” of the “clouds” of high and low pres- 
sure and how vertical and longitudinal accelerations of the flow provided that confinement. That description of 
vertical and longitudinal confinement also applies in the 3D case, but the spanwise component of acceleration 
also comes into play: The outboard acceleration of the flow beneath the wing and the inboard acceleration above 
the wing provide spanwise confinement of the pressure differences around a 3D wing. 

In the 3D wing flow, the vertical pressure gradients above and below the airfoil are sustained by the down- 
ward turning of the flow, just as we noted that they are in 2D. However, a feature of the 3D pressure field that 
is not so easy to explain in simple qualitative terms is the “3D relief effect” that we described in Section 8.1.3, 
in which the vertical extent of the pressure distribution in 3D 1s lower than in 2D for the same chord and lift 
per unit span. Reducing the vertical extent of the pressure distribution means an increase in the vertical pressure 
gradient close to the wing surface and a reduction farther from the surface. It is a result of the 3D flow's freedom 
to accelerate spanwise, but not a simple result to explain. 


It 1s also interesting to note how the pattern of horizontal and vertical velocities that we've just explained 
fits together in terms of conservation of mass. Referring to Figure 8.1.2, note that the horizontal velocities con- 
verge toward the center plane above the wing and diverge from the center plane below the wing. The downwash 
between the tips thus “exhausts” the converging flow above and “feeds” the diverging flow below. Around the 
tips, the opposite occurs: divergence above and convergence below, which are “relieved” by the upwash out- 
board of the tips. So we see that for the horizontal velocities that were set in motion by the wing to persist far 
downstream, they must be accompanied by downwash between the tips and upwash outboard, and must there- 
fore be part of a general circulatory pattern behind each half of the wing. And, of course, each of these circulat- 
ory regions must have vorticity (half of the vortex wake) somewhere inside it. 


The final features needing an explanation are the axial jets in the rolled-up vortex cores that we saw in Figure 
8.1.9. It has been shown that far downstream of the wing the component of the velocity disturbance parallel to 
the core axes is nonzero only within the vortical cores (Spalart, 2008). Within the cores, it is clear from Figure 
8.1.9 that the axial velocity disturbance is “explainable” as being “induced” by the circumferential component 
of vorticity associated with the helical configuration of the vortex lines, which, as we've already noted, lines up 
closely with the helical configuration of the streamlines. A direct physical explanation starts with the observa- 
tion that balancing the centrifugal forces associated with the circumferential velocities requires a radial pressure 
gradient, and therefore substantially lower than ambient pressure within the cores, as we saw in Figure 8.1.8c. 
The air in the cores started at ambient pressure upstream of the wing and, having entered the low-pressure region 
within the cores, has experienced a net acceleration in the axial direction. And again, our caveat regarding one- 
way cause and effect applies, and we must remember that the accelerations and the pressure gradients share a 
mutual interaction. 


6.1.5 Vortex Shedding from Edges Other Than the Trailing 
Edge 


So far we've considered the flow over wings of moderate-to-high aspect ratio, assuming that all of the significant 
vorticity shedding is from the trailing edge. But vorticity shedding is not always confined to trailing edges. On 
many wings, especially those with squared-off or nearly squared-off tips, the shedding at the tip starts well for- 
ward of the trailing edge, on the nearly streamwise “edge” at the tip. In this case, the vorticity can roll up over 
the wing upper surface, as shown in Figure 8.1.12a. A similar pattern is common on the squared-off outboard 
edges of deployed trailing-edge flaps. On high-aspect-ratio surfaces, such details near the tips have only small 
effects on the overall development of the vortex wake and the global flowfield. However, on a low-aspect-ra- 
tio wing, shedding from edges other than the trailing edge can dominate the development of the flow. For ex- 
ample, on low-aspect-ratio delta wings at moderate-to-high angles of attack, most of the vorticity 1s shed from 
the highly swept leading edge, and large, partly-rolled-up vortex coils occupy much of the area over the wing 
upper surface, as shown in Figure 8.1.12b. 


Figure 8.1.12 Vorticity shedding from edges other than the trailing edge. (a) The nearly streamwise tip “edge” 
of a rectangular wing (dye visualization in a water tunnel by Werle, 1974). Photo by Werle, (1974). Courtesy 
of ONERA. (b) The highly-swept leading edge of a low aspect-ratio delta wing (dye visualization in a water 
tunnel by Werle, 1963) Photo by Werle, (1963). Courtesy of ONERA 





8.2 Distribution of Lift on a 3D Wing 


In the steady attached-flow regime, the lift distribution on a 3D wing can generally be predicted reasonably 
accurately by high-fidelity computational fluid dynamics (CFD) with turbulence modeling. The importance of 
viscous effects in these predictions varies greatly, depending on the conditions. Under transonic conditions, the 
displacement effect of the boundary layer is very important, and the accuracy of predictions is often limited by 
our inability to model the turbulent boundary layer sufficiently accurately. At low Mach number and high Reyn- 
olds number, the displacement effect of the boundary layer has a smaller effect on the pressure distribution, and 
an inviscid solution can provide a reasonable prediction of the lift distribution. Here, we'll consider what we can 
learn with help from simplified inviscid theories. 


8.2.1 Basic and Additional Spanloads 


If the aspect ratio of a 3D wing is reasonably high, and the lift coefficient isn't too high, the spanload can usually 
be decomposed into two parts: 
1. The basic spanload at zero total lift, which depends on the planform, the shapes of the local airfoil 
sections, and the twist distribution of the wing, which we'll define below, and 


2. The additional spanload due to angle of attack, which depends only on the planform and is proportional 
to the angle of attack relative to the angle for zero total lift. 


A formal justification for this decomposition could be derived from either linearized lifting-surface theory or 
lifting-line theory, which are both discussed briefly below. Less formally, it should hold provided that 
1. The airfoil sections all along the span, except near the tips, behave like 2D airfoil sections that feel the 
effects of finite span only through changes in their effective angles of attack, due to the local 3D down- 
wash, which is where our assumption of high aspect ratio and low loading comes 1n; 


2. The sectional lift curves are linear, which we found in Section 7.4 to be approximately true for 2D air- 
foils in the attached-flow regime in the absence of transonic effects; and 


3. Nonlinear effects, such as movement of the vortex wake with angle of attack are negligible. Note that 
we haven't had to assume any particular shape for the vortex wake, only that any effects of movement of 
the wake are negligible. 


Note also that it should be permissible for the wing to be nonplanar, that is for it to have dihedral or nonplanar 
tip devices. We define the “twist distribution” as the distribution along the span of the orientations of the zero- 
lift lines of the sections, though sometimes in other contexts the term is used to describe the incidences of the 
sectional chord lines. Thus if the wing is shaped so that the sectional zero-lift lines of all of the airfoil sections 
are parallel, the wing is considered to be untwisted, and the basic spanload at zero total lift will be zero all along 
the span. If the orientations of the sectional zero-lift lines vary along the span, the wing is said to be twisted, 
and there will be positive and negative loads on different parts of the span when the total lift is zero, which 
constitutes a nonzero basic spanload, and there will be nonzero vorticity shed into the wake. Now as the angle 
of attack 1s changed from the zero-lift value, assumptions (2) and (3) above guarantee that both the additional 
wake vortex strengths and the additional sectional loadings all along the span will vary linearly. Because the 
local 3D downwash changes with angle of attack, the sectional lift slope at each station along the span will be 
different from what it would be for that airfoil section in 2D. And as we saw in Section 8.1, the overall lift slope 
of the 3D wing will be less than that of a 2D airfoil. 

The basic and additional spanloads, and their sum, are illustrated for a typical twisted, unswept wing in Fig- 
ure 8.2.1. For an untwisted wing, the basic spanload would be zero everywhere, and only the additional span- 
load would be nonzero. In this case, the wing was assumed to have a typically small amount of washout (1.e., 
it is twisted leading-edge down outboard) so that the basic spanload is negative outboard. Figure 8.2.2 shows 
the same spanload decomposition for a comparable swept wing, illustrating how aft sweep tends to shift the 
additional spanload outboard. 


Figure 8.2.1 Illustration of the spanload decomposition for a typical unswept wing, assumed to have a small 
amount of washout (twist leading-edge down outboard) 
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Figure 8.2.2 Illustration of the spanload decomposition for a typical aft-swept wing, assumed to have the sub- 
stantial washout (twist leading-edge down outboard) that is typically required to achieve a favorable total 
spanload on a swept wing 





This effect is usually explained in terms of vortex “induction,” as illustrated in Figure 8.2.3. At any station 
on the wing outboard of span station A, the wing “feels” more upwash from the trailing vorticity inboard and 
less downwash from the trailing vorticity outboard than it would if the wing were unswept As a result, the wing 
outboard of A feels less downwash than it would in the unswept case. This effect is just as easily (and better) ex- 
plained in terms of the pressure field. Consider the cross-stream plane P cutting the wing near where the leading 
edge crosses station A. The pressure field in this plane would look like a part-span version of that shown for the 
full 3D wing in Figure 8.1.11b. The flow approaching the wing outboard of station A thus experiences a vertical 


pressure gradient like that outboard of a wingtip, that is, low pressure above and high pressure below, and 1s ac- 
celerated upward (more so than it would be in the unswept case, because of the influence of the wing inboard). 
Again we conclude that the wing outboard of A feels less downwash than it would in the unswept case. This 3D 
effect of the planform can be quite strong. In fact, for sweep angles typical of swept-wing transport airplanes, 
the outboard half of the wing actually feels a 3D upwash instead of a downwash. 


Figure 8.2.3 Illustration of how a section of an aft-swept wing 1s “influenced” by more shed vorticity inboard 
and less shed vorticity outboard compared with an unswept wing 
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An untwisted aft-swept wing would have a spanload like the additional spanload illustrated in Figure 8.2.2, 
which is undesirable for several reasons: It produces unnecessarily high induced drag, it leads to excessive 
bending moments on the structure at high-load conditions, and it produces a tendency for the tips to stall first, 
which is bad for airplane handling characteristics. To avoid these effects, an aft-swept wing must generally be 
designed with considerable washout, and thus have a basic spanload with a strong download outboard, to have 
an advantageous total spanload like that shown in Figure 8.2.2. The favorable spanload that is achieved in this 
way persists only over a limited range of angle of attack. 


8.2.2 Linearized Lifting-Surface Theory 


A linearized version of the incompressible inviscid theory is sometimes useful for illustrating trends and provid- 
ing insight into the behavior of 3D wings, though it suffers a significant loss in physical fidelity. We assume 
the airfoil sections are thin, and the angle of attack is small, just as we did in 2D (see Section 7.4.1). The flow 
disturbance produced by the wing is represented by singularities distributed over the chord plane, and the no- 
through-flow boundary conditions on the wing's upper and lower surfaces are approximated by velocity-slope 
conditions applied at the chord plane, ignoring the perturbation u, as in 2D. A complication not present in 2D 
is that the vortex wake must also be modeled. This is done on the assumption that the wake is confined to a 
sheet that does not distort, and the vortex lines in the sheet stream straight back from where they are shed from 
the trailing edge, an assumption we'll see again and discuss further in connection with the Trefftz-plane theory 
of induced drag in Section 8.3.4. A derivation of the integral equations of the theory is given by Ashley and 
Landahl (1965). We'll not go into the details here; we'll limit our discussion to the general conclusions to be 
drawn from the theory. 


Of course, linearity allows solutions to be constructed by superposition, just as in 2D, and we can look at 
the effects of various geometry features separately. In 2D we identified separate effects of camber, thickness, 
and angle of attack. In addition to these three effects of airfoil section shape and orientation, in 3D we have the 
effects of the wing planform, that is, the distribution of chord along the span, and the sweep, if any. As was 
the case with regard to spanload decomposition in Section 8.2.1, it should be permissible for the planform to 
be nonplanar, that is, for the wing to have dihedral and for the dihedral angle to change along the span, which 
would require the wake sheet to be correspondingly “bent” in rear view. However, references on the theory usu- 
ally assume that the wing is confined to a single plane, as in Ashley and Landahl (1965). 

The three basic sectional effects have different relationships to the effects of planform. Sectional camber and 
angle of attack both affect lift, and therefore they affect the distribution of vorticity in the wake, which by “in- 
duction” affects the velocity perpendicular to the chord plane at other locations on the span. Because of this, 
sectional camber and angle of attack have effects that are not just local, but spread over the entire planform in a 
way that depends on the details of the planform. The effects of section thickness are less strongly coupled to the 
planform. If the wing has a high aspect ratio in addition to being thin, the effects of thickness become effect- 
ively local in the limit, depending only on the local streamwise distribution of thickness and the local sweep of 
the planform, in a manner consistent with the “simple sweep theory” that we'll discuss in Section 8.6.1. In 3D 
linearized solutions, just as in 2D, airfoil thickness does not affect the distribution of lift. 

So in the linear limit, the distribution of lift on a 3D wing depends only on the planform and the distributions 
of sectional camber and angle of attack. The total lift varies linearly with a, just as it does in 2D, but due to 3D 
effects the lift curves at different stations along the span can have different slopes and intercepts. The lifting- 
surface theory predicts both the spanwise and chordwise distributions of load. The downwash is not assumed to 
be constant in the chordwise direction, so that downwash can affect not just the local effective angle of attack, 
but also the local effective camber. Still, because of the general linearity that is assumed, the spanload can be 
decomposed into a basic part at zero lift and a part proportional to angle of attack, as in Section 8.2.1. There 
we assumed that the aspect ratio is high, and the local downwash affects only the local angle of attack. Here we 
assume that disturbances are small, and we needn't assume high aspect ratio. 


§.2.3 Lifting-Line Theory 


The simplest way to predict just the spanload of a 3D wing is the so-called Jifting-line theory, 1n which the 
chordwise distribution of the load is ignored. The lift is assumed to be concentrated in a single bound vortex, 
called the /ifting line, generally located along the quarter-chord line of the planform, and the vortex-wake sheet 
is assumed to stream straight back from that, as illustrated in Figure 8.2.4. The bound vortex strength is related 
to the local lift per unit span using the Kutta-Joukowski theorem, Equation 7.2.1, and as the local lift changes 
along the span, the change in bound vortex strength is shed into the wake, in keeping with Helmholtz's second 
theorem (Section 3.3.7). Thus the distribution of vortex strength in the wake sheet is equal to the spanwise rate 
of change of the bound vorticity. In the early theory developed by Prandtl and his colleagues, the lifting line is 
assumed to be straight, so that the bound vortex at one part of the span has no influence on the downwash on 
other parts. The 3D downwash is thus assumed to be only that which is “induced” by the trailing vortex wake, 
and it is evaluated at the upstream end of the vortex wake, which is by definition on the lifting line itself. Local 
sections of the wing are assumed to function as 2D airfoils with known sectional (2D) lift curves, with each 
section operating at an effective angle of attack modified by the local 3D downwash angle. 


Figure 8.2.4 Arrangement of the bound vortex at c/4 and the trailing vortex lines in the early development of 
lifting-line theory. Control points (x) are placed on the bound vortex 
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The original theory was justified by the informal physical arguments I just outlined. Later, Van Dyke (1964) 
used the method of matched asymptotic expansions to show that lifting-line theory represents a formally valid 
approximation in the limit of high aspect ratio and small loading. Early lifting-line theory was used not only to 
predict spanload, but also induced drag, which we'll consider in Section 8.3. 

In the more general case in which the lifting line 1s not straight, the “contribution” of the lifting line itself to 
the downwash must be taken into account. The original formulation of lifting-line theory, in which the down- 
wash is evaluated on the lifting line itself, then breaks down because a curved lifting line has infinite self-in- 
duced velocity. One way to get around this problem is to introduce a different kind of boundary condition, in 
which the downwash angle “induced” by the bound and trailing vorticity is evaluated at a downwash line \oc- 
ated off of the lifting line and is made to account for both the 3D part of the downwash and the effective sec- 
tional angle of attack. This calls for setting the downwash angle equal to the angle of the sectional zero-lift line, 
and placing the downwash line at the 3/4-chord location, as illustrated in Figure 8.2.5. The 3/4-chord location is 
chosen because the downwash there, in the 2D case, is equal to the angle of attack of the zero-lift line, provided 
the 2D lift-curve slope has the linear-theory value of 27, a result known as Pistolesi's theorem. (The reader can 
easily verify this using the Kutta-Joukowski theorem, Equation 7.2.1 and the definition of circulation.) 


Figure 8.2.5 Arrangement of the bound vortex at c/4, the trailing vortex lines, and the downwash line at 3c/4 
in later developments of lifting-line theory. Control points (x) are placed on the downwash line 
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It is clear from Figure 8.2.5 that when the downwash line 1s located off of the lifting line, the calculation of 
the downwash “induced” by the trailing vortex lines requires accounting for the additional chordwise segment 
between the downwash line and the lifting line. In the Weissinger “L”’ method (Weissinger, 1947), a simplified 
approximate accounting for the additional segment is used (also see Ashley and Landahl, 1965). 


Of course when the lifting line is not straight, the bound vortex influences not just the local 3D downwash 
angles, but the effective local freestream velocity magnitudes as well. This leads to what is often called a non- 
linear lift effect because 3D “induction” now affects the local lift through both the local downwash (and thus the 
local effective angle of attack and the local I) and the local effective Us. The local-Uw effect can be thought of 
as either affecting the lift for a given I or the I required to produce a given lift. This nonlinear effect is gener- 
ally ignored in lifting-line calculations for several reasons. First, 1t keeps the equation system linear. Second, it 
wouldn't be consistent to include this nonlinear effect while assuming the crude lifting-line model for the vortex 
wake. Finally, the effect has been found to be small for wings of reasonably high aspect ratio (see Eppler, 1997, 
for example). 

In numerical implementations of lifting-line theories, the vortex wake is usually discretized as an array of 
line vortices of finite strength, and the bound vortex is assumed to be straight and to have constant strength 
between the intersections with the trailing vortices. The boundary condition is enforced at discrete control points 
between the trailing vortices. In most methods intended for application to nonstraight lifting lines, the control 
points are placed at the 3/4-chord location as indicated in Figure 8.2.5. Discrete methods have been proposed, 
however, 1n which the control point is placed on the lifting line, as in Figure 8.2.4, even though the lifting line 
is not globally straight (Phillips and Snyder, 2000, for example). The problem that this incurs is hidden from 
view because the discrete straight lifting-line segments artificially mask the problem of infinite velocity that we 
discussed above. But the problem is still there in the limit as the segment length goes to zero. Thus locating 
the control points away from the bound vortex is still the only way to have a general formulation that doesn't 
behave badly as the discretization is refined. 

Even when a downwash line separate from the lifting line 1s used, lifting-line theory in effect assumes that the 
downwash due to finite span doesn't vary much in the chordwise direction, over the whole chord of the section 
at any given station along the span. This is not a bad assumption for high-aspect-ratio wings with reasonably 
straight quarter-chord lines, and in such cases, the theory can provide fairly accurate results. However, for swept 
wings, which generally have a pronounced kink in the quarter-chord line at the center station, the assumption 
is poor for the inboard part of the wing, and Thwaites (1958) goes so far as to state that lifting-line theory is 
“completely unjustified” for swept wings. Still, it is often used for swept wings anyway, and semi-empirical 
adjustments to improve its accuracy in the neighborhood of the kink in the lifting line have been proposed, as in 
Barnes (1997). 


8.2.4 3D Liftin Ground Effect 


In Section 7.4.9, we saw that as an airfoil in 2D flow gets closer to a ground plane, the lift is first reduced and 
then increased. For a 3D wing, a ground plane has a 3D effect on lift, which often overwhelms the 2D effects. 
A ground plane in 3D also affects the induced drag, as we'll see in Section 8.3.9. 

When a wing flies close to the ground, the no-through-flow condition at the ground forces the flowfield 
around the wing to change in a way that generally increases the lift at a given angle of attack or reduces the 
angle of attack required for a given lift. One way to look at this is that the ground has the effect of inhibiting 
vertical velocity throughout the field and therefore reduces the 3D downwash in which the wing is flying. 

A second way to look at it that also provides a basis for simplified quantitative calculations is to invoke the 
idea of images. A simple way to ensure that the no-through-flow condition at the ground is satisfied is to place 
an image of the vortex system below the ground, as shown in Figure 8.2.6. Then part of the downwash “in- 
duced” by the real vortex system can be seen to be canceled by the upwash “induced” by the image system. A 
single horseshoe vortex and its image could be used for this purpose, but the physical fidelity would be poor. 
A model with a more realistic distribution of the shed vorticity, but ignoring rollup, like that used in lifting-line 


theory (Section 8.2.3) or an inviscid panel method (Chapter 10), would provide somewhat better fidelity, and 
the effect on lift could still be readily calculated. The change (increase) in lift at a fixed angle of attack for a 
planar wing with a rectangular planform of aspect ratio 10 and no twist is shown in Figure 8.2.7, as calculated 
by a panel method with a nondistorting wake sheet. In this example, the 2D lift decrease is more than offset 
by the 3D lift increase due to the reduction in downwash. We can look at finite span as having two effects that 
work in the same direction. First, finite span introduces 3D downwash, which is reduced by the presence of the 
ground. Second, finite span also attenuates the 2D effects of the ground because an image bound vortex of finite 
span has less “influence” than one of infinite span. 


Figure 8.2.6 Bound and trailing vortex system of a wing flying in ground effect, and its image under the 
ground plane 





Figure 8.2.7 The increase in lift of a wing in ground effect. Results of a lifting-line calculation for a rectangu- 


lar planform AR = 10, no twist. C7 = 0.81 out of ground effect 
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Comparing Figure 8.2.7 for a 3D wing with Figure 7.4.35 for a 2D airfoil, it appears that for wings of ordin- 
ary aspect ratio the effect of the ground on lift is dominated by finite-span effects. Note that 2D lift in Figure 
7.4.35 is decreased until h/c goes below 0.3, which corresponds to h/b = 0.03 in Figure 8.2.7. Above this value, 
the 3D effect in Figure 8.2.7 clearly dominates. Presumably at some point below h/c = 0.3, the 2D effect would 
begin to contribute more to the lift increase than does the 3D effect, but this range is seldom of practical interest. 
For a wing with significant dihedral, or sweep combined with angle of attack, such low values of h/c would not 
be reachable over much of the span, even without a landing gear. 


Depending on the geometry of the wing, ground effect can change the shape of the spanload, and if the wing 
is swept, it can cause substantial changes in the pitching moment. A swept-wing airplane with an aft tail can 
experience complicated changes in its lift curve and pitching moments as functions of height when in close 
proximity to the ground plane. 


8.2.5 Maximum Lift, as Limited by 3D Effects 


In Sections 7.4.3 and 7.4.4, we looked at how the maximum lift of 2D airfoils, both single-element and 
multiple-element, is limited by boundary-layer separation. It turns out that sectional maximum lift, as limited by 
boundary-layer separation, 1s also generally the limiting factor for 3D wings. However, in the late 1950s, there 
was considerable interest in flap systems that used active jet blowing to control separation (“blowing BLC’’) 
and, when the blowing was very strong, to directly enhance the circulation around the airfoil (the “jet flap’). In 
such cases, the 3D downwash field can become the factor that limits the maximum lift of a 3D wing. 

As we saw in Section 8.1, the downwash associated with finite span has the effect of tilting the lift vector 
back. The horizontal component 1s felt as induced drag, and the vertical component is reduced to something less 
than the magnitude of the force. Furthermore, the magnitude of the force for a given circulation (bound vortex 
strength) is reduced because the vortex wake is generally tilted downward, so that the velocity “induced” by it 
has a forward component that subtracts from the effective freestream velocity. Thus when we try to increase the 
circulation on a 3D wing, by whatever means, the tilting back of the force vector and the reduction of the ef- 
fective freestream velocity both increase, and presumably at some point the vertical component (the lift) should 
stop increasing, thus defining a maximum achievable lift limited by 3D downwash. 

Davenport (1960) looked at three highly idealized models for this effect that had been proposed by others and 
found that their predictions varied widely depending on their assumptions about the wake. By their nature, such 
theories predict maximum lift proportional to span, independent of wing area. Thus when normalized by wing 
area, they all predicted Cymax proportional to aspect ratio. However, the constants of proportionality ranged 
from about 0.8 to 2.0. Davenport proposed a model of his own that gave a result at the high end of this range, 
but also concluded that the effect depends strongly on the details of the flow, especially as reflected in the tilt 
of the wake near the airfoil. In any case, the range of CLmax predicted by these models is so high as not to be 
achievable without some form of active flow control. 


8.3 Induced Drag 


In Section 8.1.1, we looked at the flowfield around a lifting wing of finite span, and we saw how the lift vector 
is tilted back, making a contribution to drag that we call induced drag. In this section, we delve into the related 
quantitative theory, which we should note at the outset requires some degree of idealization. Recall that in Sec- 
tion 6.1.3 we discussed how it is essentially impossible to decompose the total drag force on a body rigorously 
into separate contributions based on the different flow mechanisms responsible. In the theories of induced drag 
in this section, we'll sidestep that issue by assuming that the flow is inviscid and that there are no total-pressure 
losses through shocks, so that the induced drag is the only drag “component” present. So we must keep in mind 
that quantifying induced drag as a separate “component” of the drag force is an idealization. 

But assuming inviscid flow in the theory doesn't cost us as much in terms of accuracy as one might think in1- 
tially. We can use induced-drag theory without necessarily assuming that the entire flowfield must be consistent 
with inviscid flow. For example, in theories in which the lift distribution on the wing is an input, we can use a 


lift distribution consistent with the real flow, including viscous and transonic effects. Because we reintroduce 
realism in this way, the conclusions we draw from induced-drag theory can be reasonably accurate in most of 
the more general situations we'll encounter in practice. Just keep in mind that the theory of induced drag gener- 
ally ignores some physical complications and incurs at least some small error as a result. 


8.3.1 Basic Scaling of Induced Drag 


By appealing to the idealized lifting-line model for the flow around a simple wing illustrated in Figure 8.2.4, we 
can deduce how induced drag should scale with the lift, the flow conditions, and the dimensions of the wing. If 
I is the centerline circulation, the total lift will go as pUxIb. As we argued in Section 8.1.1, the wing is flying 
in a downwash field of its own making, as illustrated in Figure 8.1.2. We'll therefore assume that the induced 
drag is given by the lift tilted back through an average downwash angle s, or Dj ~ L € . For the simple straight 
lifting line in Figure 8.2.4, the lifting line “induces” no downwash on itself, and we need only consider that 
“induced” by the trailing vortex wake, for which the downwash velocity goes as y/b, and € goes as y/Uxab. Com- 
bining these so as to eliminate I, we get 
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which illustrates some important trends. Induced drag increases rapidly with increasing lift and decreases rap- 

idly with increasing span. Flying at high altitude (small p) or low speed increases the induced drag. Induced 

drag is the one major part of the drag of an airplane that decreases with increasing speed, in contrast with the 
et 


viscous drag that we considered in Chapter 6, which tends to increase roughly as Use . Given these two oppos- 
ing trends, the drag tends to be dominated by induced drag at low speeds and by viscous drag at high speeds, 
* o 


with a drag minimum in between, as illustrated in Figure 8.3.1. In this illustration, the ideal 1/U se and Uxx 
dependences were assumed, so that the minimum total drag occurs where each component contributes half the 
total. For real wings, the nonideal behavior of the profile drag tends to drive the minimum drag to a higher speed 
(lower CL), as we discussed in Section 7.4.2. Nonideal behavior of the induced drag can shift the minimum in 
either direction. 


Figure 8.3.1 Schematic drag-versus-speed curve for an airplane, illustrating the induced and viscous contribu- 
tions 
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Note that as a result of our lifting-line assumptions the induced drag depends on the span of the wing and 
not the area. This also holds in the Trefftz-plane theory, which we'll discuss in Section 8.3.4 and which provides 
sufficient accuracy for nearly all practical predictions of induced drag. So for practical purposes, induced drag 
does not depend at all on wing area. This sets induced drag apart from the lift, viscous drag, and pitching mo- 
ment, which tend to be proportional to area, and introduces a practical problem that has been a source of some 
confusion. Most of our dealings with these forces are in terms of the dimensionless coefficients CL, Cp, and Cm. 
Because all of the raw dimensional forces other than the induced drag are roughly proportional to qS, nondi- 
mensionalizing by qS is the only choice that makes sense. But then to be consistent, we must nondimensionalize 
induced drag the same way, getting 
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So unfortunately, nondimensionalizing induced drag by wing area makes it look (misleadingly) as if the induced 
drag depends on wing area, or aspect ratio. The appearance of aspect ratio in such formulas is a red herring, an 
artifact of a nondimensionalization that is more appropriate for other quantities. 


8.3.2 Induced Drag from a Farfield Momentum Balance 


We can derive a very general formula for the induced drag based only on the farfield flow, with only minimal 
assumptions about how the flow behaves: 
1. The flow is steady and inviscid, and density variations in the farfield can be ignored, so that we can use 
the steady, incompressible form of Bernoulli's equation. 
2. Velocity disturbances in the farfield tend to zero except in the neighborhood of a vortex wake that is 
convected indefinitely downstream but does not spread out without bound in the other directions. This 1s 
consistent with the general character of the vortex wake that we saw in Section 8.1.2. 


3. The wake flowfield 1s established during the wake rollup process, which is effectively completed with- 
in the relative nearfield of the airplane, so that the wake becomes unchanging from there downstream, 
except for a downward drift. 


We orient the x-axis in the flight direction and tie our reference frame to the airplane in steady flight, so that 
the freestream velocity is U, and the velocity everywhere else is (U, V, W) = (U + u, v, w). We expect the wake 
far downstream to carry a significant u disturbance, including a nonzero integrated u, and thus a net flight-direc- 
tion mass flux (remember the axial jets in the rolled-up vortex wake in Figure 8.1.9). This flight-direction mass 
flux will enter into the momentum balance in any control volume with a far-downstream boundary, and it must 
come from somewhere. A wake with a jet, as in Figure 8.1.9, requires flow to converge toward the region where 
the wake is forming, while a wake with a velocity deficit (negative u) would require flow to diverge. From far 
enough away, this will look like a single sink or source located in the neighborhood of the airplane, because we 
have assumed that wake development is completed not far from the airplane. In our derivation of the simplified 
formula for viscous drag (Equation 6.1.3) we also had to account for a balancing mass flux, in that case a source. 

In the momentum balance for a general control volume surrounding the airplane, the pressure and 
momentum-flux disturbances in the neighborhood of where the wake leaves the downstream boundary are obvi- 
ously significant. The significance of disturbances elsewhere is not quite as obvious. The velocity and pressure 
disturbances associated with the source or sink are spread diffusely in all directions and die off with increasing 
distance, but it turns out that they don't die off fast enough that their integrated effects can be neglected, no 
matter how far away we put the boundaries. Having to deal with the source or sink terms complicates the ana- 
lysis a bit, and the source or sink ends up dividing up its contributions through the pressure and the momentum 
flux differently depending on the shape of the control volume. The total contribution of the source or sink to 
the inferred drag must of course be the same regardless of how the control volume is shaped. We can get the 
right answer for the total contribution of the source or sink and simplify the algebra considerably, if we assume 
a particular kind of shape for the control volume. 

We give the control volume a general cylindrical shape as in Figure 8.3.2, with an upstream boundary, a 
downstream boundary, and lateral/top/bottom boundaries that simply need to form a general cylinder (not ne- 
cessarily circular) parallel to the x-axis. 


Figure 8.3.2 Cylindrical control volume for deriving Equation 8.3.5 for the induced drag from a far-field mo- 
mentum balance 
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The cross-section shape in the y-z plane can be anything, as long as the cross section 1s large enough that 
the downstream boundary captures all of the significant pressure and velocity disturbance associated with the 
vortex wake. Now we take the upstream and downstream boundaries to large distances compared to the other 
dimensions of the control volume, but not so large that downward drift of the vortex wake carries it out through 
the cylindrical boundary instead of the downstream boundary. To proportion the control volume in this way re- 
quires a small inclination angle for the vortex wake. This requires that the spanloading on the wing producing 
the wake not be too large, which is more restrictive than our original assumptions (1—3). This does not mean we 
are assuming that u, v, and w are small in the vortex wake. The assumptions regarding the shape of the control 
volume lead to the following simplifications: 


1. The cylindrical part of the boundary makes no contribution to the momentum balance through the pres- 
sure, because its normal is everywhere perpendicular to the x-axis. 


2. At the upstream and downstream boundaries we can neglect the pressure and velocity disturbances due 
to the source or sink. 


3. The strength of the source or sink can be calculated from the integrated u deficit or excess at the down- 
stream boundary, designated T, due solely to the vortex wake: 


m= p || (Cl — thuake) ds. 
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The total effect of the source or sink on the momentum balance is due to the momentum flux through the 
cylindrical boundary and is given by I! C. 
With these simplifications, the momentum balance becomes 
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After we use the steady, incompressible Bernoulli equation to express the pressure in the wake terms of U, u, 
v, and w, and simplify, we obtain 
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The negative sign of the u> term is a little disturbing at first glance, because it means that the integrand is 
not positive-definite and raises the concern that the drag might not be always be positive. A rigorous argument 
by Spalart (2008) indicates that this is not a problem. An informal argument that reaches essentially the same 
conclusion goes as follows: 


The components v and w are proportional to the vorticity in the wake, while u 1s proportional to both the 
vorticity and to the inclination of the helical vortex lines, which is proportional to v and w. So uw 1s higher 
order in the vortex strength than v and w. Because we haven't assumed small disturbances in the wake, this 
does not guarantee that u> is small compared with the other terms, but it does indicate that u> will never 
outweigh the other terms and that the drag will always be positive. 


In the next two theoretical models that we'll consider, we'll ignore the downward drift of the wake and the 
associated general downward tilt of the vortex lines. We'll also ignore any other deviation of the vortex lines 
from the freestream direction, as, for example, in the helical alignment of the vortex lines in the cores shown in 
Figure 8.1.5. The farfield wake then has no u disturbance associated with it, and the v2 term in Equation 8.3.5 
is zero. We can then interpret the induced drag as being accounted for by the kinetic energy left behind in suc- 
cessive slices of the flow in the wake. 


8.3.3 Induced Drag in Terms of Kinetic Energy and an 
Idealized Rolled-Up Vortex Wake 


Here we make the same basic assumptions as we did leading to Equation 8.3.5, and we calculate the velocities 
in Equation 8.3.5 using the Biot-Savart law, based on simple assumptions regarding the distribution of vorticity 
in the wake. We ignore the tilt of the wake and the circumferential component of the vorticity in the vortex 
cores. The simplest model for a rolled-up vortex wake is a pair of line vortices, but the kinetic energy integral 
in the neighborhood of a line vortex is infinite, which rules this model out for evaluating induced drag in terms 
of kinetic energy. For the kinetic energy to be finite, the vorticity must have finite strength and must therefore 
be spread out over a finite area. The simplest vortex model that does this is the so-called Rankine vortex we 
described in Section 3.3.8 and Figure 3.3.8f, in which the vorticity is assumed constant inside of a circular core 
of radius 7c, outside of which the flow is assumed irrotational. So a simple model for the rolled-up wake behind 
a lifting wing consists of two Rankine vortices of strength I> and radius re with their centers separated by a 
spanwise distance boy, as shown in Figure 8.3.3. Now three parameters, Io, bo, and re, are sufficient to determine 
the drag. If [o, bo, and the drag are known, re can be adjusted to match the drag. This idea of adjusting the core 
radius to match the drag began with Prandtl (see Spalart, 2008). 


Figure 8.3.3 Idealized model for the rolled-up vortex wake used in the theories of Spreiter and Sacks (1951) 


and Milne-Thomson (1966) (drawn to scale for r¢/b = 0.0855, r¢/bo = 0.1089) 
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One problem with a wake model based on Rankine vortices is that the combined flowfield associated with 
two such vortices 1s not consistent with maintaining the circular boundaries of the cores over time. (The flow 
outside the Rankine cores should be the same as the flow around two point vortices, and this flow does not have 
circular streamlines of radius re centered on the vortices.) This has not discouraged use of the model, however, 
and the problem has been sidestepped in at least two different ways, neither of which is entirely satisfactory. 

Spreiter and Sacks (1951) sought to work around the problem by taking advantage of the fact that the stream- 
lines of the flow around two point vortices are actually circular, just not all centered on the vortices. They noted 
that only the streamline circles of zero radius are centered on the vortices and that as we look at larger radii, the 
streamline circles have centers shifted increasingly outboard. They therefore placed the Rankine cores so that 
their boundaries matched the streamline circles of radius re, so as to align the core boundaries with streamlines 
of the irrotational flow surrounding the cores. The trouble with this is that when the cores are positioned 1n this 
way, their centers don't coincide with the locations of the original point vortices, so that the flow they “induce” 
isn't consistent with the assumed flow outside the cores. 

Milne-Thomson (1966) also assumed the flow outside the cores 1s consistent with two point vortices but did 
not shift the centers of the Rankine cores outboard from the locations of the point vortices, arguing that this 
was valid as long as the core radius is small compared to the separation. However, the core radius he finally 


deduces turns out not to be that small. So this is also an inconsistency, just a different one from that of Spreiter 
and Sacks. 

In spite of the inconsistencies of both of these models, the calculations for the kinetic energy can be carried 
out. For the Milne-Thomson version, the result 1s 
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where Io is the circulation of the cores. To see what this implies about the size of the cores behind a typical 
wing, assume an elliptic load distribution on a wing of span 5, for which the classical theory of Section 8.3.4 
gives 
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The model is thus kinematically inconsistent. But the more serious problem with Rankine vortex cores is that 
they don't model the flow in the rolled-up wake behind a wing well at all, as we saw in Figure 8.1.8. 


§.3.4 Induced Drag from the Loading on the Wing Itself: 
Trefftz-Plane Theory 


Here we seek to infer induced drag from the loading on the wing itself, without laboriously computing the entire 
flowfield. This requires making simplifying assumptions not just about the farfield wake, but regarding the de- 
velopment of the wake all the way from where it leaves the wing trailing edge. Trefftz-plane theory does this by 
ignoring the rollup of the trailing vortex sheet and assuming instead that the vortex lines stream straight back in 
the freestream direction from where they are shed at the trailing edge, as illustrated in Figure 8.3.4. This theor- 
etical framework was established in the early 1900s (Prandtl and Tietjens, 1934) and is still in use today. The 
formal justification is that neglecting the deformation of the wake should be valid in the limit of small loading 
or high aspect ratio. The practical justification is that the resulting theory gives reasonably accurate results for 
practical loadings and aspect ratios. 


Figure 8.3.4 Assumed wake model in the Trefftz-plane theory of induced drag, with the vortex lines running 
straight back in the freestream direction 
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A real vortex wake, outside of the rolled-up portion at the outboard edge, is a finite-thickness shear layer 
that aligns itself with the flow on both sides, has no flow through it, and supports very little pressure difference 
across it. At the next level of idealization, this shear layer would be modeled as a thin vortex sheet that is also a 
stream surface of the flow, having, by definition, no flow passing through it and no force on it. No force means 
there can be no pressure jump across the sheet. In a shock-free inviscid flow, no pressure jump means there can 
be no jump in velocity magnitude across the sheet, only a jump in velocity direction. No jump in velocity mag- 
nitude in turn requires that the vortex lines in the sheet be aligned parallel to the average of the velocities on the 
two sides of the sheet (If the vortex lines were not aligned in this way, there would have to be a jump in velocity 
magnitude, as we noted in Section 3.3.8, and thus also a jump in the pressure, violating our no-force condition). 
So a vortex wake modeled as a force-free vortex sheet must satisfy requirements on both the shape of the sheet 
and on the alignment of the vortex lines in the sheet. 


Unlike this ideal force-free vortex sheet, the assumed wake sheet in Trefftz-plane theory, made up of vortex 
lines aligned with the free-stream direction, will generally have a nonzero component of velocity perpendicu- 
lar to the vortex lines, both from flow passing through the sheet and from vortex lines not being appropriately 
aligned within the sheet. Whenever there is a velocity component perpendicular to vortex lines, and the vortex 
lines are not being convected with the flow, the Kutta-Joukowski theorem requires that there be a “lift” force 
perpendicular to both the velocity and vorticity vectors. Thus the nonzero component of velocity perpendicular 
to the vortex lines results in local forces exerted on the wake that are small for a typical high-aspect-ratio wing, 
but nonzero. Because these forces must be perpendicular to the vortex lines, they make no contribution in the 
drag direction. So the wake in Trefftz-plane theory is not force free, but it is drag free. 

Kroo (2001) argues that because the wake assumed in Trefftz-plane theory is drag free, Trefftz-plane theory 
incurs no error in the drag calculation, and that it should therefore give the same result for the induced drag 
as a calculation that takes into account realistic distortions of the wake. I would argue that a drag-free wake 
does not guarantee this level of correctness, but only consistency in the sense that the total drag in the field 
does not contain a contribution from drag on the wake. Consistency in this sense then means that the farfield 
drag determination would agree with the drag determined by surface-pressure integration, if the flow is inviscid 
and shock-free, but it does not preclude an error in the drag, due to the incorrect positioning of the wake. The 
error due to the simplified wake model will generally be nonzero, though in most practical cases it is likely 
to be small. This is an issue we'll take up again in Section 10.4.3 when we discuss 3D CFD codes based on 
potential-flow theory, in which the wakes of lifting surfaces are often modeled in a way that is equivalent to the 
assumptions of Trefftz-plane theory. 


Trefftz-plane theory is applicable to a lifting system that can be made up of one or more lifting surfaces, each 
of which can be either planar or nonplanar. The theory takes the spanwise distribution of lift to be known and 
determines the induced drag either locally in terms of the backward tilt of the lift vector distributed along each 
lifting surface, or globally in terms of the total kinetic energy in a cross-flow plane (the Treffiz plane) far down- 
stream. The local determination defines both the spanwise distribution of induced drag along the surfaces and 
the total, while the global determination defines only the total. The total induced drag determined either way is 
the same. 

The flowfield velocities that are used in calculating the drag do not come from solving the equations of mo- 
tion in the flowfield, but are inferred from the idealized model of the vortex wake, through the Biot-Savart law. 
The theory thus depends on inferring velocity from vorticity, which 1s justified mathematically, but obscures the 
physical cause-and-effect relationships. As a result, the physical understanding provided by the theory 1s not all 
that we might hope for. While the theory makes very clear the relationship between the downwash distribution 
and the distribution of drag, it does not provide much intuitive physical understanding as to why a particular 
lift distribution produces a particular downwash distribution. Although the physical understanding it provides 
is minimal, Trefftz-plane theory is very valuable for its quantitative predictions, and we depend heavily on it, 
for nearly all predictions of induced drag. Historically, its predictions have been found to agree reasonably well 
with drag measurements both in the wind tunnel and in flight. 

Note that in our simplified model of the wake in Figure 8.3.4, the wake sheet forms a general cylinder (“gen- 
eral” in the sense of not necessarily circular) defined by the trailing edge and having generators in the direction 
of the freestream. The distributions of vortex strength in the wake sheet and the bound vorticity on the wing 
are defined consistently with the Kutta-Joukowski theorem (Equation 7.2.1), and Helmholtz's second theorem 
(Section 3.3.7), in the manner we described in connection with the lifting-line theory in Section 8.2.3. Given 
the spanwise distribution of lift and the geometry of the trailing edge, the distribution of vorticity in the wake is 
defined, and the downwash at each station along the span of the wing itself can be calculated using Biot-Savart. 
This determines the local backward tilt of the lift vector and the local induced drag. In the literature, this local 
determination of the drag seems to be discussed only in the context of straight, unswept wings, for which the 
contribution to the downwash from the bound vorticity on other parts of the span can be ignored. For example, 
Milne-Thomson (1966), in his Section 11.22, evaluates the downwash at the trailing edge, which 1s assumed to 
be straight, using only the contribution of the trailing vorticity. To extend this treatment to swept wings or wings 
that are otherwise not straight would entail the same inaccuracies we discussed 1n connection with lifting-line 
theory in Section 8.2.3. Because of these inaccuracies, local determinations of induced drag are not usually pur- 
sued for wings that are not straight, and for most purposes, it 1s only the total induced drag that matters anyway. 

The total induced drag can also be determined from the flowfield far downstream using Biot-Savart and 
Equation 8.3.5. One way of expressing the result is through the following integral expression: 
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where the integration is over the line or curve where the undeformed trailing vortex sheet intersects the Trefftz 
plane, and vy is the velocity “induced” by the wake perpendicular to the line or curve. The factor of 1/2 is re- 
quired when vy is evaluated far downstream, where the wake vortices appear infinite, instead of at the wing 
itself, where the wake vortices appear only semi-infinite. Only the trailing vortex wakes enter into this integra- 
tion for the total induced drag, and given our idealized model for the wakes, the distribution of vortex strength 
depends only on the spanwise distribution of lift and on the shapes of the lifting surfaces as seen in rear view, 
the so-called “Trefftz-plane view.” Thus for a given spanwise distribution of lift, the total induced drag is inde- 
pendent of the fore-and-aft arrangement, including the sweep, of the parts of the lifting system. This result was 
originally derived with reference to a biplane and 1s referred to as Munk's stagger theorem (see Kroo, 2001). 





Fore and aft disposition affects both the spanwise distribution of induced drag on individual lifting surfaces and 
the distribution of drag among multiple lifting surfaces, but not the total, provided the spanwise distribution of 
lift is held constant. Note that this doesn't generally apply when lifting surfaces of fixed shape are moved fore 
and aft relative to each other because 1n that case the lift distributions generally change. To keep the lift distribu- 
tions constant as surfaces are moved fore and aft, as required by the stagger theorem, generally requires changes 
in twist and/or camber. 

Numerical methods for calculating the rollup of the wake sheet in potential flow that in principle predict in- 
duced drag with higher fidelity than Trefftz-plane theory are available, but they are not that widely used when 
the objective is to study induced drag. CFD methods based on Euler or Navier-Stokes equations predict the 
entire flowfield in detail, including the rollup of the vortex wake. However, flow solutions provided by these 
methods present us with the same problem we encountered with the real flow; that is, how do we define what 
part of the total drag is induced drag? It 1s telling that when users of high-fidelity CFD codes want a separate 
number for the induced drag predicted by their solutions, they usually plug their calculated lift distributions into 
Trefftz-plane theory. 


8.3.5 Ideal (Minimum) Induced-Drag Theory 


What is the minimum induced drag that a wing can have? This question makes sense only if we constrain the 
total lift to a nonzero value, because if the load is zero everywhere, the induced drag is zero. So for a given 
configuration of lifting surfaces as viewed in the Trefftz plane, Equation 8.3.10 defines an optimization problem 
that can be solved for the minimum induced drag, and for the spanload that goes with it, provided we constrain 
the total lift. When total lift is the only constraint, and minimum induced drag is the only objective, the results 
of this optimization are called the ideal induced drag and the ideal spanload. There are various ways this op- 
timization problem can be solved, sometimes analytically, but usually numerically. We'll forego the details here 
and discuss only the general results and conclusions of the theory. 

One general conclusion has to do with the normalwash in the Trefftz plane. If the spanload 1s ideal, the com- 
ponent of the wake-induced velocity in the direction perpendicular to the wake cut in the Trefftz plane is related 
to the local dihedral angle @ of the cut: 


83.41 Vn COnsTant x cos(@). 


This relation was derived by Munk (1921) and is often referred to as Munk's minimum-induced-drag cri- 
terion. A normalwash distribution obeying this rule is illustrated in Figure 8.3.5. 


Figure 8.3.5 Illustration of the normalwash rule, Equation 8.3.11, associated with an ideal spanload. The vec- 
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For a planar wing, 8 is zero, the normalwash is constant and is the same as the downwash, which, according 
to the theory, requires an elliptic lift distribution, as illustrated in Figure 8.3.6. 


Figure 8.3.6 Elliptical spanload and constant downwash of an ideally loaded planar wing 








Spanload (lift per unit span) 


Shed vortex strength (-dr/dy) 


— 


a 





— 









= ———s 
-_ —_— =—_— 
_—— 


a 





—1 








| Vertical velocity in Trefitz plane 
| 


| 


In this case, we have the classic result for the induced drag: 
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This, of course, reflects the same scaling we deduced in Equations 8.3.1 and 8.3.2 and fills in the constant 
of proportionality for one particular case. The dimensionless form, Equation 8.3.13, is the better known of the 
two, which is unfortunate. It gives the misleading impression that aspect ratio plays an important role in induced 
drag. As we saw earlier, the aspect ratio in Equation 8.3.13 is really a red herring, an artifact of the nondimen- 
sionalization. It is clear from Equations 8.3.1 and 8.3.12 that the induced drag force depends on span, not on 
aspect ratio. 

So the well-known elliptic spanload is “ideal” for a planar (flat) wing. For nonplanar configurations, the ideal 
spanload is not generally elliptic, but it 1s easily calculated for a given geometry. With a vertical winglet added, 
for example, the ideal spanload shows less lift inboard and more lift outboard, relative to elliptic, with a certain 
optimum distribution on the winglet itself, as shown in Figure 8.3.7. Note that “lift” in this context refers to the 
aerodynamic force perpendicular to the wing locally, which in the case of the vertical winglet is a horizontal 
force inward. Also note that according to Equation 8.3.11 the normalwash produced in the Trefftz plane by a 
vertical winglet is zero. If the wing and winglet are unswept, the normalwash at the surfaces themselves is half 
what it 1s in the Trefftz plane, because the wing and winglet “see” only a semi-infinite wake sheet, whereas the 
Trefftz plane “sees” a wake sheet that is effectively infinite both fore and aft. This means that the winglet itself 
experiences no sidewash, or that the load on the winglet cancels the sidewash that would be there in the absence 
of the winglet. This is a point we'll consider further in Section 8.4.2 in connection with the common misunder- 
standing that wingtip devices like winglets generally produce induced thrust. 


Figure 8.3.7 Ideal spanload for a wing and vertical winglets, compared with the elliptic ideal loading of a 
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Relative to the “ideal” spanloads we've discussed here, the spanloads used on real wings are usually modified 
somewhat to reduce bending loads at highly loaded structural critical conditions and allow a lighter wing struc- 
ture, at the expense of a slight increase in drag in cruise. The presence of a fuselage and wing-mounted engines 
also tends to alter the spanloads on real wings, an effect for which we'll discuss one idealized model next. 

The fact that downwash is constant for an elliptically loaded planar wing, both at the wing itself if it is 
unswept, and in the Trefftz plane, might lead us to expect that the vortex wake would remain undistorted, as 
Trefftz-plane theory assumes. This expectation 1s unrealistic for more than one reason. Remember from our dis- 
cussion of the vortex wake in Section 8.1 that Spalart (1998) showed that it is not possible for the wake to re- 
main undistorted at the outer edge. And the “induction” by the trailing vortex sheet is not the only contribution 
to the downwash. The bound vorticity “induces” a nonuniform downwash that distorts the wake in the nearfield 
of the wing. So uniform downwash in the Trefftz plane doesn't mean that the wake remains undistorted. And 
there is another important way in which the undistorted wake assumed in the Trefftz-plane theory is unrealistic. 
The farfield descent rate of an undistorted wake sheet of an elliptically loaded wing, implied by its own self-in- 
duced velocity, is much higher (a factor of 1/2 ~ 4.9) than the descent rate of the real rolled-up wake. 


8.3.6 Span-Efficiency Factors 


Equations 8.3.12 and 8.3.13 apply to an ideal elliptically loaded planar wing. If the wing is nonplanar or the 
spanload is nonideal, the induced drag will differ from the planar ideal. It 1s often convenient to relate the actual 
drag to the planar ideal through the induced-drag span-efficiency factor, e, defined by 
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For a planar wing, the actual induced drag is always greater than or equal to the ideal, so that e is always less 
than or equal to one. For a nonplanar wing, the induced drag can be less than the planar ideal, so that e can be 
greater than one. 

Another “efficiency factor,” called the Oswald efficiency factor, eo, takes into account the variation with Cr 
of the total drag, including the viscous profile drag. It is defined in practice by fitting the total drag polar with 
the following expression: 
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Recall from Section 7.4.2 that the sectional profile drag polar of a 2D airfoil typically has a roughly parabolic 
variation in the low-to-moderate range of Cy. The integrated profile drag of a 3D wing tends to behave simil- 


yi 
arly, so that the inclusion of the profile drag makes the coefficient of the C fs term in Equation 8.3.15 larger 
than it would be for induced drag alone. Thus for wings with ordinary airfoil sections, eo is usually smaller than 
e. 

An important point to note about the two efficiency factors is that eo is defined such that it can in general 
be determined by a curve-fit of a known total-drag polar, though the value generally depends on what part of 
the polar is fitted, while e cannot generally be determined just from the total drag. Sometimes this point is over- 
looked, and eo is confused with e. An example of this is seen in the claims of low induced drag that were made 
for the Winggrid wingtip device (La Roach and La Roach, 2004), which consists of a cascade of constant-chord 
airfoils appended to the tip of a conventional wing. The cascade almost certainly has high profile drag at low 
C7 s, and as a result, a range of C7; over which the profile drag decreases with increasing C;. This would make 
that portion of the total polar shallower than it would be with induced drag alone, rather than steeper, as would 
usually be the case with an ordinary single-element airfoil. The author apparently fitted this portion of the polar 
and obtained a high value of eo, from which he inferred a low value of induced drag that is probably not realist- 
Ic. 


8.3.7 The Induced-Drag Polar 


If we assume that e is constant, independent of CL, Equation 8.3.14 implies that the induced-drag polar is a 
simple parabola, with zero induced drag at zero lift. But for this to be true the wing would have to maintain the 
same spanload shape as Cz varies, which a real wing doesn't generally do. The spanload of a real wing can have 
a complicated variation with angle of attack, due to transonic and viscous effects, and the induced-drag polar 
will be correspondingly complicated. But even in the absence of nonlinear effects, the spanload of a twisted 
wing changes shape with angle of attack, and it is instructive to look at the trends predicted by simplified theor- 
ies. Combining Trefftz-plane theory for the total induced drag with the decomposition of the spanload into basic 
and additional parts (Section 8.2.1) leads to a prediction of the induced-drag polar (Rubbert, 1984). In terms of 
the bound circulation, the spanload decomposition can be expressed as 
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where Io and do are the circulation distribution and angle of attack of the wing when the total lift is zero. Sub- 


stituting this into the total-induced-drag integral, Equation 8.3.10, and doing some rearranging yields the result 
that the induced-drag polar is parabolic: 


“1 a | : 2 
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for a general twisted wing, where Cpio and A are zero if > 1s zero everywhere. Thus for an untwisted wing, 
we would have only 


(a : Ao), 
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Equation 8.3.17 can be rearranged in terms of Cz(CDimin) and Cpimin, the lift and drag coefficients at the min- 
imum of the polar: 
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where ey7T 1s the span-efficiency factor of the corresponding untwisted wing. 
Figure 8.3.8a illustrates the parabolic induced-drag polar of a swept, twisted wing. Note that in this polar, the 
Cpio term is significant, but the Aj term is relatively small, which seems to be typical of most real wings. The 


spanload-efficiency factor e in Figure 8.3.8b varies dramatically with Cz, showing what a serious mistake it is 
to assume e 1s constant, even though ey7 is constant. And this is another example in which confusing eo with e 
a 


— 


and determining e by a curve-fit to the Cj - term in the total drag would be a mistake in that it would miss the 
Cpio part of the induced drag. 


Figure 8.3.8 Induced-drag behavior of a swept, twisted wing according to Equation 8.3.17. (a) The induced- 
drag polar. (b) The corresponding span-efficiency factor e 
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§.3.8 The Sin-Series Spanloads 


There is a simple trigonometric series for representing the spanload of a planar wing that has some very useful 
properties (see Durand, 1967b). The lift per unit span is represented in terms of a series with coefficients Aj: 
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or in dimensionless form: 

3.21 Cl c/é = 4(b/e) Ay X(A;/ Aj) sin(iy), 
where y is the transformed spanwise coordinate: 

83.22 WV = acos(—2y/b). 
The integrated lift involves only the first term of the series: 
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or in dimensionless form: 


93724 CL = 7 AR A. 


Only the odd-numbered terms are usually used, as they are the ones that are symmetrical about the center 
plane. The first three odd-numbered terms are plotted in Figure 8.3.9. The first term represents an elliptic load- 
ing, while all the higher terms carry no net lift, which is why they don't appear in Equation 8.3.24. 


Figure 8.3.9 The first three odd-numbered terms in the sin-series expansion for representing spanloads 
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When the spanload expression 8.3.20 is introduced into Equation 8.3.10 for the induced drag, the result is 
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or in dimensionless form: 
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so that the span efficiency factor is given by 
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The wing-root bending moment Mgr due to the lift distribution also has a simple expression: 


93.98 2Mpr/Lb = (4/(37)) [1 + (3/5)(A,/A,) +...] 


The first two odd-numbered terms of the series provide a convenient way to generate spanload shapes that are 
compromised from elliptical to reduce bending moments and thus reduce wing structural weight. Using just the 
first two terms gives the least increase in induced drag for a given reduction in root moment. A family of such 
spanloads is illustrated in Figure 8.3.10, and the e-versus-bending moment curve is plotted in Figure 8.3.11. 
Note that induced drag increases (e decreases) whether root bending moment decreases or increases, consistent 
with fact that the baseline spanload is the elliptic optimum. Note also that e decreases only quadratically with 
the deviation from the optimum, something we'll see again in connection with the effect of a tail or canard on 
induced drag in Section 8.3.11. The first two odd-numbered terms also provide a convenient way of sketching 
spanloads of different shapes for illustration purposes, which was used in generating the sketches in Figures 
8.2.1 and 8.2.2. 


Figure 8.3.10 A family of spanloads compromised from elliptic to reduce wing-root bending moment using 
the first two odd-numbered terms in the sin-series expansion 
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Figure 8.3.11 The variation of e with Mgp for spanloads using the first two odd-numbered terms in the sin- 
series expansion 
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8.3.9 The Reduction of Induced Drag in Ground Effect 


When a wing flies close to the ground the no-through-flow condition at the ground forces the flow field around 
the wing to change in a way that reduces the downwash in which the wing is flying. This has the general effect 
of increasing the lift at a given angle of attack, as we saw in Section 8.2.4, and reducing the induced drag for a 
given lift. 

For calculating this reduction in induced drag, it is helpful to invoke the idea of images, just as it was for cal- 


culating the increase in lift in 3D ground effect in Section 8.2.4. A typical result of a panel-method calculation 
md 

is Shown in Figure 8.3.12. Note that both Cp; and the change ACp; due to ground effect are of order Cj “, SO 

that the drag reduction expressed as a ratio Cpj/CDio doesn't depend on C7. 


Figure 8.3.12 The reduction in induced drag in ground effect at fixed lift. Results of a panel-method calcula- 


tion for a planar wing with elliptic planform, AR = 10, no twist 
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It's clear from Figure 8.3.12 that the ground produces substantial percentage reductions in induced drag when 
h/b < 1. This can be important in many types of flight on minimal power, as, for example, in human-powered 
flight and the long-distance flight of some birds over water. The idea of specifically designing a transport air- 
plane to take advantage of ground effect has been explored, especially for flight over water. The Ekranoplans 
(Russianized French for “screen planes’’) developed in the former Soviet Union were the largest and most highly 
developed of such craft (see Scott, 2003). The operational disadvantages of flying very close to the surface 
(relatively low cruise speed, the possibility of conflicts with surface vessels, and sensitivity to weather) have 
discouraged widespread applications. 

In Section 8.2.4, we saw that the change in lift in ground effect on a 3D wing tends to be dominated by the 
3D change in downwash, and of course the reduction in induced drag we've discussed in this section is also a 
3D effect. But there is occasionally confusion in this regard. One example is the explanation of the induced- 
drag reduction proposed by Anderson and Eberhardt (2001). This explanation never refers to the finite span of 
the wing, but relies instead on a 2D reduction in a purported “loading due to upwash,” which we showed in 
Section 7.3.4 doesn't exist. And Anderson and Eberhardt compounded the error by trying to use a 2D argument 
to explain a 3D effect. 


§.3.10 The Effect of a Fuselage on Induced Drag 


So far, we've considered 3D lifting flow and induced drag only for lifting surfaces by themselves. The presence 
of a fuselage that typically encloses or replaces part of the wing complicates the situation in several ways. The 
pressure field produced by the wing is imposed on the fuselage, so that the fuselage also produces lift, but gen- 
erally significantly less than a continuation of the wing would produce in the absence of the fuselage. Even if 
the fuselage sheds no vorticity, so that the bound vorticity and circulation of the wing carry across the fuselage 
undiminished, the fuselage needn't produce the corresponding lift loading because the Kutta-Joukowski theor- 
em doesn't apply to such a low-aspect-ratio body. The presence of a fuselage also affects the downwash field 
and the kinetic energy left behind in the farfield, and thus affects the induced drag. 

In early simplified theories, the fuselage was modeled as an infinite cylinder, extending forever fore and aft 
(Lennertz, 1927, and Pepper, 1941). Such models by definition fail to deal with one of the most important issues 


from a practical standpoint, which is the effect of the aft closure of the body and the distortion of the vortex 
wake that it causes. 

A highly simplified model for the fuselage-closure effect was developed by Nikolski (1959). In this model, 
the trailing-vortex lines shed from the trailing edge of the wing are assumed to follow streamlines of the body- 
alone flowfield, an assumption that should be valid in the limit of small lift loading, just as in conventional 
Trefftz-plane theory. For the most common implementation of the theory, we further assume: 

1. The body is axisymmetric and at zero angle of attack, 
2. The wing is “planar” with its trailing edge in the same horizontal plane as the body axis, and 
3. The velocity disturbance due to the body at the location of the wing is negligible. 


Given assumptions | and 2, the trailing-vortex sheet is in the horizontal plane of symmetry of the body flow- 
field and therefore remains planar. The vortex lines simply “neck in” with the flow closing in around the body, 
as shown in Figure 8.3.13. A vortex line that leaves the trailing edge at a distance y (z in Nikolski's drawing, 
Figure 8.3.13) from the axis ends up far downstream at a distance y’ such that the area of the circular streamtube 
of radius y’ is the same as that of the original annular streamtube between the body radius rp and y. This leads 

r2 2 
to» rh hs as the rule that defines the distribution of shed vorticity in the Trefftz plane as a function 
of the distribution shed from the trailing edge. Thus the wake in the Trefftz plane looks as if 1t were shed by a 
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hypothetical wing alone with a reduced span V » To complete the model, we assume that the 
lift and induced drag of the wing-body combination are the same as for this hypothetical wing alone, because 
both configurations produce the same wake in the Trefftz plane. 


Figure 8.3.13 Trailing-vortex lines in Nikolski's model for the effect of fuselage closure on induced drag. 
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Because we've assumed that both configurations produce the same total lift, the difference between the lift 
on the hypothetical wing alone and the lift on the exposed wing (the wing outside the body) can be interpreted 
as an estimate of the “carry-through”’ lift induced on the body by the wing. This relationship between the load- 
ings 1s illustrated in Figure 8.3.14, where the carry-through lift on the body is shown as a constant, because the 
theory defines only the total body lift, not its “spanwise” distribution on the body. 


Figure 8.3.14 Illustration of the spanload on a wing-body combination and the hypothetical equivalent wing 
alone, according to Nikolski's (1959) model 
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Implementing the model for an arbitrary spanload on the wing of a wing-body combination, especially if 
the model is extended to a wing that is nonplanar, generally requires numerical integration to obtain the carry- 
through lift and the induced drag, as 1s done in the WINGOP code (Craig and McLean, 1988). 

For the ideal planar case, analytic expressions have been derived. The ideal spanload for the planar case is 
elliptic in the Trefftz-plane (the hypothetical wing alone), and when this is mapped back to the physical wing, 
the loading also elliptic, centered on the airplane axis, with only a truncated part of the elliptic load showing up 
on the exposed wing. The spanloads plotted in Figure 8.3.14 show this ideal case in a quantitatively correct way 
for 2rp/b = 0.2. The body carry-through lift predicted by the ideal relationship turns out not to differ much from 
the result of Lennertz for the infinite-cylinder body, as shown in Figure 8.3.15. 


Figure 8.3.15 Comparison of fuselage carry-through lift predicted by Nikolski's (1959) theory for the effect of 
fuselage closure and Lennertz's (1927) theory that represents the fuselage as an infinite cylinder 
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For the ideal case, the induced drag is given by 
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where dp is the body diameter. Comparing this with Equations 8.3.13 and 8.3.14, we see that it corresponds to 
an induced-drag efficiency factor given by 
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6.3.11 Effects of a Canard or Aft Tail on Induced Drag 


True flying-wing airplanes are relatively rare. At least two lifting surfaces, with some longitudinal distance 
between them, make it much easier to satisfy requirements for /ongitudinal trim (zero pitching moment) and 
longitudinal static stability (the tendency to return to the trimmed condition after a disturbance). Thus most air- 
planes are configured with a main wing and a smaller auxiliary lifting surface, either a forward canard, or, more 
commonly, an aft horizontal tail (stabilizer). And thus the question arises how the lift loads on these additional 
surfaces affect the induced drag. 

First, let's look at how the trim and stability requirements affect the lift loads the auxiliary surfaces must 
carry. Longitudinal static stability depends on how the aerodynamic pitching-moment of a configuration 
changes with angle of attack, which is determined primarily by the planforms and positions of the lifting sur- 
faces and to a lesser degree by the fuselage and engine nacelles. Of course, it is the moment about the center 
of mass, or center of gravity (CG), that matters, so the other important factor in longitudinal stability is the loc- 
ation of the CG relative to the aerodynamic configuration. The requirement for positive longitudinal stability 
generally places an aft limit on the CG location, while the requirement to be able to trim the airplane over a 
range of angles of attack without exceeding the maximum-lift capability of either surface generally defines a 
forward limit. So stability and trim together define a usable range of CG locations. Within the usable CG range, 
trimming the airplane for a particular total lift coefficient will require a particular division of the lift between 
the two lifting surfaces. 

For a canard configuration to be stable, the CG must generally be so far forward that the canard must lift 
upward to trim the airplane at a positive total lift coefficient, and thus trimmer is an alternative name for a ca- 
nard surface. The lift on an aft tail can be in either direction, depending on how far aft the CG is located. The 
relatively large horizontal tails of some free-flight model airplanes provide ample stability with the CG far aft, 
so that an upward load on the tail is required for trim. Most full-sized airplanes have relatively small tails and 
farther forward CG locations, so that the tail must carry a downward load. Of course, the down load must be 
offset by increased lift on the main wing. 

Proponents often argue that the canard configuration is superior because it is better to have both surfaces lift- 
ing up than to have one lifting up and one lifting down, but if we look just at induced drag, we find no support 
for this argument. For example, consider the simplest idealized comparison we can make: 

1. The total lift on the airplane 1s fixed, 


2. The lifting surfaces are coplanar, so that the total induced drag of each configuration is the same as if 
the total spanload acted on a single lifting surface, and 

3. The canard and aft tail to be compared have the same span and carry the same spanload, just of opposite 
signs, and the loadings on the main wings have the same offset from the elliptic ideal, also of opposite 
signs, as illustrated in Figure 8.3.16. 


Figure 8.3.16 Illustration of the simple argument for the induced-drag equivalence of a canard and an aft tail. 
(a) Uploaded tail or canard. (b) Downloaded tail 
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The ideal wing alone with an elliptic loading has the minimum induced drag. The total spanloads for the 
aft-tail and canard configurations represent the same perturbation from the ideal, just in opposite directions. If 
we represent the total spanloads by the sin series of Section 8.3.8, Equation 8.3.20, both must have the same 
coefficient Aj because the total lift is the same. For lateral symmetry, only the odd-numbered coefficients are 
nonzero, and the deviations of the spanloads from elliptic are thus represented by odd A;'s for 1 > 3. Because the 
deviations are of opposite sign, corresponding Aj;'s are of opposite sign, and according to Equation 8.3.25 the 
total induced drag is the same. Here I've glossed over the difficulty the sin series would have in representing the 
kink in the total spanload at the tail or canard tip, but the conclusion is probably still valid. 


The above argument indicates no fundamental advantage of a canard over an aft tail in terms of induced drag. 
But it overlooks some significant practical issues. First, the uploads on canards are typically much larger than 
the downloads on aft tails. And an elliptic-looking loading on the main wing would be difficult to achieve in 
the presence of the downwash from a coplanar canard. Besides, it would be better to allow the downwash from 
the canard to depress the loading on the inboard part of the main wing, and thus to produce a total load closer 


to elliptic. Another issue is that many real-world configurations are not coplanar, that is there is often a vertical 
gap between the lifting surfaces. 

A nonzero vertical gap between the lifting surfaces has a significant effect on their combined induced drag. 
How the total induced drag varies as a function of gap depends on how the spanloads on the two surfaces vary. 
For a look at the gap effect, there are several options regarding the spanloads: 

1. Assume some arbitrary, fixed spanloads, say elliptic on both surfaces, 

2. Assume fixed planforms and twist and camber distributions for the surfaces and solve a lifting-surface 
analysis problem for the spanloads that go with them, or 

3. Optimize the loadings on both surfaces for minimum drag, with a constraint on total lift and on either 
the percentages of the lift carried by the two surfaces or on the total pitching moment, for whatever gap 
is chosen. 

Fixed geometry (option 2) is no longer very relevant to modern design practice. Optimized loadings (option 
3) are the most interesting, and we'll compare them with imposed elliptic loadings (option 1) for theoretical in- 
terest. 

Figure 8.3.17 shows Trefftz-plane induced drag as a function of vertical gap for cases in which the second 
lifting surface has 40% of the span of the wing. In one, the small surface carries a down load equal to 10% of 
the total lift, as might be the case with an aft tail. The other two cases are up loads of 10% and 30% of the total, 
spanning a range that might apply to a canard. The basis of comparison Dj elliptic 1s the ideal induced drag of a 
planar wing carrying the same total lift, with no load on another surface. The calculations are based on Trefftz- 
plane theory and were carried out in the Boeing WINGOP code (Craig and McLean, 1988). We can make the 
following observations: 


Figure 8.3.17 Variation of induced drag with vertical gap for aft tails or canards with optimized spanloads with 
a constraint on the percentages of the total lift carried by the two surfaces. Results for elliptic loadings im- 
posed on both surfaces are shown for comparison. Tail or canard span is 0.40b 1n all cases 
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1. For gap ratios greater than 0.2—0.3, there is practically no difference in drag between elliptic loadings 
and optimized loadings. 


2. At the large-gap end, the drag approaches the limiting the case of infinite gap, or two surfaces flying 
in isolation, for which the optimum is to have each surface carry an elliptic loading; and the total induced 
drag is just the sum of the two ideal induced drags. These limits are indicated by horizontal lines to the 


right in Figure 8.3.17. 

3. At zero gap, the optimized drag goes to an idealized limiting case in which the total loading 1s elliptic, 
and the total induced drag is just the ideal induced drag of a planar wing. The spanload on the canard or 
tail is not uniquely defined in this case; it has only to satisfy the assumed total canard or tail load required 
for trim. Then whatever the spanload on the canard or tail is, the wing must carry a load distribution that 
compensates for it, so that the total load is elliptic. This is an ideal that 1s not practically realizable, es- 
pecially if the canard or tail has a spanload with infinite slope at its tip, as is usually true for all practical 
purposes. Imagine an elliptically loaded canard that sheds the usual vortex wake with concentrated vorti- 
city outboard that rolls up. The wing would somehow have to capture that vorticity and cancel it in order 
to leave behind a wake equivalent to that of an elliptically loaded wing alone. So the limiting case of zero 
gap gives us a well-defined theoretical value for the drag, just not a practically realizable one. 


4. The 0.1 and — 0.1 loading cases with elliptic spanloads go to the same drag level at zero gap, somewhat 
above the ideal, consistent with our earlier argument that they should differ from ideal by the same 
amount. 


5. For gap ratios less than about 0.2, there is an advantage to optimizing the spanloads, relative to elliptic, 
but it is small for the smaller tail or canard loadings. Shortly we'll compare the optimum and elliptic span- 
loads for the small-download case indicated by the diamond symbol, typical of many aft-tail configura- 
tions, where the predicted advantage of optimization is only a couple of percent. For large canard load- 
ings, a very small gap is predicted to be good, if the loadings are optimized, and the predicted advantage 
for optimization is large. But remember that the zero-gap optimum requires the aft surface to “capture” 
and cancel the vorticity from the forward surface. In this case, only a fraction of the advantage of optim- 
ization 1s probably realizable. 


6. Having a second surface of small span carry part of the load can reduce the induced drag only if the 
load on the second surface is small and upward, and the vertical gap is larger than about 0.2. Most prac- 
tical, stable canards are probably closer to the 30% load case shown, for which the second surface exacts 
a sizeable penalty in induced drag unless the vertical gap 1s very large. 


Note that according to Munk's stagger theorem these results are independent of the longitudinal positions of 
the lifting surfaces. Also note that they should be taken only as indicating qualitative trends, given that they 
ignore the effects of rollup of the forward surface's vortex wake. 

It is interesting to note that for an aft-tail configuration with a vertical gap typical of a large low-wing air- 
plane, the spanload on the wing that gives minimum total induced drag is significantly altered from elliptic. This 
effect is illustrated in Figure 8.3.18 for a vertical gap of 8% of wingspan (the case indicated by the diamond 
symbol in Figure 8.3.17). For comparison with the optimum spanload, an elliptic spanload and the optimum 
spanload for the idealized case of zero gap, assuming elliptic spanload on the tail, are shown. The calculated 
Trefftz-plane optimum for the spanload on the wing is a kind of washed-out compromise between these limit- 
ing cases. Note that on the tail there is very little difference between the optimum spanload and elliptical. Also 
recall from Figure 8.3.17 that the difference in drag between the optimum and elliptic spanloads is small. 


Figure 8.3.18 Optimum spanloads for a wing and a tail or canard with 40% span ratio and 8% vertical gap and 
downward load equal to 10% of the total lift. An elliptic loading on the wing and an optimum loading for zero 
gap (an elliptic loading with a “lump” in the middle, so as to have an elliptic total loading) are shown for com- 
parison. The wing spanloads all include an excess over the total lift, to make up for the download on the tail 
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In some treatments of this topic, the induced drag of a two-surface configuration is decomposed into four 
pieces. Because the downwash experienced by either surface is a first-order quantity, 1t can be decomposed into 
a “self-induced” contribution from the same surface and a contribution “induced” by the other surface. The total 
induced drag can therefore be expressed as the sum of two “self-induced” parts and two parts “induced” on one 
surface by the other. This approach was convenient in the old days when simplified assumptions were often used 
in estimating the “shared” parts. Now that numerical Trefftz-plane calculations are so easy to do on a computer, 
it is just as easy to skip the decomposition and calculate the total drag using Equation 8.3.10. However, there is 
some intuitive appeal to thinking of the drag in terms of its separate parts. For example, for a downloaded aft 
tail flying in the downwash from the wing, the contribution “induced” by the wing on the tail is a small thrust 
that offsets some of the “self-induced” parts of the drag. 


§.3.12 Biplane Drag 


For a given span and total lift, a biplane with some vertical gap between the wings has lower ideal induced drag 
than a monoplane, according to Trefftz-plane calculations by Munk and Prandtl (see Thwaites, 1958). Their cal- 
culations covered a range of span ratios between the two elements of the biplane, but here we'll look just at the 
case where the two elements are of equal span. In that case, the ideal spanload is the same for both elements, 
with each carrying half the total lift, and the ideal induced drag depends on the vertical gap as shown in Figure 
8.3.19. Note the substantial drag reductions for relatively small gaps, 17% drag reduction for a 10% gap, for 
example. Also note that the curve is headed for an asymptote at 50% drag reduction as the gap goes to infinity. 
In this large-gap limit, we have two elliptically loaded wings that don't significantly interfere with each other, 
each carrying half the lift and a quarter of the induced drag of the monoplane, for a total of half the induced drag 
of the monoplane. 


Figure 8.3.19 Ideal induced drag of a biplane of equal spans as a function of vertical gap, relative to the in- 
duced drag of an elliptically loaded monoplane of the same span. (Calculated by Munk and Prandtl, from Th- 


waites, 1958) 
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Given this induced-drag advantage of a biplane over a monoplane of the same span, why aren't more air- 
planes configured as biplanes? The reasons are several. The biplane arrangement generally incurs higher profile 
drag and manufacturing cost. Structural weight can either favor a biplane or penalize it, depending on the struc- 
tural arrangement. If a biplane is configured with the same span and wing area as a monoplane, the biplane 
wings would have only half the chord of the monoplane, and for the same airfoil thickness ratio would have only 
half the physical thickness. The smaller thickness would entail a large structural weight penalty unless external 
bracing (struts and wires) were used. Of course most actual biplanes use external bracing, saving considerable 
structural weight but incurring a substantial viscous-drag penalty. 

In the early days of aviation, the preference for biplanes was largely driven by structural weight, as influen- 
ced by the airfoil technology of the time. Most of the airfoil data that were available early on were taken in wind 
tunnels like those built by the Wright brothers, in which models were very small and chord Reynolds numbers 
were very low. Data at very low Reynolds numbers generally indicate a heavy drag penalty for airfoil thickness, 
and early designers therefore assumed that airfoils should be quite thin, which favored the externally braced 
biplane arrangement. 

Apart from the drag of struts and wires, the airfoil profile drag of a biplane is an interesting issue and is the 
subject of some popular misconceptions. When two airfoils are placed in vertical proximity, there is a 2D invis- 
cid interference effect that reduces the lift at a given angle of attack, compared with that of the isolated airfoils. 
When there is no longitudinal stagger between the wings, this is partly a local-q effect, similar to the one we as- 
sumed in our simple model for 2D ground effect in Equation 7.4.2, and partly an induced-camber effect. Some 
commentators (Garrison, 2008, for example) infer from this lift loss a serious loss in sectional “efficiency” for 
biplanes. However, inferring an “efficiency” loss from the inviscid lift loss seriously overstates the case. It's true 
that the lift loss implies a substantial reduction in sectional L/D at fixed angle of attack, but the full reduction 
needn't be accepted because the lift loss is easily compensated by an increase in angle of attack. And presum- 
ably we could even compensate for the details of the induced-camber effect by redesigning the airfoils to pro- 
duce something close to the same pressure distribution as an isolated airfoil, at least at one operating condition. 


What cannot be compensated without thinning the airfoils is the induced thickness effect, that is, the effective 
thickness of the airfoils is increased by their proximity. Indeed, when the viscous drag polar of a biplane pair 
of airfoils is calculated, the drag is shifted upward by a modest amount relative to the isolated case at the same 
chord Reynolds number, consistent with an increased effective thickness. The actual loss in maximum sectional 
L/D is not nearly as gross an effect as that implied by the lift loss at constant angle of attack. In practical design 
applications, chord Reynolds number is also an issue. A biplane will usually have smaller chords than a com- 
parable monoplane, and the lower Reynolds number will incur some increase in profile drag. 


8.4 Wingtip Devices 


The idea of a beneficial wingtip appendage or “device” has been around since the early twentieth century, when 
theoretical calculations first indicated that a vertical endplate added to a wingtip would reduce the induced drag. 
Early on, however, reality did not live up to the theoretical promise. The simple flat endplate turned out to be a 
disappointment in practice because the added viscous profile drag more than offsets the saving in induced drag, 
and the device fails to produce a net benefit. Whitcomb (1976) seems to have been the first to recognize that it is 
possible to reap the induced-drag benefit of an endplate, and at the same time to realize a net benefit, by keeping 
the additional profile drag to a minimum through good aerodynamic design practice. The direct result of Whit- 
comb's work is the classic near-vertical winglet. Less directly, Whitcomb's paradigm of applying good design 
practice has also contributed to the development of concepts other than the winglet. Both winglets and tapered 
horizontal span extensions (raked tips) have been put into commercial service, and several other device concepts 
have also been proposed and brought to varying levels of development (see Figure 8.4.1). 


Figure 8.4.1 An assortment of wingtip-device concepts. (a) Raked tip. (b) Blended winglet. (c) 747-400 canted 
winglet. (d) C-17 canted winglet. (e) MD-11 style up/down winglet. (f) MD-12 style up/down winglet. (g) API 
spiroid. Used with permission of Aviation Partners, Inc. (h) Tip feathers. (1) Tip fence 
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From an aerodynamicist's point of view, the motivation behind all wingtip devices is to reduce induced drag. 
Beyond that, as Whitcomb showed, the designer's job is to configure the device so as to minimize the offset- 
ting penalties, so that a net performance improvement is realized. For any particular airplane and tip device, the 
performance-improvement can be measured relative to the same airplane with no tip device. 


In Section 6.1.3, we noted that it is not possible to decompose the drag exactly into component parts, but that 
with the help of idealized theoretical models, it 1s possible to estimate an induced-drag component. In Sections 
8.1 and 8.3, we discussed the physics and the theory of induced drag, including a correct understanding of the 
role of the vortex wake. Because the vortex wake has been the source of so much confusion regarding how 
wingtip devices work, we'll take the time to set the record straight on that score before proceeding. 


8.4.1 Myths Regarding the Vortex Wake, and Some 
Questionable Ideas for Wingtip Devices 


With our background so far, we are ready to discuss two common misunderstandings regarding the nature and 
role of the vortex wake. I'll refer to these as the “compactness myth” and the “induction myth,” and after defin- 
ing them and explaining where they go wrong, I'll discuss some of the erroneous tip-device ideas that arise from 
them. 

The compactness myth is simply the idea that the vortex wake consists of vortex cores that spring from the 
wingtips and are quite compact from the start. Illustrations that present misleading views of the vortex wake, 
such as the one in Figure 8.4.2, are common, and they have helped to perpetuate the myth. The water-vapor 
condensation trails that can sometimes be seen streaming from flap edges or wingtips under humid conditions 
can also be misleading. These trails tend to mark only an inner portion of the core and give the impression that 
the core is more compact than it really is. The correct view, as we saw in Figure 8.1.4, is that the vortex wake 
starts as a sheet and that the wake rollup process generally produces cores that are relatively diffuse. A very 
compact vortex would require shedding all of the vorticity from the tip itself, which would in turn require a 
uniform spanload. A uniform spanload simply can't be generated by a wing of any reasonable shape, given the 
strong downwash that such a loading would entail near the tips. The compactness myth is a simple misunder- 
standing that by itself wouldn't cause much harm, but when it is combined with the induction myth, the potential 
for serious mischief arises. 


Figure 8.4.2 A misleading view of a compact “wingtip vortex.” 
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The induction myth is more complicated and involves a serious misunderstanding of cause and effect. The 
trailing vortex sheet and the rolled-up vortex cores are often seen as the direct cause of the velocities everywhere 
else in the flowfield and thus also the cause of induced drag, but this view is mistaken. It is true that when a 3D 
wing produces its characteristic large-scale flow pattern, as illustrated in Figure 8.1.2, there must be a vortex 
sheet shed from the trailing edge, but the vortex sheet is not a direct physical cause of the large-scale flow; it is 
more of a manifestation. The induction myth reflects a common misunderstanding of what the Biot-Savart law 
represents, a misunderstanding we discussed in Section 3.3.9. 

So what kind of mischief can result from the combined compactness and induction myths? The induction 
myth leads us to think of induced drag as being “caused” by the vortex wake, and thus to think that by doing 
something very local to change the flow in the core of the “tip vortex” we can have a large effect on the in- 


duced drag. To compound the error, the compactness myth leads us to think we can influence the induced drag 
by acting just on a very small part of the flow. This kind of thinking has spawned many questionable ideas for 
novel wingtip devices. A common theme is to provide an inlet that swallows the tip vortex itself, or some of 
the flow that would otherwise become part of the vortex, and to exhaust it straight back, presumably with its 
swirl and thus its vorticity removed. A schematic illustration of a device of this kind is shown in Figure 8.4.3. 
Specific proposed devices based on similar ideas are subjects of U.S. patents by Loerke (1937), Frakes (1984), 
and Hugues (2005). A naive view might lead one to expect such a device to produce dramatic reductions in the 
strength of the tip vortex and in the induced drag. However, there is no reason to expect that any such device 
can provide a reduction in induced drag beyond what can be explained as the result of an increase in physical 
span when the device 1s added. 


Figure 8.4.3 Schematic plan view illustrating a class of tip device that cannot work as intended 
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The device concept of Figure 8.4.3 has a fatal flaw. It is based on thinking that we can alter the global flow 
pattern of Figure 8.1.2 by tinkering with the tip vortex, without having to change the overall distribution of lift 
on the wing. This is wrong, of course. First, we shouldn't expect to be able to alter the general velocity field 
remotely through the vorticity in a limited region, because as I argued in Section 3.3.9, the vorticity at one 
point does not directly “induce” velocity elsewhere. Second, unless the overall distribution of lift on the wing is 
changed, the global flow pattern cannot be significantly altered. 

But how can this be? If Biot-Savart is correct, and a device like that shown in Figure 8.4.3 succeeds in swal- 
lowing part of the vortex and “straightening” it out, why isn't the global flow pattern changed? The answer is 
that a relatively small device can only rearrange the vorticity locally; it cannot significantly change the total 
vorticity flux, as measured, say, by the circulation around each half of the vortex wake. Generally speaking, in 
this kind of device it is kinematically impossible to eliminate the vorticity flux from a streamtube without pro- 
ducing a compensating vorticity flux adjacent to it. 

Let's look at this in a little more detail. Consider a device that swallows an entire vortex into an inlet. Ahead 
of the inlet, the vortex retains its full vorticity flux and circulation. Inside the duct however, the circulation of the 


entire captured streamtube must be zero, even before the flow has gone through any straightener. This follows 
from the no-slip condition on the duct wall. The vortex's original vorticity can still be there in the middle of the 
duct, but its net vorticity flux is exactly canceled by the net vorticity flux that has been automatically generated 
in the duct-wall boundary layer. This process involves dynamics, of course, but the net vorticity flux cancela- 
tion is a kinematic necessity arising from the no-slip condition. So the internal flow ahead of any straightener 
contains a vortex in the middle and an equal net vorticity flux of opposite sign in the wall boundary layer. An 
internal flow straightener could now, in principle, zero out all of this internal vorticity locally, but the net in- 
ternal vorticity flux was already zero ahead of the straightener. Now consider the flow outside the device. On 
any closed contour outside the device's external boundary layer, we should see a circulation approximately the 
same as that of the original vortex. The net vorticity flux associated with this circulation has been automatically 
generated in the external boundary layer, also by kinematic necessity. Finally, when all of this rearranged vorti- 
city, both internal and external, is shed into the wake, the circulation of the wake and the large-scale flow field 
outside it will not have been greatly changed, and there will have been no dramatic reduction in induced drag. 
This is similar to what we noted in Section 6.1.10, that it is impossible for a propeller to produce a net axial 
vorticity in its slipstream. 


8.4.2 The Facts of Life Regarding Induced Drag and 
Induced-Drag Reduction 


We have seen that induced drag is a result of large-scale air motion produced by the lifting system. This motion 
is not physically “induced” by the vortex wake, but is a response to the lift force and depends on the overall lift 
distribution. When we try to go beyond this on an intuitive level, we are limited to very general observations, 
such as that increasing the span of a wing generally reduces induced drag. For anything more specific, espe- 
cially regarding any device other than a simple span extension, we must rely on quantitative predictions, usually 
from Trefftz-plane theory. Unfortunately, as we noted in Section 8.3.4, the theory does not generally provide for 
a simple intuitive understanding of how the details of a particular configuration or lift distribution will affect the 
drag. 

Based on our general appreciation of the physics, we can anticipate that drag-reduction devices need to be 
fairly large as viewed 1n the Trefftz plane, because any significant reduction in induced drag requires changing 
the global flowfield associated with the lift, so as to reduce its total kinetic energy. We know that we can't do 
this just by tinkering with the “tip vortex” and thus that having a significant effect on the drag requires a signi- 
ficant change in the way the lift is distributed spatially. If our starting point is a wing on which the lift is already 
advantageously distributed, the only way to improve will be to provide a significant increase in the horizontal 
span or to introduce a nonplanar element that has a similar effect. The quantitative theory tells us that the effect 
on drag will be roughly proportional to the horizontal and/or vertical span of the device and that a small device 
can therefore produce at most a small drag reduction. 

There is a common misunderstanding that a wingtip device reduces drag by producing thrust on the surfaces 
of the device itself. For example, there is the popular explanation that likens a winglet to a sailboat beating into 
the wind, usually accompanied by a diagram showing the lift vector on the winglet tilted forward by the strong 
sidewash directed inboard above the wingtip, as in Figure 8.4.4. A corollary is that drag-reduction effectiveness 
is enhanced if the winglet is mounted well aft on the wingtip, where the sidewash is stronger. This general pic- 
ture of winglet effectiveness has been put forward by Hackett (1980) and McCormick (1995), among others. It 
is intuitively appealing, but it is flawed. 





Figure 8.4.4 Misleading view indicating that a winglet produces thrust in the presence of an inboard-directed 
sidewash “induced” by the wing. Actually, for an unswept wing with a vertical winglet, the optimum loading 
produces zero sidewash at the winglet 
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First, the idea that there 1s a favorable sidewash at the winglet location is based on the flowfield (sidewash) 
that would be there in the absence of the winglet. This view is valid only in the limit of small loading on the 
winglet and is not even close to being correct for practical levels of winglet loading. When a winglet is ad- 
vantageously loaded, the flowfield is altered considerably, and the resulting force on the winglet can be very 
different from what the undisturbed flowfield would lead you to expect. For example, when a wing and vertical 
winglet are unswept and are carrying their ideal spanload, the sidewash all along the span of the winglet is can- 
celed, and the winglet itself feels no induced thrust or drag. This 1s required by Munk's minimum-induced-drag 
criterion from Section 8.3.5, which tells us that any vertical portion of an optimally loaded system must see zero 
sidewash in the Trefftz plane. With no sweep, the sidewash at the lifting line itself is half what it is in the Trefftz 
plane, and is therefore still zero on a vertical winglet. So in this case, all of the drag reduction due to the winglet 
is felt on the horizontal wing, and the sailboat analogy misses the mark badly. 

So it is a mistake to try to understand a tip device in terms of the flowfield that would be there in the absence 
of the device, and it is also a mistake to expect the benefit of a tip device to come just from thrust on the device 
itself. As we saw above, in an optimally loaded unswept wing/winglet combination, the winglet produces no 
thrust. And the idea of a winglet as a thrust producer fares even worse in the case of a forward-swept wing: 
An optimally loaded winglet on a forward-swept wing can produce a large drag on its own surfaces and still 
produce a net drag reduction. In general, the sweep of the wing has a strong effect on the thrust or drag felt by a 
tip device. Let's look at this sweep effect in more detail. 

According to Trefftz-plane theory, the total induced drag of a wing/winglet combination depends only on the 
arrangement of the trailing edges as viewed in the Trefftz plane and on the spanload (Section 8.3.4). Trefftz- 
plane theory is not exact, but for high-aspect-ratio surfaces it is a reasonable approximation. Total induced drag 
should thus be largely independent of sweep, provided that the spanload 1s fixed. On the other hand, the induced 
drag or thrust felt by the winglet itself depends strongly on the general sweep of the whole lifting system. In 
fact, the distribution of induced drag on the whole system, whether it has a tip device or not, is strongly affec- 
ted by sweep. Induced-drag distributions that illustrate this are shown in Figure 8.4.5. Ideal spanloadings were 
assumed for a planar wing and for a wing with 20%-semispan vertical winglets, as shown in Figure 8.3.7. The 
Boeing WINGOP code (Craig and McLean, 1988) was used to carry out numerical lifting-line calculations of 
the induced-drag distributions for cases in which the wing and winglet are both unswept, and for cases in which 


both are swept back by 30°, and swept forward by 30°. Small spikes in the distributions at tips are due to the 
lifting-line numerics, and larger spikes at the winglet junction reflect shortcomings of lifting-line theory (Get- 
ting rid of the spikes at the winglet junction would require spreading the bound vorticity out chordwise, as in a 
lifting-surface theory). In spite of these anomalies, the general trends can be discerned. 


Figure 8.4.5 Induced-drag distributions calculated by numerical lifting-line theory, assuming the ideal span- 
loadings for a planar wing and a wing with 20%-semispan winglets, as shown in Figure 8.3.7. Lift equivalent 
to AR = 10.0, C7 = 1.0. (a) Wing and winglet both unswept. (b) Wing and winglet both swept 30° aft. (c) Wing 
and winglet both swept 30° forward 
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In the unswept baseline case (Figure 8.4.5a), the induced-drag distribution is elliptic, as expected. In the un- 
swept winglet case, the drag distribution on the wing is as we might expect based on the spanload in Figure 
8.3.7, and the induced drag on the winglet is effectively zero, as we expect based on the theoretical discussion 


of Section 8.3.5. The strongest reduction in induced drag comes from the inboard part of the wing, and there is 
a small portion of the wing near the junction where the induced drag is increased. 

In the swept cases (Figure 8.4.5b,c), the distributions are dramatically different. For aft sweep without a 
winglet, there is a large thrust on the outboard half of the wing, more than offset by the large drag on the inboard 
half. The total induced drag, which is the same as in the baseline unswept case, is a small difference between the 
two. In the aft-swept winglet case, there is a large thrust on the winglet, which is mostly offset by a reduction 
in thrust on the outboard wing. The drag reduction on the inboard wing isn't as large as in the unswept case. So 
in the aft-swept case, there is significant thrust on the winglet, but looking just at that thrust would lead you to 
grossly overestimate the benefit. 

With forward sweep, we see generally the opposite of what we saw with aft sweep, except that the crossover 
from thrust to drag is farther inboard. Without a winglet, there is a very large thrust inboard of 10% semispan, 
more than offset by high drag on the rest of the wing. When a winglet is added, it carries a high drag on its own 
surfaces, which is more than offset by a reduction in drag over most of the span of the wing. In this case, the 
sailboat analogy, or any idea of the winglet as a thrust producer, is highly inappropriate. 

Trefftz-plane theory tells us that we can reduce the ideal induced drag by increasing the vertical height of the 
lifting system, as well as by increasing the horizontal span. A vertical fin or winglet that adds vertical height 
to the system will reduce the ideal induced drag if it is placed anywhere along the span of the wing off of the 
airplane center plane, but it is most effective by far when it 1s placed at the station of maximum span; that is, 
at the tip. This is one example of the more general problem of minimizing the ideal induced drag of a lifting 
system with given maximum horizontal span and vertical height; that is, a system that must fit within a given 
rectangular box in the Trefftz plane. Figure 8.4.6 illustrates a series of such configurations, in order from lowest 
ideal induced drag to highest. The configuration with the lowest drag is the box wing, which has lifting surfaces 
along all four edges of the box. Note that any retreat from either the corners or the edges of the box (e.g., a 
“blending” region in the junction between a winglet and the wing in the third example, or the retreat from the 
outer edge of the box by the “feathers” in the fourth example) increases ideal induced drag, but that there may 
be compensating advantages such as avoiding the viscous-drag penalty associated with sharp-cornered intersec- 
tions or reducing the wetted area of the surfaces. 


Figure 8.4.6 Lifting-surface configurations constrained to fit within a rectangular box in the Trefftz plane 
(height equal to 10% of full span), shown in order from the lowest ideal induced drag to the highest 
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Ideal-induced-drag theory is useful for guidance as to how to achieve a large reduction in induced drag, 
but the benefits that it implies are not generally achievable in practice. First, the induced-drag reduction that 
can actually be achieved in most applications typically falls significantly short of ideal. In addition, the actual 
induced-drag reduction is always offset by other factors that detract from the net benefit to the airplane. 


Several factors can contribute to the shortfall in induced-drag reduction relative to ideal: 


¢ Spanloads compromised to save weight As we discussed in Sections 8.3.5 and 8.3.8, spanloads of real 
wings are usually compromised to reduce bending loads and save structural weight, by carrying more 
load inboard and less load outboard than the ideal spanload. (This is in addition to the fact that the span- 
load with minimum induced drag for a wing in the presence of a down-loaded horizontal tail typically 
already has less-than-elliptic outboard loading, as we saw in Figure 8.3.18.) If the baseline wing without 
a tip device and the wing with a device added are both optimized to the same weight/drag objective, they 
will both carry reduced loads outboard compared with their respective ideal loadings, and a tip device 
of a given size will have less leverage in reducing induced drag than it would if both configurations had 
ideal loadings. 


¢ Twist distribution of the existing wing in retrofit applications If the tip device is to be retrofitted to an 
existing wing, the jig-twist distribution of the existing wing is nearly always preserved for cost reasons, 
and as a result the best spanload that can be achieved with the device installed will be farther from ideal 
than the load on the original wing was. This penalty for keeping the existing twist distribution 1s larger 
when the baseline wing is more lightly loaded outboard than ideal, which is usually the case. 

¢ Aeroelastic effects in retrofit applications In the case of an aft-swept wing, aeroelastic effects may add 
to the shortfall in drag reduction. Increasing the outboard loading (using a tip device) tends to increase 
wing bending at cruise conditions, which on an aft-swept wing washes the wing out, reducing the drag 
benefit of the trp device compared with what it would have been on a rigid wing. The amount of addi- 
tional wing washout and the resultant reduction of the induced drag benefit will depend on the flexibility 
of the wing, on the weight distribution of the airplane (payload and fuel), and on whether the structure is 
beefed up for the addition of the tip device. 

¢ Trim effects In the case of an aft-swept wing, adding a tip device that increases the loading outboard 
will increase the download on the horizontal tail that 1s required for trim, which in most cases will offset 
some of the induced-drag reduction and add to the offsetting profile-drag increase. 


The addition of a wingtip device generally adds wetted surface area and thereby increases viscous drag, and 
there may also be junction flows or areas with unfavorable pressure distributions that further increase the vis- 
cous drag. The redistribution of the spanload that the device produces can change the shock drag on the rest of 
the wing, but this effect can go in either direction and is usually not large. In any case, the induced-drag reduc- 
tion is nearly always partly offset by a net increase in the other drag components. 

Any practical device that reduces induced drag generally increases bending moments on the entire wing at 
the cruise condition and at the critical flight conditions that determine the design of the wing structure. The ad- 
dition of a wingtip device therefore often requires beefing up the wing structure, which adds weight, over and 
above the weight of the device itself, and subtracts from the net benefit of the device. This trade between drag 
reduction and weight increase is discussed further in Section 8.4.5. When a tip device is included in the design 
of an all-new wing, this structural-weight penalty must generally be paid in full. On an existing airplane, flight 
testing will sometimes have established that the wing has excess structural margin that can be “used up” by the 
addition of a tip device. The presence of an existing excess structural margin can thus reduce or even eliminate 
the required beefing up of the existing structure. 


8.4.3 Milestones in the Development of Theory and Practice 


Lanchester, the British aeronautical pioneer, had developed a qualitative understanding of the 3D flow around 
a lifting wing, including the vortex wake, by 1895 (Lanchester, 1907). A quantitative understanding of induced 
drag was first provided by the Trefftz-plane/lifting-line theory, developed by Prandtl in 1910 (Prandtl and Ti- 
etjens, 1934) and elaborated by several others in the following years. Even now, well into the era of CFD, our 
conceptual understanding of induced drag depends almost entirely on this early theoretical work. The concep- 
tual touchstones include 


¢ Ideal-induced-drag theory, including the elliptic ideal spanload (for minimum induced drag) and the 
simple formula for predicting the ideal induced drag of a planar wing. 

¢ The prediction that multiple and/or nonplanar lifting surfaces, including endplates, could have lower in- 
duced drag than a simple planar wing of the same maximum horizontal span. 

¢ Munk's stagger theorem (see Kroo, 2001), and the general prediction that, for a given Trefftz-plane geo- 
metry and spanload, the induced drag 1s independent of the fore-and-aft disposition of the lifting surfaces. 


We've already discussed ideal-induced drag theory and pointed out that it provides a method by which the po- 
tential induced-drag-reduction effectiveness of various lifting-surface geometries can be compared fairly. One 
of the best-known examples of such studies is by Cone (1962), in which he used a physical analog apparat- 
us based on a rheoelectric analogy to “solve” the ideal-induced-drag optimization problem and compare many 
different Trefftz-plane shapes, a sampling of which is shown in Figure 8.4.7. He found that practically any non- 
planar shape that adds vertical height near the tip would reduce ideal induced drag. Results like these provided 
the basis for the development of many of the tip-device concepts discussed in the next section. 


Figure 8.4.7 Some lifting-surface configurations (Trefftz-plane shapes) investigated by Cone (1962). (Pub- 


lished by NASA) 
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The realization that non-planar lifting systems could generally reduce drag did not immediately lead to suc- 
cessful applications, however. For example, simple flat endplates were tried numerous times in the years after 
it was first predicted that endplates would reduce induced drag, but in practice they never produced a net drag 
benefit. Their induced-drag reduction tended to fall short of ideal, and it was always more than offset by the 
increase in viscous drag due to added wetted area and corner flows. I think it is likely that the failure for so 
many years to find a better configuration than the flat endplate can be blamed on an “endplate paradigm” based 
on a particular way of looking at the Trefftz-plane theory. The reasoning leading to the endplate paradigm is as 
follows. In the limit as the vertical span of an endplate becomes large, the ideal spanload on the horizontal wing 
becomes uniform. One way to achieve this situation is to have 2D flow over the wing, enforced by endplates 
that are flat and large in chord as well as span. The resulting paradigm is that an endplate should always be flat 
and have a large chord. 

What the endplate paradigm fails to recognize 1s that to realize the ideal induced drag of an endplated con- 
figuration, only the spanwise distribution of load on the endplate needs to be ideal, and it doesn't matter how 
the load is distributed longitudinally. A vertical tip device of small chord can achieve the same induced-drag 
reduction as a large endplate of the same span just by carrying the right spanload. Whitcomb (1976) seems to 
have been the first to recognize this and to realize that an effective endplate is just another part of the lifting sys- 


tem; that is, a lifting surface that should be carrying a spanload close to ideal, just like the rest of the wing. Of 
course, to keep the viscous drag of a lifting surface low, the surface should have an efficient aerodynamic cross 
section; that is, an airfoil, and the chord of the surface should be sized consistent with the efficient load carrying 
capacity of the section. This is just good aerodynamic design practice of the kind that has always been applied 
to wings, and Whitcomb's contribution was to apply it to what had formerly been seen as just an endplate. While 
the direct result of Whitcomb's work was the classic near-vertical winglet, his general idea of applying good 
design practice to keep the profile drag low has also contributed to the development of concepts other than the 
winglet. 

The trade between drag reduction and structural weight was not addressed explicitly in most early work, but 
it began to attract attention with the development of the winglet. Whitcomb's work on winglets suggested that 
for a given increase in bending moment on the inboard wing, a near-vertical winglet offers nearly twice as much 
drag reduction as a horizontal span extension. This suggestion was not based on theory, but on the results of 
wind-tunnel tests in which the winglet and horizontal span extension configurations were supposed to be sized 
so as to be equivalent in terms of root bending moment. However, judging by the results of many later studies, 
the horizontal span extension Whitcomb used for comparison was not as large as it should have been. Further- 
more, the horizontal span extension was not as well optimized aerodynamically as the winglet. Both of these 
factors contributed to an overly optimistic assessment of the winglet. 

Later, a systematic theoretical investigation of the question was published by Jones and Lasinski (1980). 
They used Trefftz-plane theory to calculate induced drag, and bending moment integrated over the span as an 
indicator of likely structural weight. (This is only a rough indicator because for real wings at the high-g con- 
ditions that are a factor in determining the required structure, the spanload shape is usually different from that 
at cruise, and the effective structural depth of real wings is not usually constant along the span.) Starting with 
a baseline elliptically loaded wing of a given span, they added horizontal and vertical tip extensions of varying 
length. For each device length, they optimized the spanload to minimize induced drag, subject to the constraint 
that the integrated bending moment, or “structural weight,” was the same as that of the baseline. As the size of 
the extensions increased, the spanloads had to become increasingly non-ideal (farther from the pure induced- 
drag optimum) to meet the constraint, and yet drag was still reduced. Repeating the calculations with root bend- 
ing moment instead of integrated bending moment as the constraint produced essentially the same results. The 
calculations indicate that horizontal span extensions and vertical winglets offer essentially the same maximum 
induced-drag reduction when the spanloads are constrained so that there is no increase in “structural weight.” 
They also indicate that to achieve a given level of drag reduction, a vertical winglet must be nearly twice as 
large as a horizontal span extension. In Section 8.4.5, we'll see similar results for some variations on the basic 
vertical winglet. 


8.4.4 Wingtip Device Concepts 


Whitcomb's breaking of the “endplate paradigm” has led to the development of a variety of wingtip devices that 
can be effective in reducing total drag, some of which were shown in Figure 8.4.1. It is assumed from here on 
that Whitcomb's basic idea of applying good aerodynamic design practice will be adhered to 1n executing any of 
the concepts. We'll start our discussion of this assortment of competing concepts by listing the basic strategies 
(Table 8.4.1) that are used in various combinations by the different devices. 


Table 8.4.1 Basic strategies for practical tip devices 


Increasing horizontal span Straight tip extensions 


Tapered tip extensions 
Going non-planar Bending (winglets) 





[Bending with blending (blended winglets: reduced wetted area and junction drag) 
Splitting (split winglets and feathers: vertical height with less wetted area penalty) 
Splitting and rejoining (spiroids) 


Part-chord devices (less chord than the |Trapezoidal baseline tip often has more chord than needed to carry spanload 
baseline wingtip) 


Pronounced tapering Reduces wetted area and critical structural loads 
Applicable to all tip-device concepts 
Additional sweep (e.g., raked tips) Increases aeroelastic washout and reduces wing weight 


Aeroelastic relief not very effective for a vertical winglet, but sweeping a winglet 
aft can make transonic tailoring easier 





8.4.5 Effectiveness of Various Device Configurations 


For comparisons of the potential performance advantages of various tip-device configurations to be fair, the 
devices in question must be comparably optimized. We've seen that much of the early theoretical work was 
highly idealized and concentrated on induced drag only. For that case, the appropriate optimization is the minim- 
ization of induced drag alone, which defines the “ideal” induced drag and the “ideal” spanload. Ideal-induced- 
drag theory is useful for initial screening of concepts and for understanding basic trends, and we'll look at such 
comparisons below, but it is not a realistic optimization target for real-world tip devices. The spanload of a real 
transport-airplane wing, with or without a tip device, is not generally optimized for minimum induced drag, but 
instead is optimized for a favorable trade between total drag and structural weight. This is still spanload op- 
timization, just to a bottom-line performance objective such as fuel-burn or maximum range, rather than to an 
esoteric aerodynamic target. 

The usual procedure in design studies is to define the general configuration of a candidate tip device in terms 
of its planform and dihedral angle(s) and then to estimate its performance through analysis. A step that should 
always be included in this process is the optimization of the spanload. When the planforms and airfoil cross 
sections of the wing and the tip device are given, the spanload is controlled by the twist distribution. (Recall 
that in Section 8.2.1 we defined “twist distribution” to refer to the spanwise distribution of the orientation of 
the zero-lift lines of the sections. Thus what we refer to here as the “twist distribution” would encompass the 
overall incidence setting of a tip device, or, for example, the “toed-in” or “toed-out” setting of a winglet, as well 
as the variation in incidence along the span of the device.) If both the wing and the tip device are all new, the 
twist distribution of the entire system is open to optimization. In derivative or retrofit applications, the jig twist 
distribution of the existing wing is generally fixed, and the twist distribution of only the tip device itself can be 
optimized. If the twist distribution of the existing wing was optimized for operation without a tip device, the 
benefit available from the addition of the tip device will usually be substantially less than it would have been 
if the wing could have been reoptimized. In the discussion that follows, it is assumed that the twist distribution 
of each candidate tip device has been optimized to an appropriate bottom-line performance objective, taking 
into account structural weight and any other factor that affects the objective, subject to whatever constraints are 
applicable. For real-world design studies, computational tools are available that can carry out this optimization 
to different levels of physical fidelity, depending on the purpose of the study. 

Device size is always an important design decision, and it affects all devices in essentially the same way. 
Figure 8.4.8 shows figurative trends in drag, structural weight, and fuel burn as functions of device size for a 
generic tip device, assuming that the baseline airplane with no device has no excess structural margin, and that 
for each size the device has been optimized for some bottom-line measure of airplane performance, such as fuel 
burn. For simplicity, the drag and weight effects are assessed separately first (the drag reduction is plotted for 


constant weight) and then combined in their overall effect on fuel burn. Note that induced drag cannot be re- 
duced below zero, no matter how large the device 1s made and that wetted area and profile drag will continue 
to increase with increasing size. Thus the drag reduction at constant weight must eventually show a diminish- 
ing rate of return with increasing size, as indicated by the decreasing slope of the drag reduction curve in the 
first frame. Because of the ever-increasing profile drag, eventually the drag reduction would reach a maximum 
and then decline. But for this pure aerodynamic trade at constant weight, the maximum drag reduction would 
typically occur well outside the practical range of device size. In the real world, the effects of the increasing 
structural weight would intervene long before that. 





Figure 8.4.8 Effects of device size on performance for a generic wingtip device, assuming no excess structural 
margin in baseline wing 
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For reasonable device sizes, the weight increase tends to be roughly linear with size. When the weight in- 
crease is taken into account, the fuel-burn reduction generally reaches a maximum well before the maximum in 
pure aerodynamic drag reduction at constant weight. The optimum device size defined by the maximum fuel- 
burn reduction depends on the relative importance of drag and weight, which depends on the length of the mis- 
sion. If maximum range is the objective, the situation is even more complicated because the critical condition 
that limits maximum range can be different depending on the details of the baseline airplane design. Compared 
to a device optimized for fuel-burn, a device optimized for range can be anywhere from considerably smaller to 
considerably larger, depending on the details. Thus the optimum device size depends on many factors, including 
what performance objective is sought. 

Now let's look at the comparative advantages of horizontal span and vertical height. Earlier we mentioned 
that Whitcomb's work on winglets (Whitcomb, 1976) suggested a rule of thumb to the effect that for a given 
increase in bending moment on the inboard wing, a near-vertical winglet offers nearly twice as much drag re- 
duction as a horizontal span extension. This rule of thumb has not been borne out by studies since then. Jones 


and Lasinski (1980) indicated that horizontal span extensions and vertical winglets offer essentially the same 
maximum induced-drag reduction when the impact on “structural weight” due to bending loads is constrained 
to be the same. 


In Figure 8.4.9, we look at the problem a different way but reach a similar conclusion. While Jones and Las- 
inski constrained the root bending moment and looked at non-ideal induced drag, here we look at how ideal 
induced drag is reduced as a function of the increase in root bending moment. In these ideal-induced-drag cal- 
culations carried out by the author, induced drag was minimized for a fixed total lift, and root bending moment 
was free to increase by different amounts for the different devices. The three winglets indicated by the diamond 
symbols have the same 20% semispan height and thus the same ideal-induced-drag reductions as the corres- 
ponding ones shown in Figure 8.4.6. The difference here is that the increase in root bending moment 1s also 
shown, on the horizontal axis. Two main conclusions are: 

1. For a horizontal span extension to produce the same ideal-induced-drag reduction as a winglet, it needs 
to be only about half as large (a little more than half compared with a sharp-cornered vertical winglet, and 
a little less than half compared with a blended or split winglet). A horizontal span extension thus needs 
less additional wetted area than a winglet for the same induced-drag reduction, and taking profile drag 
into account would move the total-drag curves for horizontal and vertical devices closer together than the 
induced-drag curves. 


2. For a given increase in root bending moment, the three types of winglets produce roughly the same 
ideal-induced-drag reduction, about 17% more reduction than a horizontal extension. This is a much 
smaller difference than the factor of nearly two claimed by Whitcomb (1976). And again, taking profile 
drag into account makes the total-drag difference even smaller. 


Figure 8.4.9 Reduction in ideal induced drag versus increase in root bending moment for the three types of 
winglets shown in Figure 8.4.6, compared with horizontal span extensions. The lines indicate the trends as the 
sizes of the devices are increased from zero, and the solid symbols are for two particular sizes that yield 
roughly comparable drag reductions: 10% semispan horizontal span extensions, and 20% semispan winglets 
(height measurement) 
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This comparison is highly idealized and should be taken only as a rough indication of the trends. As we noted 
above, real tip devices are not generally optimized for ideal induced drag. Also, wing root bending moment 


associated with the cruise spanload is only a very crude indicator of structural-weight impact. Still, a general 
conclusion is that horizontal span extensions and vertical winglets have very similar performance potential in 
terms of the trade between drag reduction and weight increase. In general, in the choice between winglets, hori- 
zontal span extensions, and other tip-device configurations, there is no clear-cut favorite for all applications. In 
terms of the basic physics, the benefits they offer tend to be comparable. Which choice is favored for a partic- 
ular application depends on the details of the baseline airplane design, both aerodynamic and structural, and on 
the mission objective. And the differences between the choices are usually not large. 

Theoretically, there is a small general advantage for devices in which the lifting surface splits into two 
branches. In general, splitting allows a given level of induced-drag reduction to be achieved with less additional 
wetted area than a non-split configuration would require. For a feather configuration with a small included angle 
(see Figure 8.4.6), the wetted-area increase is only a little more than that of a horizontal span extension of the 
same projected span, but the induced-drag reduction is considerably greater. Of course, the weight increase 1s 
also considerably greater, so that the advantage in terms of drag versus weight is not large. If we increase the in- 
cluded angle between the feathers to 180°, we have split vertical winglets of equal span. Comparing this with a 
simple vertical winglet of the same total height, we find that the optimum spanloads for both are about the same 
just inboard of the junction. In the case of the split winglets, this load splits evenly between the two branches, 
so that if we size the chord of the device according to the load carried, the split winglets need only half as much 
chord as the single winglet. The split winglets produce about 90% of the induced-drag reduction of the single 
winglet (compare the “split winglets” with the “vertical winglets” in Figure 8.4.6) with only about half as much 
additional wetted area. A drawback to split winglets in practice is that the span of the lower winglet is often 
limited by ground clearance. 


8.5 Manifestations of Lift in the 
Atmosphere at Large 


In previous sections, we looked at the flow around a 3D wing, the lift distribution on a 3D wing, and the theory 
of induced drag. In this section, we look at the manifestations that the lift on a wing has in the atmosphere on a 
large scale and at some of the theoretical issues that arise in representing those manifestations. 

We start with a look at how the flowfield associated with the lift satisfies Newton's laws in an integrated 
sense. Highly simplified models suffice for this purpose, but the mathematics involved 1s tricky, and some erro- 
neous results have been widely propagated. A secure understanding of these issues thus requires addressing how 
the erroneous analyses went wrong. When the smoke has cleared, we'll find that there is no net downward mo- 
mentum imparted to the atmosphere as a whole and that the lift is reacted by pressure differences on horizontal 
planes above and below the wing, or on the ground plane, if there is one. We'll also consider how conservation 
of momentum applies to control volumes that don't encompass the entire atmosphere. To keep things simple, 
we'll look only at rectangular volumes with horizontal and vertical surfaces. We'll find that the lift can show up 
at the boundaries either as pressure differences on the horizontal surfaces or as fluxes of vertical momentum 
mainly through the vertical surfaces, or as combinations of the two, depending on the proportions of the control 
volume. 

Finally, the actual process by which the vortex wake disappears far downstream has received little coverage 
in the usual aerodynamics sources, and we'll attempt to at least fill in a rough picture of what happens there. 


8.5.1 The Net Vertical Momentum Imparted to the 
Atmosphere 


There is a widespread notion that an airplane in steady level flight continuously imparts net downward mo- 
mentum to the atmosphere. Contributing to this notion is the fact that the airplane is continuously adding to the 
impulse of its vortex-wake system and the fact that there is net flux of downward momentum across vertical 
planes behind the airplane, issues we'll deal with in the following sections. We also saw that a 2D airfoil imparts 
a downward momentum change to the air, but confusing the issue in that case 1s the fact that the downward mo- 
mentum behind the airfoil accounts for only half the lift. However, appearances are deceiving, and the notion 
that the airplane leaves behind a continuously increasing net downward momentum is mistaken. 

For our purpose of assessing the net vertical momentum, a very simple model of the flowfield produced by 
an airplane in steady level flight suffices. That is the classical, highly idealized model in which the vortex wake 
is represented by a pair of parallel line vortices, and the sinking and any other deformation of the wake are ig- 
nored. Assuming the airplane has been flying for a finite time since an impulsive start, we then have a vortex 
system consisting of a planar, rectangular loop, as shown in Figure 8.5.1. This model is unrealistic in several 
ways, especially in the vicinity of the starting vortex. Spalart (2008) has pointed out that a simple flow structure 
for this part of the vortex loop is not sustainable over time, where in the real world the vortex system would 
quickly distort, become unsteady, and disperse. However, we'll find that the starting vortex isn't a player in the 
overall vertical-momentum balance, which indicates that this oversimplification does no harm for the level of 
analysis we're attempting here. And in Section 8.5.5, we'll discuss how the vortex wake really terminates down- 
stream. 





Figure 8.5.1 Idealized rectangular-loop model for the vortex system of a 3D wing flying for a finite time 


Given our representation of the vortex-wake system as a closed vortex loop, a relevant concept is that of the 
impulse of a vortex loop. It is known that any incompressible potential flow can be established by the applic- 
ation of an impulsive pressure field at an initial instant, starting from an initial condition in which the fluid is 
at rest (Milne-Thomson, 1966, Section 3.31). In the case of a closed vortex loop like the one in Figure 8.5.1, 
in a field that would otherwise be at rest, an impulsive pressure field that could initiate the flow would have to 
impose a net impulse on the fluid, proportional to the circulation and the area of the loop, and in the direction 
perpendicular to the plane of the loop (Milne-Thomson, 1966, Section 10.21). This is what is called the impulse 
of the vortex loop. In our idealized model, the rectangular loop of Figure 8.5.1 is attributed to an airplane fly- 
ing with lift L for time t. The impulse of this vortex loop, and the actual mechanical impulse imposed by the 
airplane on the atmosphere (lift times time), are both equal to Lt. They both increase with time as the airplane 
continues to fly and the area of the vortex loop grows. So we have a one-to-one correspondence between the 
mechanical impulse imposed by the airplane and the impulse of the vortex loop. 

Thinking in intuitive physical terms, we might also expect the impulse imposed by the airplane on the air 
(the product Lt) to produce a net vertical momentum in the atmosphere that grows with time. This expectation 
is not satisfied by the mathematics, however. Wigton (1987, private communication) showed that the volume 


integral of the vertical velocity inferred from the vortex system, over the whole infinite atmosphere, is noncon- 
vergent. The integrand (the vertical velocity) doesn't decrease fast enough with increasing distance (only as r> ), 
and the flowfield associated with the vortex loop thus contains infinite amounts of both upward and downward 
momentum. An attempt to define a value for the integral can lead to any answer between minus infinity and 
plus infinity, depending on how the integration 1s sequenced. Thus the vertical-momentum content of the infin- 
ite atmosphere at any given time is at best undetermined, even though the mechanical impulse imposed by the 
airplane and the impulse of the vortex loop are well defined. 

This unsatisfying result is an artifact of our idealized assumptions: incompressible flow and an infinite at- 
mosphere. In the real world, no disturbance generated by the airplane would propagate faster than the speed of 
sound, and for finite flight time all flowfield integrals would be well defined, so presumably we could resolve 
this difficulty by doing an unsteady compressible analysis. But there is an easier way. The problem is resolved 
if we consider flight in a semi-infinite atmosphere bounded by a ground plane. The simplest way to impose 
the no-through-flow condition at the ground plane is to place an image of the “real” vortex system below the 
ground, as shown in Figure 8.5.2. This is the same thing we did in Figure 8.2.6 to model flight close to the 
ground, but this time our purpose is to model flight many wingspans from the ground. At large distances, the 
velocity disturbances associated with the vortex loop and its image die off as r which is fast enough for the 
vertical-momentum integral to converge. If we expected to see a net downward momentum equal to Lt, the res- 
ult comes as a surprise: The value of the integral over the semi-infinite space above the ground 1s zero, which 
means that the airplane imparts no net downward momentum to the atmosphere in steady level flight over a 
ground plane, regardless of height above the ground. If momentum conservation is to be satisfied, there is only 
one other way the lift can be balanced, and that is by the pressure, which is our next topic. 


Figure 8.5.2 The rectangular-loop vortex system of Figure 8.5.1 reflected in a ground plane 





8.5.2 The Pressure Far above and below the Airplane 


Our finding of zero net vertical momentum shouldn't have been a surprise. Prandtl and Tietjens (1934) showed 
how in steady level flight the lift is balanced by an overpressure on the ground under the airplane, so that of 
course there is no need for net momentum transfer. They assumed a rectangular vortex system and its image, 
like that shown in Figure 8.5.2, and showed that when the height is large compared with the wingspan, there 1s 
no significant pressure disturbance at the ground associated with the trailing vortices, but that there 1s a disturb- 
ance at the ground associated with the bound vortex and its image, given by 


Ap= cu =, 
8.5.1 27 Re 

where h is the airplane's height above the ground and R is the radial distance from the airplane to the point in 
question on the ground. The disturbance is thus distributed in a pattern of circular isobars centered directly un- 
der the airplane. The overpressure dies off radially in a bell-shaped distribution, as shown in Figure 8.5.3, and 
Prandtl and Tietjens showed that the integrated pressure disturbance accounts for all of the lift. The gross fea- 
tures of the pressure footprint predicted by the simple incompressible model are not altered by compressibility 
at subsonic speeds. For steady flight, the footprint remains centered under the airplane regardless of the Mach 
number, as long as it is subsonic. This steady-flow pressure distribution is not like an acoustic radiation pattern, 
which would lag behind the airplane at high subsonic Mach numbers. 


Figure 8.5.3 The airplane's pressure footprint on the ground in steady, level flight. From Prandtl and Tietjens, 
(1934). Used with permission of Dover Publications, Inc. 
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The presence of an integrated pressure disturbance imposed by the airplane on the ground plane has an easy 
intuitive interpretation: The ground plane is supporting the weight of the airplane in addition to the weight of 
the atmosphere. The typical local magnitude of the pressure disturbance at the ground is extremely small. For 
example, for a 747 weighing 800 00) pounds flying at 35 000 ft AGL, ae maximum pressure disturbance dir- 
ectly under the airplane is 1.0 x 10° + pounds per square foot or 5 x 10 — 8 atmospheres. And, of course, the area 
covered by the disturbance 1s typically quite large. The disturbance is greater than half its maximum value in- 
side a circle on the ground of radius 0.766 h, which for our 747 at 35 000 ft covers an area of 81 square miles. 

Above the airplane, the integrated pressure disturbances “due to” the bound vortex and its image cancel each 
other, which is consistent with having all of the lift accounted for by the pressure disturbance on the ground 
below. The other place we should look for manifestations of lift is under the starting vortex, which wasn't men- 
tioned by Prandtl and Tietjens and which in the real world would be out of the picture in any reasonable length 
of time. We'll look at it anyway, just to understand the full implications of our vortex-loop model. One might 
expect that there would be a “suction” footprint under the starting vortex, a mirror image of the pressure foot- 
print under the airplane, because the starting vortex has a rotation opposite to that of the bound vortex. But it 
turns out that the integrated pressure disturbance under the starting vortex 1s zero. This is an instance in which 
being in the right reference frame is crucial. 

The Prandtl and Tietjens analysis of the pressure footprint is carried out in the reference frame moving with 
the airplane, in which the flow under airplane is steady, and the steady form of Bernoulli's equation holds. In this 
reference frame, there is a substantial freestream velocity, and far below the airplane, where the disturbances 
are small, the pressure disturbance goes as pulou, that is, the pressure disturbance is first order in the velocity 


disturbance wu. To use the steady Bernoulli equation in the analysis of the flow under the starting vortex, we must 
move to the reference frame of the air mass, in which the starting vortex is not moving. In this frame, there is no 
freestream velocity, and the pressure disturbance goes as pu’, second order in the disturbance velocity, so that 
the integrated pressure disturbance vanishes in the limit of large height. 

So we see that for steady level flight in a semi-infinite atmosphere the lift is transmitted to the ground by the 
spread-out pressure disturbance of Figure 8.5.3. And none of the conclusions we've drawn here would change 
much if we introduced a more realistic model for the flow and the development of the wake near the airplane. 

Now let's return briefly to the case of the infinite atmosphere. The Prandtl and Tietjens analysis of the pres- 
sure on the ground plane has interesting consequences when it is applied to the situation without a ground plane. 
If we remove the ground plane by removing the image vortex system, the pressure disturbance at the original 
location of the ground plane is reduced to half what it was when the ground plane was there. And in the absence 
of an image vortex system, the integrated pressure disturbance above the airplane is not canceled. So looking at 
horizontal planes above and below, we now have a positive integrated pressure disturbance below the airplane 
accounting for half the lift, and a negative disturbance above the airplane accounting for the other half, as il- 
lustrated in Figure 8.5.4a. This holds regardless of how far above and below the airplane we place the planes. 
The transport of vertical momentum through these horizontal planes above and below the airplane is second 
order in the velocity disturbances, so that its integrated effect vanishes as we move the planes far away. All of 
this indicates that in an infinite atmosphere, pressure differences on horizontal planes far above and below the 
airplane account for the lift, and that there is no net transfer of momentum to the atmosphere. This of course 
implies that the “physically correct” value for the volume integral of the vertical momentum in the atmosphere 
should be zero, though we found it before to be mathematically indeterminate. 


Figure 8.5.4 Balancing momentum, pressure, and lift in rectangular control volumes of different proportions. 
(a) Ax => Az with no ground plane, or with a ground plane far away relative to any dimension of the control 
volume. (b) Ax = Az with a ground plane as the bottom boundary of the control volume. (c) Az = Ax with or 
without a ground plane 
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8.5.3 Downwash in the Trefftz Plane and Other 
Momentum-Conservation Issues 


We've seen that no net vertical momentum is imparted to the atmosphere as a whole by an airplane in steady 
level flight. However, there are regions of both upward and downward momentum in the field, and it 1s in- 
structive to look at the momentum balance at the boundaries of control volumes that don't encompass the entire 
atmosphere. We'll limit our attention to rectangular volumes with vertical and horizontal faces and start by con- 
sidering fluxes of vertical momentum across vertical planes at various stations in the flow. One example is the 
Trefftz plane downstream of the airplane, which we used as the downstream boundary of a control volume in 
our derivation of the general farfield integral for the induced drag, Equation 8.3.5. Then, of course, it was the 
flux of flight-direction momentum we were interested in, while now it is the flux of vertical momentum. 

There is a classical argument for the downward momentum at the Trefftz plane in an infinite atmosphere that 
goes as follows. A rectangular vortex loop is assumed, as in Figure 8.5.1, and the Trefftz plane is placed between 
the bound and starting vortices, far from both, and is pierced by the trailing vortices. At sufficiently large dis- 
tances, the bound and starting vortices contribute nothing, and only the trailing vortices have to be considered. 
The expression for the w disturbance “induced” by a trailing-vortex pair of infinite length is then integrated over 
the Trefftz plane, and the result is found to be (Thwaites, 1958, p. 303, for example) 
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A widely held interpretation of this result is that there is a flux of downward momentum through the Trefftz 
plane, consistent with the lift on the wing, and that it is “induced” by the trailing vortices. 





However, it turns out that this classical result 1s incorrect. Wigton (1987, private communication) found that 
the w integral 8.5.2 is nonconvergent (w dies off only as r°), and he observed the classical symptom of non- 
convergence, that is, that the value obtained depends on the order of integration. Reversing the order from that 
shown in Equation 8.5.2 yields a value of zero. Wigton also found that if he used the w expression for trailing 
vortices of finite length, consistent with a finite vortex loop as in Figure 8.5.1, the integral converges, and the 
correct answer is zero, regardless of the length of the vortices or the order of integration: 
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So Wigton concluded that the classical argument is wrong and that the part of the velocity field “induced” 
by the trailing vortices results in no net flux of vertical momentum through the Trefftz plane. Lissaman (1996) 
independently came to the same conclusion. 

The story of this error represents an interesting cautionary tale. Clearly, incorrectly evaluating an improper 
integral is an easy trap to fall into. You can apply the standard procedures for evaluating integrals and, without 
making any procedural error, obtain a wrong answer. Equation 8.5.2 fortuitously gave the “expected” result, 
which apparently fooled more than one prominent aerodynamicist. And the incorrect result has been used in 
other analyses, rendering them incorrect as well. Sears's analysis of the pressure in the Trefftz plane is an ex- 
ample we'll discuss in Section 8.5.4. 

The trailing-vortex result of Equation 8.5.2 1s not the only error Wigton found. He also found that the classic- 
al argument that the bound and starting vortices contribute nothing is wrong. For any Trefftz plane between the 
bound and starting vortices, each “induces” an integrated downward momentum corresponding to half the lift, 
regardless of distance. At large distances, the w disturbances “induced” by the bound and starting vortices are 


very small, but are spread over a very large area. Thus the Trefftz plane in an infinite atmosphere does see a flux 
of downward momentum corresponding to the lift after all, but it 1s distributed very differently from the way it 
was in the classical picture, in which it was assumed to be associated with the trailing vortices. Lissaman (1996) 
also independently found this result. It applies only to a vertical plane between the bound and starting vortices. 
For a vertical plane either ahead of the airplane or behind the starting vortex, the flux of vertical momentum is 
zero, because the integrated contributions from the two vortices cancel. 


This finding of an integrated downward momentum in some vertical planes and none in others appears to 
contradict our finding of zero for the volume integral of the vertical momentum, even for an infinite atmosphere 
(in Sections 8.5.1 and 8.5.2). If we view the infinite-atmosphere case as a series of “Trefftz-plane” slices stacked 
in the flight direction, we see no net downward momentum in the slices ahead of the airplane or behind the start- 
ing vortex, and nonzero net downward momentum in the slices between the airplane and the starting vortex. If 
we were to naively sum the stack, we would conclude that the atmosphere contains a net downward momentum 
equal to Zt. But this naive summing is just another example of an incorrect evaluation of an improper integral, 
in this case the 3D volume integral of w in an infinite domain. Remember that we found that this integral 1s non- 
convergent and therefore indeterminate mathematically. Physically speaking, however, our argument based on 
the pressure indicated that the airplane imparts no net vertical momentum to the atmosphere. So the physically 
“correct” value for the volume integral of the vertical momentum in an infinite atmosphere is still zero and is 
not contradicted by the Trefftz-plane findings. 

So how do we reconcile a net flux of downward momentum in the Trefftz plane with the findings that there 
is no net vertical momentum imparted to the atmosphere by the lift and that the lift 1s reacted by pressure differ- 
ences on horizontal planes? If we look at the momentum balance in control volumes of different proportions, as 
illustrated in Figure 8.5.4, it appears that all of this can be reconciled, though we'll find that the lift 1s accounted 
for either by pressure or by momentum flux, depending on the proportions of the control volume. 

Consider rectangular control volumes with dimensions Ax, Ay, Az. Assume that the spanwise dimension Ay 
is very large compared with the other two, so that fluxes of vertical momentum through the side boundaries 
effectively vanish. Now, keeping Ax and Az much smaller than Ay, we can define two limiting shapes for the 
control volume in side view, tall and slender, or wide and flattened. Looking at these limiting cases with and 
without a ground plane gives us the three combinations shown in Figure 8.5.4. Unlike Wigton's (1987, private 
communication) analysis above, we put the starting vortex out of the picture by assuming that it is far down- 
stream relative to any dimension of our control volume, so that its “contribution” to any integrated momentum 
fluxes effectively vanishes. There are only three distinct combinations in Figure 8.5.4 because, with the starting 
vortex out of the picture, it doesn't matter whether there is a ground plane in the case of the tall, slender control 
volume in Figure 8.5.4c. The momentum balances then work out as follows: 

1. Ax — Az with no ground plane, or with a ground plane far away relative to any dimension of our con- 
trol volume, so that the image vortex system has negligible “effect”: As Ax grows large relative to Az, 
the integrated fluxes of vertical momentum through the upstream and downstream boundaries effectively 
vanish, and the lift is accounted for by the pressure disturbances on the top and bottom boundaries, as in 
Figure 8.5.4a. The pressures on the top and bottom boundaries account for half the lift each, regardless of 
the relative distances above and below the airplane. If one of the boundaries is moved farther away, the 
pressure disturbances become weaker but are more spread out, so that the integral is unchanged. 


2. Ax -*= Az with a ground plane as the bottom boundary of the control volume: As in (1) above, the integ- 
rated fluxes through the upstream and downstream boundaries effectively vanish, and the lift is accounted 
for by the pressure disturbance on the ground, as in Figure 8.5.4b. This is similar to what we found in 
Figure 8.5.4a, except that the ground plane has the effect of doubling the pressure disturbance there, so 
that it accounts for all of the lift, and the pressure footprint is the same one illustrated in Figure 8.5.3. On 
the upper boundary, the disturbances “due to” the bound vortex and its image are of opposite signs and 


cancel in an integrated sense. But they do not cancel locally. There is a central region directly above the 
airplane where the “contribution” of the bound vortex dominates, and the pressure disturbances are neg- 
ative. At larger horizontal distances, the “contribution” of the image vortex dominates, and the pressure 
disturbances are positive. The positive disturbances are much weaker than the negative disturbances, but 
they can cancel the positive disturbances in the integral sense because they are spread over a much larger 
area (note that the distribution is axisymmetric, and the integration is therefore radius-weighted). 


3. Az —* Ax with or without a ground plane: As Az grows large relative to Ax, the integrated pressure 
forces on the top and bottom boundaries effectively vanish, and the lift 1s accounted for by the fluxes 
of vertical momentum through the upstream and downstream boundaries, as in Figure 8.5.4c. Because 
we have put the starting vortex out of the picture, the total flux of vertical momentum is split equally 
between upward momentum upstream and downward momentum downstream instead of showing up 
only as downward momentum downstream, as it did in Wigton's (1987, private communication) analysis. 
This is the same distribution of integrated momentum flux that we found in 2D in Section 7.3.4. 


I've presented these arguments in an arm-waving way, but I'm confident they represent correct limiting cases. 
They demonstrate that there is no inherent contradiction in seeing the lift manifested both as pressure disturb- 
ances on horizontal planes and as fluxes of vertical momentum through vertical planes. And there is no incon- 
sistency between these manifestations and our earlier finding of no net vertical momentum in the atmosphere. 


8.5.4 Sears's Incorrect Analysis of the Integrated Pressure 
Far Downstream 


Sears (1974) used conservation of momentum in control-volume form, combined with the classical Trefftz- 
plane integral for the induced drag, Equation 8.3.10, to deduce that the integrated pressure in the Trefftz plane 
behind a lifting wing in inviscid flow is higher than ambient. 

On an intuitive level, this result is surprising, because we tend to think of induced drag as being associated 
with the kinetic energy left behind in the downstream flowfield, and we tend to associate excess kinetic energy 
with a velocity magnitude higher than freestream, and pressure lower than ambient. We also tend to associate 
the swirling motion about the vortex cores with lower-than-ambient pressure. But our naive intuition 1n this case 
is mistaken. In inviscid incompressible flow, the pressure perturbation goes as — 2Uu — voy w’, so that 
even though v and w tend to be larger in magnitude than u near the vortex wake, the — 2Uu term 1s of higher 
order and can dominate. When downwash occurs near a tilted wake, u can be negative, and the perturbation 
pressure can be positive, contrary to our naive intuition. So there can be regions of positive perturbation pres- 
sure behind a lifting wing, and we can't rule out Sears's result just on the basis of arm waving and intuition. 

But it turns out that Sears's conclusion is actually wrong. Given his flowfield model, there is a region of 
higher-than-ambient pressure in the Trefftz plane, but the integrated pressure is lower than ambient, not higher. 
So where did the analysis go wrong? 

Sears assumed that the wing is elliptically loaded and that the vortex wake remains planar but is tilted down- 
ward as shown in Figure 8.5.5, at an angle consistent with what this wake model gives for the downwash far 
downstream of the wing. He assumed that far downstream the velocity disturbances are those “induced” by the 
vortex wake perpendicular to its own plane, and he substituted these velocity disturbances into the integral ex- 
pressions governing the integrated momentum balance. The tilt angle of the wake thus enters directly into his 
analysis, which is unfortunate, as the tilt angle of an undistorted tilted wake 1s much too large, n’/2 ~ 4.9 times 
that of a realistic rolled-up wake, as we saw in our discussion of ideal induced drag in Section 8.3.5. 


Figure 8.5.5 Sears's (1974) model using a planar, tilted vortex wake, and Trefftz plane perpendicular to flight 
direction 





But even being this far off in the tilt angle of the wake isn't enough to account for the wrong sign in the final 
result. That, it turns out, is the result of a mathematical error. One of the integrals appearing in Sears's analysis is 
the integral of w, that is, the integrated downwash in the Trefftz plane, associated with the trailing vortex wake, 
for which he assumed the incorrect value from Equation 8.5.2, — L/(puo). We saw earlier that this integral is 
nonconvergent for a wake of infinite length, but that its value is zero for a wake of finite length, regardless of 
the length. Had Sears used the correct value of zero for the w integral, he would have obtained the negative 
value — Dj; for the integrated pressure in the Trefftz plane, instead of the erroneous +Dj;, where D; is the induced 
drag. 


8.5.5 The Real Flowfield Far Downstream of the Airplane 


Most of our discussion so far has been based on a vortex-wake system consisting of a rectangular loop termin- 
ated at the downstream end by a starting vortex, though we noted that the assumption of a persistent starting 
vortex 1s unrealistic. Of course, in the real world, the starting vortex would be left on the runway where the air- 
plane took off, and it would dissipate rapidly through viscous interaction with the ground. And there would be 
diffuse spanwise vorticity left behind as the bound vorticity changed during climb and the transition to cruise. 
But even if the flight started impulsively at cruise altitude, the starting vortex could not persist in the simple 
form we assumed. So what really happens far downstream, as the vortex-wake system collapses and the flow 
disturbances associated with the lift die out? 

For purposes of this discussion, we'll skip the complexities of takeoff and climb. We'll assume the airplane 
has been in steady level flight at high altitude for a long time, and we'll seek a “steady state” understanding 
of the flowfield far downstream, in which a starting vortex is no longer in the picture. In Section 8.1, we de- 
scribed some features of the flow, up to the point where the wake “collapsed” into an unsteady pattern of loops 
and eddies. Here, we'll attempt to deduce what the time-averaged structure of the flow must be throughout this 
process of collapse and beyond, to where the velocity disturbances die out. The final stages of this progression 


are not of any practical importance, because the mean velocities become very small. It's just an interesting and 
informative exercise to figure out what the laws of motion require. 

For a long distance downstream of the airplane, the rolled-up vortex wake is relatively compact and retains 
the descending-oval form shown in Figure 8.1.7, and the velocity and vorticity distributions shown in Figure 
8.1.8 change very little. The collapse of the wake starts with the slow growth of instabilities such as the Crow 
instability, which leads eventually to breakup into loops and eddies, as shown in Figure 8.1.10. This process is 
highly variable in response to atmospheric conditions, and it changes over short and long time scales. Down- 
stream of breakup, we have a turbulent flow with motions over a wide range of length scales, spread over a 
much wider area than the original descending oval occupied. 

Of course, this breakup into a diffuse turbulent flow doesn't mean the vorticity in the upstream wake has 
disappeared. Remember that Helmholtz's second theorem tells us that vortex lines can't end in the interior of 
the field. The vortex lines from the wake upstream haven't ended in the field, but in the instantaneous turbu- 
lent flow downstream of breakup they have become an unsteady, chaotic tangle. Does this mean the flow is 
just an unorganized turbulent jumble that is otherwise featureless? No. Averaged over time, the flow must have 
an overall structure consistent with its origins upstream. The time-averaged flow must obey all the same kin- 
ematic rules as any other flow, which means that the abundant time-averaged vorticity that was present in the 
wake upstream cannot end in the interior of the field any more than the instantaneous vorticity could. And the 
time-averaged flow must obey the RANS equations, with the instability motions and turbulence supplying the 
Reynolds stresses (see Section 3.7) that transport time-averaged momentum. 

So to see the underlying structure of what happens during and after breakup, imagine time-averaging the 
flow in the reference frame moving with the airplane, so as to take out the unsteady motions on the time scales 
of the instability and the eventual turbulence. This is formally the same process we used in Reynolds averaging 
for turbulence modeling (Section 3.7), but in this case the flow we're applying it to is different from the more 
usual applications of Reynolds averaging. For one thing, we'll be averaging out part of the motion (the highly 
coherent motion associated with instability growth) that doesn't look like ordinary turbulence. And over much 
of the flowfield far downstream, the mean-velocity disturbances are smaller than the turbulent fluctuations and 
are effectively invisible before we do the averaging. Furthermore, we'll do this strictly as a thought experiment, 
since no such calculation has actually been done, to my knowledge. We'll do the averaging 1n our imaginations 
and use physical reasoning to try to deduce what the qualitative structure of the time-averaged flow must be. 

First, we'll assume that the airplane and the mean flow are symmetrical about the y = 0 plane. We'll also 
assume that at the start of the instability-growth and breakup process the wake is in the form of a descending 
oval as in Figure 8.1.7 and that the vorticity is still concentrated in two distinct cores, as in Figure 8.1.8b. The 
net vorticity and circulation of the core on either side of the symmetry plane must then be the same as what 
was shed into the nearfield from the corresponding half of the wing. One of the main things we'll be looking to 
explain is where all this mean-flow vorticity “goes” in the farfield, consistent with the requirement that vortex 
lines can't end in the interior of the field. 

Something we know from observations is that things change slowly in the flight direction. Even though the 
breakup process produces much faster change than what ordinary turbulent diffusion could produce, change in 
the mean flow is still slow in the sense that the flight-direction distance over which it takes place is long com- 
pared with any other dimension of the wake. Thus we have an effectively “slender” flow in which mean-flow 
gradients in the direction of the wake axis play a much smaller role in the development of the flow than do 
gradients in other directions. In this sense, the flow in cross-flow planes is similar to the limiting case of 2D 
planar unsteady flow, and as an aid to understanding, it is useful to look at what can happen to the mean vorti- 
city in simple 2D cases. 

In 2D planar flow, the mean vorticity vector can have only one nonzero component, perpendicular to the 
plane of the flow, so we can think of the vorticity as a scalar. We'll start with the example of a single axisym- 


metric vortex core in an infinite 2D domain. At an initial instant, we have some axisymmetric distribution of 
vorticity, as shown in Figure 8.5.6a, and as time goes on it remains axisymmetric but becomes more diffuse, as 
in Figure 8.5.6b. The integrated vorticity and circulation remain constant, even as the vorticity spreads over a 
very large area and becomes locally very weak. 


Figure 8.5.6 Diffusion of vorticity in a single axisymmetric vortex core in 2D unsteady flow. (a) Concentrated 
at an initial instant. (b) More diffuse at a subsequent time 
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Our second example is a pair of counter-rotating vortices of equal strength separated by a plane of symmetry, 
like our vortex wake. In this case, each core has its own total vorticity and circulation in its own half of the do- 
main, but because the two cores have vorticity of opposite signs, the total vorticity and circulation of the entire 
flow are zero. Starting with two cores that are initially distinct, as in Figure 8.5.7a, viscous or turbulent diffusion 
eventually brings the cores into “contact” in the sense that the vorticity gradient becomes significant across the 
plane of symmetry, as in Figure 8.5.7b. Because there isn't any no-slip surface anywhere in the field to interact 
with, vorticity can be destroyed only by interaction with vorticity of opposite sign, and that is what happens 
here. Vorticity is diffused toward the symmetry plane and annihilated there by interaction with the opposite-sign 
vorticity on the other side, and the circulation on each side of the symmetry plane is reduced. In this example, 
not only does the vorticity become more diffuse and locally weaker, but the total vorticity on each side of the 
symmetry plane tends to zero with time. In this 2D domain, vorticity disappears in time, without having vortex 
lines end in space, so Helmholtz's second theorem 1s not violated. 


Figure 8.5.7 Diffusion of vorticity in a pair of counter-rotating vortices in 2D unsteady flow. (a) Vorticity in 
distinct cores at an initial instant. (b) Vorticity diffused into contact with the symmetry plane at a subsequent 
time 
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What does this imply for our real 3D flow? As we've already observed, the 3D mean flow throughout the 
region of breakup and decay 1s “slender” and therefore behaves in a nearly 2D fashion, but it is steady by defin- 
ition in the reference frame of the airplane. Imagine cutting this flow with a constant-x plane fixed to the atmo- 
sphere, so that in the airplane reference frame, the cutting plane moves away from the airplane at the speed of 
the freestream. For the flow that we observe in the cutting plane, the movement in x is analogous to the advance 
of time in the 2D flow we just discussed, and much of what happens will be similar in the two cases. In the 3D 
case, the vigorous “turbulent” motions of the instability growth will diffuse the mean vorticity in all directions, 
including toward the plane of symmetry, just like what we saw in 2D in Figure 8.5.7b, only faster. As our cutting 
plane continues to move downstream, vorticity diffusing toward the symmetry plane will effectively disappear 
there, and the integrated vorticity passing through the cutting the plane on each side of the symmetry plane will 
decrease, as it did in the 2D case. 

The analogy between our 3D steady mean flow and the 2D unsteady case isn't perfect, however, and there 
must be some differences in the details. In the 2D unsteady case, the vorticity disappears in time, while in the 3D 
steady case, it can't do that. In the steady case, for the vorticity piercing a cutting plane to decrease as the plane 
moves downstream, Stokes's theorem (see Section 3.3.5) requires that some of the vortex lines must cross the 
symmetry plane and connect with the vortex lines on the other side. Because only the perpendicular component 
of the vorticity can be nonzero at the symmetry plane, the vortex lines must turn perpendicular to the plane as 
they approach and cross it. Also, since we've assumed that the mean flow is symmetrical, having vortex lines 


cross the symmetry plane constitutes a reconnection of vortex lines that are already connected upstream through 
the bound vorticity on the wing, and such reconnections thus form closed vortex loops. 


The overall structure this leads to is illustrated schematically in Figure 8.5.8, which shows a plan view of the 
wake with the streamwise scale greatly compressed so as to fit the entire development on the page. To illustrate 
the general topology of the vortex lines clearly, we've removed the circumferential component that made the 
vortex lines appear helical in Figure 8.1.5. In a process that starts with the growth of instability motions and 
continues through the breakup and postbreakup turbulence, the vortex core on each side of the symmetry plane 
spreads both inboard and outboard. The vorticity that diffuses toward the symmetry plane turns and reconnects 
with vorticity on the other side. The wake spreads and becomes more diffuse, and at the same time, the net vor- 
ticity (circulation) on each side decreases through the process of reconnection. 


Figure 8.5.8 Plan view of the farfield development of the vortex wake of a lifting wing, showing spreading out 
of vortex cores, vortex-line reconnection, and the formation of closed loops. The streamwise scale is highly 
compressed to allow showing the entire development in one view 
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So far our argument for reconnection has been indirect: We expect vorticity from both sides to disappear at 
the symmetry plane, and the only way it can do that is through reconnection. Now let's try to identify a more dir- 
ect physical mechanism. Reconnection requires the production of a nonzero spanwise component wy = — OW/Ox 
+ Ou/dz at the symmetry plane. The rotation associated with w) must be opposite to that of the bound vorticity 
on the wing, as illustrated in Figure 8.5.9, and from the sense of the rotation arrows, we can see that this dictates 
negative wy, and thus either positive Ow/Ox or negative Ou/0z or both. A positive Ow/Ox is fairly easy to explain. 
Looking at the vertical-velocity distribution in the wake oval in Figure 8.1.8a, we can see that when vorticity 
diffuses out from the center of a vortex core the associated shear-stress gradient has the effect of reducing the 
circumferential velocities around the core. Thus when vorticity reaches the symmetry plane, it should have the 
effect of reducing the downwash there. A gradual reduction in the magnitude of the downwash (the negative 
Ww) aS we move downstream constitutes a positive Ow/Ox, which is consistent with reconnection. We know that 
things change slowly in the x direction, so that dw/dx is small, and the corresponding @y, is weak, which is con- 
sistent with a reconnection process that is spread out over a long distance. 


Figure 8.5.9 Illustrating the rotation of the bound vorticity and the reconnecting vorticity at the plane of sym- 
metry far downstream in the vortex wake 
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As all of this happens, the cross-sectional shape of the wake probably changes in other ways. In addition 
to the mean vorticity diffusing toward the symmetry plane, some vorticity likely diffuses outward beyond the 
boundary of the oval and is convected upward relative to the oval, forming a vertical “curtain,” as illustrated in 


Figure 8.5.10. 


Figure 8.5.10 Change in cross-sectional shape of the vortex wake as vorticity diffuses beyond the boundary of 
the descending oval. In the reference frame of the descending oval, the distribution of vertical velocity in the 
“curtain” above the oval is similar to that in a viscous wake 
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This distortion of the vorticity distribution relative to the oval has been observed in 2D unsteady calculations 
for laminar vortices in a stratified atmosphere (Spalart, 1996), and Figure 8.5.10 is based on the assumption that 
the same qualitative pattern will occur in the “turbulent” mean flow during instability growth and breakup. The 
mean velocity distribution in the “curtain” is similar to that in the viscous wake of a 2D body, as in Figure 5.3.1. 
In the reference frame of the atmosphere, the fluid in a viscous wake flows toward the body that generated the 
wake, just not as fast as the body is moving away. Similarly, the fluid in the “curtain” is descending relative to 
the atmosphere, just not as fast as the wake oval from which it came. The velocities in the oval are easier to 
visualize in the reference frame descending with the oval, and in this frame the vertical velocity in the “curtain” 
has a conventional-looking wake velocity profile, as illustrated in Figure 8.5.10. 

As we move downstream, and the wake becomes more diffuse, the net vorticity on each side decreases, and 
the descent rate of the oval decreases as well. Thus in side view, the wake should take the general form shown 
in Figure 8.5.11, in which the oval spreads out, and the “tail” grows taller. 


Figure 8.5.11 Side view of the farfield development of the vortex wake of a lifting wing, including the “cur- 


tain.” The streamwise scale is highly compressed to allow showing the entire development in one view 
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To summarize what we have deduced so far: a time-averaged vortex-wake system as sketched in Figures 
8.5.8 and 8.5.11, consisting of closed loops that include the bound vorticity and the trailing vortices, and are 
closed downstream in a long and diffuse region of time-averaged vortex reconnection. Presumably all of the 
mean vorticity from the wake upstream eventually disappears through reconnection, though how much of this 
is complete before the wake encounters the ground is unknown. The ground, being a surface with a no-slip 
condition and thus capable of generating surface shear stresses, could serve as a sink for some of the vorticity. 
Of course, much of this is impractical to verify experimentally because the mean-velocity disturbances become 
much too small to be detected against the background turbulence in the atmosphere. The downstream reconnec- 
tion of the vorticity 1s topologically similar to a starting vortex, but it is spread over a very large area, especially 
in the flight direction. The mean vorticity in the reconnection region 1s convected freely with the flow, so it is 
moving downstream at roughly freestream velocity. But at the same time, diffusion of the vorticity by the tur- 
bulent motions is such that the entire time-averaged structure moves with the airplane and is steady in the frame 
of the airplane, unlike the field around an idealized starting vortex. 


The fact that the mean vorticity in the wake disappears in a process that is steady in the reference frame of 
the airplane raises an interesting question: Does this process produce an integrated pressure disturbance at the 
ground? In Section 8.5.2, we argued that a starting vortex at high altitude would not do so because the ideal- 
ized starting vortex was assumed to be steady in the reference frame of the atmosphere, not that of the airplane. 
Now, in our “real” situation, we have reconnecting mean vorticity (nonzero wy) imbedded in a mean flow that 
is steady relative to the airplane, and we might therefore expect it to produce an integrated pressure disturbance. 
But this expectation would be incorrect. The spanwise vorticity wy in the region of vorticity reconnection is 
not bound vorticity like that on the wing; it is free vorticity that is convected with the flow. Free vorticity is 
by definition force-free. Only bound vorticity that experiences a lift force could result in an integrated pressure 
disturbance. The flow in this region appears steady in the frame of the airplane only because of convection and 
diffusion, not because the vorticity is bound to a surface carrying a force. As each filament of wy is convected 
downstream, a new one replaces it by convection, and turbulent diffusion maintains the wy gradients that allow 
the whole field to appear steady even though wy varies with x. 

So much for what happens to the vortex wake. After this process is effectively complete, and the vortex 
wake has decayed into insignificance, is anything left other than undifferentiated turbulence? Well, if the flow- 
field hasn't yet interacted significantly with the ground so as to exchange a significant integrated shear force 
with it, the remaining viscous wake must have a momentum flux deficit corresponding to the total flight-direc- 
tion aerodynamic force on the airplane, including the induced drag. After all, the assumptions behind Equations 
6.1.2—6.1.6 are still satisfied. For an airplane in steady, level, powered flight, the total flight-direction force, in- 
cluding thrust, is zero, and the wake would have no momentum-flux deficit. But for a glider, there would be a 
deficit (in the flight direction, not the horizontal direction), and after the disappearance of the vortex wake, the 
wake would have become a viscous wake with a deficit that represents both induced drag and viscous drag. 


8.6 Effects of Wing Sweep 


Wing sweep can be used to provide better longitudinal stability and trim for a tailless airplane (flying wing), 
but 1t is most commonly used to increase Mach-number capability, whether the airplane has a tail or not. Sweep 
is so effective at increasing critical Mach number that it has become ubiquitous on wings designed to operate 
at high subsonic speeds. It works because compressibility effects in the wing flowfield are determined more by 
the component of Mach number perpendicular to the isobars of the flow than by the magnitude of the Mach 
number. On a swept wing, the isobars tend to sweep more or less with the general sweep of the wing, which can 
make the perpendicular component of Mach number significantly smaller than the magnitude. This mechanism 
was first explained by Busemann in 1935 and was classified as a German military secret shortly thereafter. In 
1945, it was independently discovered by R.T. Jones at the NACA. See Anderson (1997) for an account of the 
history of the idea and its incorporation into airplane design. We'll discuss the idealized theoretical argument in 
Section 8.6.1. 

Sweep can also benefit an airplane by providing static aeroelastic relief. Under the high g-loadings that often 
determine the required strength of the wing structure, a wing generally tends to bend upward. Even if there is 
no torsional deflection of the structure, a simple bending deflection, when combined with aft sweep, produces 
an effective geometric twist, leading-edge-down on the outboard wing. The result is reduced loading outboard 
and reduced bending moments compared with what would happen without the bending. An aft-swept wing can 
therefore usually have a lighter structure than a comparable unswept wing. 

In Section 8.2.1, we discussed the effects of planform on the spanload of a 3D wing, and in Figure 8.2.2, we 
saw how aft sweep moves the additional load due to angle of attack outboard. Because of this effect, aft-swept 
wings must generally be twisted leading-edge down, or washed out, to have an advantageous total spanload like 
that shown in Figure 8.2.2. A favorable spanload that 1s achieved in this way persists only over a limited range 
of angle of attack. 


§.6.1 Simple Sweep Theory 


The original idealized argument for the effectiveness of sweep is amazingly simple, thus the name. It can also 
be called infinite-span yawed-wing theory. The theory is exact for inviscid flows that satisfy the steady Euler 
equations and the geometric assumptions described below, and for real flows over real wing geometries, it can 
still be close enough to the truth to provide useful insight. The theory not only shows why sweep is effective 
in increasing critical Mach number; it provides a simple way of understanding the kinematics of swept-wing 
flows, and it predicts the “2D” effects of sweep on sectional lift and pitching moment. It does not predict the 
effects of sweep on profile drag or maximum lift, because these are viscous effects. 

We assume the wing is a cylinder of airfoil cross-section and infinite span, with its generators parallel to the 
y’-axis, which is yawed at an angle A relative to the y-axis as shown in Figure 8.6.1. Thus in the x’,z' system, 
the wing is a 2D airfoil, and in the x,y,z system, it 1s just a yawed version of the airfoil. The freestream velocity 
Us is taken to be in the x direction and is assumed uniform far from the airfoil. Note that the sweep angle A 
is thus measured in the x-y plane, which contains Uo. Tying our definition of A to Us in this way makes the 
formulas we'll arrive at below simpler than they would be if we used a sweep angle measured in the more con- 
ventional way, in the chord plane of the wing, which moves with angle of attack (a). Thus if we want to keep the 
conventional sweep angle constant, we must allow A to vary with a. But this doesn't matter for small a. Note 
that the physical principle behind simple sweep theory doesn't require a small-a assumption. In what follows 
we will assume small o only for relationships that involve the chord. Otherwise, the only limiting assumption is 
our unconventional definition of A. 


Figure 8.6.1 Assumed wing geometry and flow situation in simple-sweep theory 





Because the span is infinite, and the airfoil contours and freestream conditions are unchanging in the y’ dir- 
ection, we can assume that all flowfield quantities must be unchanging in the y’ direction. Thus there can be 
no pressure gradient in the y’ direction, and the steady inviscid momentum equation dictates that the velocity 
component in the y’ direction must be constant throughout the field, with the freestream value Uj. 

Now comes the insight that makes this theory so beautifully simple: The solution for the yawed-wing flow 
in the x, y, z coordinate system 1s just the solution for the 2D flow in the x’, z’ coordinate system, with the con- 
stant velocity component Uj added to it. The swept flow and the unswept flow are the same flow, just viewed 
in different reference frames, related by a Galilean transformation in which the constant velocity is added. This, 
of course, means that the pressures throughout the field and the velocity components in the x’, z’ plane are the 
same, and this is reflected in the conversion formulas we'll discuss next. 

The dimensionality of the infinite-span yawed-wing flow is a mixture of 3D and 2D. The flow is 3D 1n the 
sense that it has three non-zero velocity components, but it is quasi-2D in the sense that all flow quantities are 
independent of y’ and can therefore be completely defined as functions of just two independent spatial coordin- 
ates, x’, z’. Though we are now dealing with the inviscid case, this dimensionality situation is the same as what 
we discussed in connection with infinite-span viscous (boundary-layer) flow in Section 4.3.5. There we also 
had three non-zero velocity components, and everything could also be described in terms of only two spatial 
coordinates. But the inviscid case is simpler in one respect: The inviscid velocity in the direction parallel to 
the yawed wing is constant everywhere, defined by the freestream velocity and the sweep angle, while in the 
boundary-layer case the parallel velocity component has a viscous velocity profile that goes to zero at the wall. 


Note that the chord lengths c2p and c3p in Figure 8.6.1 are depicted in the same plane as the freestream ve- 
locity vector, as they would appear at zero a. Thus based on Figure 8.6.1, we have formulas relating geometry 
parameters in the 2D and 3D systems, applicable to the view at zero alpha: 
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And because the thickness of the airfoil is fixed, we have 


Sectional thickness ratio : = : cos A. 

8.6.2 C3) cop 

Formulas for converting dimensionless force and moment coefficients between the 2D unswept flow and the 
yawed-wing flow are simply derived, given that the pressures are the same, and only the reference chord and 
reference free-stream velocity change. The theory guarantees that the pressures will be the same only if the flow 
is inviscid, so that the formulas for forces and moments are valid, strictly speaking, only for inviscid flow. This 
is especially limiting in the case of drag. The theory says nothing about how sectional viscous drag should vary 
with sweep, so the drag formula is limited to the shock drag, the only drag component that can be present in 
inviscid infinite-span flow. The shock drag differs from the lift, following a cos> rule rather than cos , because 
the shock can produce a pressure force only in the x’ direction, and resolving it in the drag (x) direction in the 
swept case introduces an additional factor of cosine. These formulas can be used for rough estimates of the ef- 
fects of sweep in viscous flows, but accuracy is not guaranteed because differences in viscous effects between 
the unswept and swept cases will usually change the pressure distribution. Here we have not assumed small a, 
only the definition of A that we discussed previously. Denoting the yawed-wing case by the subscript 3D, we 
obtain: 
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s oectional lift coefficient:  C),,, = Cry, cos” A 


8.6.6 Sectional shock — drag coefficient:  Cashocksa, = ashodoy cos” A 
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g¢.7 oectional moment coefficient: Cm, = Cm, cos” A 


8.6.8 Moment — coefficient slope: Cymecis, = CmChp 


Dealing with the angle of attack in this framework requires some care. There are two ways of handling angle 
of attack, and if executed correctly, they both yield the same result. Defining angle of attack as a rotation about 
the y’-axis 1s the simpler choice because it preserves the y’ axis as the direction in which all flow quantities are 
constant, and there are thus no additional issues to account for. For small angles of attack, simple geometry then 
gives: 


g¢6.9 Sectional angle of attack: agp = a2pcos / 


This result is correct, but perhaps not entirely satisfying intuitively because a rotation about the y’-axis isn't 
the usual way we change angle of attack. For an airplane, a change in angle of attack is a rotation about a pitch 
axis parallel to the y axis. We can impose an airplane-type angle-of-attack change on the yawed wing, but then 
there is an additional complication we have to account for: the spanwise direction of the wing has been rotated 
relative to the original direction of the spanwise component of freestream velocity, Uj. Referring to Figure 8.6.1, 
if we rotate the wing through an angle Aa3p about an axis through point | and parallel to the y axis, the 2D 
alpha change is, for small angles: 
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where Az? is the vertical movement of the leading edge at point 2, and Aw) is the change in the velocity perpen- 
dicular to the wing chord plane due to the rotation of the wing's spanwise direction relative to Uj). Given that 


8.6.11 Az» Aa3pe3pcos* A, 
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we then have 
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which is the same result as Equation 8.6.9. So we have the same relationship between the effective 2D and 3D 
alpha changes regardless of whether the rotation 1s about the yawed-wing axis or an airplane pitch axis. 


Given Equations 8.6.5 and 8.6.9, we obtain our final conversion formula, valid for small a: 
8.6.14 Sectional lift — curve slope - Cra f Cra? pO COS A 


8.6.1.1 Some General Sweep Effects Deduced from Simple Sweep Theory 


In a yawed-wing flow, the critical Mach number is determined by the critical Mach number of the 2D airfoil 
in the perpendicular flow, M2Dcrit. The 3D critical Mach number is thus increased by the sweep, going as the 
inverse of the cosine of the sweep angle according to Equation 8.6.3. While sweep increases critical Mach num- 
ber, it decreases the lift-curve slope and the lift coefficient at a given angle of attack according to Equations 
8.6.14 and 8.6.5. Again, simple sweep theory says nothing about profile drag or maximum lift, because these 
are determined by viscous effects. 

Although the yawed-wing flow is the same as a 2D airfoil flow viewed in a different reference frame, it 
looks more complicated, belying its simple underlying flow structure. First, the stagnation point of attachment 
near the leading edge of the 2D airfoil 1s not a stagnation point in the yawed flow because of the nonzero span- 
wise velocity Uj. Thus instead of a leading-edge stagnation point, we have a leading-edge attachment line, with 
flow along it and diverging away from it, as shown in Figure 8.6.2. We considered the general properties of 
attachment-line flows in some detail in Section 5.2.2. On a yawed wing, the maximum surface pressure is gen- 
erally reached on the attachment line, but because of the spanwise velocity, it is lower than freestream stagna- 
tion pressure. The boundary layer that develops along the attachment line is different from a stagnation-point 
boundary layer in ways we'll discuss in Section 8.6.2. 


Figure 8.6.2 Flow pattern around the leading-edge attachment line of a swept wing 





Another major facet of flowfield behavior related to sweep is the variation in flow direction that takes place 
in response to pressure changes. Figure 8.6.3 illustrates how this works ideally, according to simple sweep the- 
ory. In this diagram, y’ is the direction of the generators of the yawed wing, x’ is the perpendicular direction on 


the wing surface, and Uj and U' | are the corresponding velocity components at some point along the wing 


surface. In sweep theory, the spanwise velocity Ujj is constant, while the perpendicular velocity U changes 
in response to the pressure. Figure 8.6.3 shows several representative velocity vectors consistent with different 


values of {and with the requirement that Uj is constant. It is clear that there is a one-to-one corresponden- 


ce between (Land the velocity magnitude and a one-to-one correspondence between the velocity magnitude 
and the flow direction. And, of course, for the steady inviscid flow assumed in simple sweep theory, there is 
then a one-to-one correspondence between the flow direction and the pressure. When the pressure is high and 
the velocity magnitude is low, the flow is in the outboard direction, with the attachment-line flow in the span- 
wise direction as the limiting case (1.e., the minimum velocity magnitude and the maximum pressure). When the 
pressure 1s at the freestream value, the flow is in the freestream direction (assuming that we can ignore the slope 
of the airfoil surface). When the pressure is low and the velocity magnitude is high, the flow is in the inboard 
direction. In the limit, flow in the x’ direction perpendicular to the generators would require infinite perpendic- 
ular velocity. 


Figure 8.6.3 Illustration of the relationship between the velocity magnitude and the flow direction at some 
point along the surface of a swept wing, according to simple sweep theory. Several possible velocity vectors 


are shown, along with their parallel and perpendicular components 
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When such changes in direction in the inviscid flow outside the boundary layer take place, they constitute 
flow curvature. In local physical terms, the curvature is a result of the fact that the sweep skews the pressure 
gradient so that it is not lined up with the local flow direction, and an acceleration perpendicular to the stream- 
lines is the result. This of course has consequences for the flow in the boundary layer, as we saw in Section 
4.1.2 and will discuss further in Section 8.6.2. 


8.6.2 Boundary Layers on Swept Wings 


The development of the boundary layer on a swept wing can be thought of as beginning at the leading edge, but 
the flow situation is more complicated than that at the leading edge of a 2D airfoil. The inviscid attachment-line 
flow near the leading edge of a swept wing is essentially a 2D stagnation-point potential flow with a non-zero 
spanwise velocity added to it, as we saw in Figure 8.6.2. So unlike the stagnation-point boundary layer on a 2D 
airfoil, the attachment-line boundary layer on a swept wing has a non-zero edge velocity. And because of this, 
the attachment-line boundary layer is similar to boundary layers in many other situations, in that it can be either 
laminar or turbulent. However, a notable difference is that, unlike most other boundary layers, the attachment- 
line boundary layer tends not to grow thicker in the flow direction. On a wing where the leading-edge sweep is 
constant along the span, the spanwise velocity and the pressure along the attachment line are nearly constant. 
(According to simple sweep theory, they would be exactly constant.) A 2D boundary layer developing under 
these conditions would be a flat-plate boundary layer, the first case of “simplified” boundary-layer development 
we discussed in Section 4.3, and the boundary layer would grow thicker in the flow direction. In the attachment- 
line boundary layer on a swept wing, this tendency of the boundary layer to grow is offset by the strong diver- 
gence of the flow, and the boundary layer remains thin. 


To understand how flow divergence has this effect, consider first the flat-plate boundary layer. The shear 
force exerted on the flow by the surface (the skin friction) is a retarding force that produces an increasing 
momentum-flux deficit in the boundary layer, which shows up as a positive rate of growth, in the flow direction, 
of the momentum thickness. The skin friction in the attachment-line case is of similar magnitude, but the res- 
ulting momentum-deficient air is carried away by the flow divergence instead of building up as increasing mo- 
mentum thickness. 

The divergence effect can be understood mathematically through plane-of-symmetry boundary-layer theory, 
which 1s illustrated in Figure 4.3.10. The assumptions of the theory are satisfied exactly in the infinite-span 
yawed-wing case, because the attachment line is straight in that case. In the more general case of a typical 3D 
swept wing, the attachment line generally has some spanwise curvature due to the detailed shaping and aer- 
oelastic deflection of the wing. However, the radius of curvature is usually so large compared with the thickness 
of the attachment-line boundary layer that the effects of curvature are negligible, and the plane-of-symmetry 
theory incurs very little error in practical leading-edge attachment-line flows. In Section 4.3.4, we discussed the 
applicable simplifications to the equations of motion. In the momentum-integral equation for such flows, Equa- 
tion 4.3.13, the divergence effect shows up as the integral of the divergence derivative Ow/0z weighted by the 
velocity defect ue — u, which is consistent with our intuitive idea of momentum-deficient air being carried away 
by the flow divergence. 

On the attachment line in the infinite-span case, the skin friction and the divergence integral term are 1n equi- 
librium, which is consistent with zero d0/dx, and with spanwise invariance of everything in the flow. On the at- 
tachment line of a typical 3D swept wing, conditions vary along the span, but because the distances over which 
changes take place are typically so much greater than the boundary-layer thickness, the boundary layer locally 
achieves very nearly the same equilibrium as it would in the infinite-span case. An example of this 1s illustrated 
in Figure 8.6.4, which shows two sets of numerical solutions for the turbulent attachment-line boundary lay- 
er on the swept wing of a 727-200 (McLean, 1977). One set is based on the spanwise-varying attachment-line 
boundary-layer equations, marched from root to tip, and the other is based on infinite-span equations and local 
conditions at selected stations on the span. The calculated momentum thickness and skin friction vary consider- 
ably along the span, mainly as a result of the varying leading-edge radius. In spite of this, there is practically no 
difference between the two sets of calculations, showing that this turbulent boundary layer is very nearly in loc- 
al infinite-span equilibrium, or in other words, that the quantitative state of the boundary layer is dominated by 
the local flow divergence and skin friction, and carries practically no memory of its history upstream (inboard). 
The same holds for a laminar boundary layer. We'll discuss the factors determining whether the flow is laminar 
or turbulent next. 


Figure 8.6.4 Comparison of spanwise-varying and infinite-span attachment-line solutions for turbulent flow 
on 727—200 leading edge. Outer-flow boundary conditions are from a panel-method solution for Mao = 0.70, 
Cr = 0.342; the boundary-layer calculations are for a unit Reynolds number of 278 000 in (From McLean, 
1977) 
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So the attachment-line boundary layer at any spanwise location along a typical swept wing is practically 
identical to what the boundary layer would be on an infinite-span attachment line under the same local con- 
ditions. And the infinite-span attachment-line boundary layer is especially simple to characterize. In either the 
laminar or turbulent case, the state of the boundary layer depends on a single parameter, a Reynolds number 
based on a combination of the velocity along the attachment line and the divergence derivative (Cumpsty and 
Head, 1967): 

oO = uz 
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where the nomenclature corresponds to what we used for the plane-of-symmetry boundary layer in Figure 


4.3.10. More-recent references on the subject (Poll, 1989) use K. instead, which is equivalent: 
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The momentum thickness depends on F. as shown in Figure 8.6.5, where the laminar case is defined by a 
similarity solution, and the turbulent case by numerical solutions using the Mellor-Herring algebraic eddy vis- 
cosity (McLean, 1977). Figure 8.6.6 shows a comparison between these calculations and the experimental data 
of Cumpsty and Head (1969) for the spanwise velocity profile in the turbulent case. Note in Figure 8.6.5 that 


the boundary layer is always laminar for R. < 260 and always turbulent for FR. > 600, and that in between, it can 
be either laminar or turbulent. It is sometimes useful to look at these thresholds in terms of Ro of the laminar 
attachment-line boundary layer: The boundary layer is always laminar for Re < 100, and it cannot be laminar 
for Re > 240. We'll discuss laminar-to-turbulent transition issues further in Section 8.6.4. 


Figure 8.6.5 Dependence of boundary-layer state and momentum-thickness on R. for the infinite-span 
attachment-line boundary layer 
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Figure 8.6.6 Spanwise velocity profiles in a turbulent attachment-line boundary layer. Calculations by the 
method of McLean (1977) and experimental measurements of Cumpsty and Head (1969) 
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Away from the attachment line, the boundary layer on the rest of the wing's upper and lower surfaces 1s more 
complicated and 3D. In the outer inviscid flow, the streamline curvature we mentioned earlier is consistent with 
a pressure gradient that is skewed relative to the local flow direction and therefore has a component perpendicu- 
lar to the local flow. Moving closer to the wall and into the boundary layer, we find essentially the same pressure 
gradient, since the boundary layer is thin and the pressure doesn't change much across its thickness. But the 
velocity magnitude is smaller than it is outside the boundary layer, so that the same pressure gradient produces 
greater streamline curvature. The result 1s pressure-driven crossflow of the type we discussed in Section 4.1.2, 


with cross-flow velocity directions as illustrated in Figure 8.6.7. 


Figure 8.6.7 Typical cross-flow directions in the 3D boundary layer on the upper surface of a swept wing 
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Typical outer-flow streamlines and surface streamlines (skin-friction lines) for a wing upper surface are 
shown in Figure 8.6.8. Note that the behavior of the outer-flow streamlines is generally what we would expect 
based on simple sweep theory. Over the forward part, where the pressure coefficient is generally negative 
and the velocity magnitude is higher than freestream, the streamlines are oriented generally inboard. In the 
aft pressure-recovery region, they turn toward the outboard direction, and the skin-friction lines follow suit 
by turning outboard even more strongly. On this particular wing, significant outboard turning of the skin-fric- 
tion lines begins at a shock near midchord. We'll consider this flow further below in connection with Figures 
8.6.10—8.6.11. 


Figure 8.6.8 Typical outer-flow streamlines and surface streamlines (shear-stress lines) on the upper surface of 
a swept wing. From 3D boundary-layer calculations by M.D. Murray using the method of McLean (1977), for 
wing shape derived from the RAE 2822 airfoil 
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Because of the kind of general outboard turning of the flow seen in Figure 8.6.8, swept wings have a repu- 
tation for having problems with “spanwise flow” in the boundary layer. A common impression seems to be that 
boundary-layer fluid typically migrates from inboard to outboard on the aft part of the surface and “piles up” 
outboard, causing earlier separation than would otherwise occur. This reputation overrates the problem. Skin- 
friction lines like those in Figure 8.6.8 don't typically indicate much long-distance migration of fluid prior to 
separation. It is only after separation has developed that fluid can migrate long distances spanwise, as in Figure 
5.2.13b. “Boundary-layer fences,” which are intended to inhibit spanwise flow, can be beneficial, but usually 
only after separation has begun to move forward. 

As in any general 3D boundary-layer flow, separation 1s indicated by the surface-streamline pattern accord- 
ing to the region-of-origin concept we discussed in Section 4.1.4. The usual kind of separation line on a swept 
wing is a Surface streamline dividing a region in which the surface streamlines come from the general upstream 
direction from one in which they come from the general downstream direction. Surface streamlines coming 
from upstream often originate from the leading-edge attachment line, but they can also effectively originate 
from a reattachment following a separation. Figure 8.6.9 figuratively illustrates two common varieties of sep- 
aration on a Swept wing: separation with reattachment (either a laminar separation bubble with turbulent reat- 
tachment, or a turbulent separation bubble under a shock), and separation without reattachment, in which the 
surface streamlines downstream come from the trailing edge. Remember that separation in 3D 1s not generally 
accompanied by zero magnitude of the skin friction and that at a separation line on a swept wing, the skin fric- 
tion usually has a significant spanwise component. 


Figure 8.6.9 Two types of separation on a swept wing. (a) Separation with reattachment (either laminar separ- 
ation with turbulent reattachment, or turbulent separation and reattachment under a shock). (b) Separation 
without reattachment 
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Figure 8.6.10 Calculated pressure distribution for a swept-wing shape designed by M.D. Murray specially for 
comparing different levels of fidelity in predicting the development of a swept-wing boundary layer 





Figure 8.6.11 Comparison of boundary-layer predictions for the swept wing of Figure 8.6.10, using the equa- 
tion sets from Table 8.6.1. Calculations by M.D. Murray using the method of McLean (1977). (1) General 3D 
boundary layer (basic solution). (2) Infinite span with sweep and taper. (3) Infinite span with sweep, using 
sweep angle at midchord. (4) 2D boundary-layer equations applied to the chordwise (perpendicular) compon- 
ent only. (5) 2D boundary-layer equations applied to the local streamwise component 
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We can use zero Cras a criterion for separation on swept-wings, but we must use the component of Cy per- 
pendicular to the trailing edge, and we must keep in mind that what it can tell us is limited. In infinite-span- 
swept-wing flow, where any separation line must lie straight along a line of constant x/c, the component of Cr 
perpendicular to the constant-x/c lines must be zero at separation, regardless of where on the chord the separa- 


tion occurs. In 3D swept-wing flow, strictly speaking, the zero-perpendicular-Cf criterion works only for incipi- 
ent separation at the trailing edge (1.e., separation that is on the verge of moving forward from the trailing edge). 
In this situation, perpendicular Cris zero at one isolated point and positive everywhere else on the trailing edge, 
as we noted in Section 5.2.3.2, in connection with Figure 5.2.13b. 


A zero-perpendicular-Cy criterion (relative to constant-x/c lines) is sometimes used to identify separation that 
has moved forward from the trailing edge, but it 1s error-prone. In Figure 5.2.13b we saw that the region of neg- 
ative perpendicular Cf at the trailing edge fails to identify the entire separation bubble (there is a portion of the 
separation bubble where perpendicular Cy is positive). If we apply the criterion ahead of the trailing edge, the 
opposite can also happen, and we can be fooled by regions of negative perpendicular Cy that are not part of the 
bubble, as you can imagine if you look just upstream of the separation line on the inboard side of the bubble in 
Figure 5.2.13b. If a bubble is sufficiently long and narrow near the trailing edge so that the flow is locally like 
infinite-span-wing flow, these discrepancies can be minor, and zero perpendicular Cfcan be a reasonable separ- 
ation criterion. But to be rigorous in general, locating a separation line on the surface requires mapping out the 
skin-friction direction field and choosing a line that satisfies our region-of-origin definition of 3D separation. 


In some general ways, the response of a 3D swept-wing boundary layer to pressure gradients is similar to 
that of a 2D boundary layer on an unswept airfoil. For example, a favorable pressure gradient increases the mag- 
nitude of the skin friction and slows or even reverses the growth of boundary-layer thickness, and an adverse 
pressure gradient does the opposite. But quantitatively, the boundary layer on a 3D swept wing has a response 
to pressure gradients that is very different from that of a 2D boundary layer. To understand the sources of these 
differences and to get a feel for their magnitude, we'll compare the results of boundary-layer calculations that 
were carried out for nominally the same flow situation but used equation sets that included or excluded various 
effects. These equation sets are listed in the Table 8.6.1 in order of decreasing applicability to a general 3D flow 
and therefore decreasing fidelity. 


Table 8.6.1 Equation sets used in calculations comparing different ways of calculating the boundary layer on a 
swept wing (calculated results shown in Figures 8.6.10— 8.6.12) 


a 3D boundary-layer equations 
set | 


Equation/Boundary-layer equations for infinite-span with sweep and taper, as described in Section 4.3.5 (uses the actual 
surface pressures from a single longitudinal cut across the wing, but assumes the isobar pattern is “conical” even 
if the real pattern is not, and uses the conical coordinate system of Figure 4.3.12a) 


al surface pressures from a single cut as in 2 above, but assumes the isobars are all swept at the midchord sweep 
angle, and uses the perpendicular coordinate system of Figure 4.3.11) 


face pressures as in 2 and 3 above, converted to 2D by Equation 8.6.4, and the chord length converted to 2D by 
Equation 8.6.1, all done with the midchord sweep angle) 


2D boundary-layer equations applied to the “streamwise” velocity component only (uses the surface pressures 
from a single cut as in 2, 3, and 4 above with no sweep adjustment to the pressures or the chord length) 





A wing shape was specially designed by M. D. Murray for these comparisons. The objective was to produce 
a pressure distribution similar to what might be seen on the upper surface of the outboard wing of a swept-wing 
transport airplane at a transonic cruise condition, with a nearly conical isobar pattern for which equation set 2 
should provide a good approximation for the boundary-layer development. The planform is trapezoidal, with a 
quarter-chord sweep of 35°, taper ratio 0.20, and aspect ratio 9. The initial wing shape was lofted with the RAE 
2822 airfoil, for which we saw calculated 2D pressure distributions in Figure 7.4.27b. The airfoil was used as 
the streamwise cross section, thinned according to simple sweep theory (Equation 8.6.2) for the sweep of the 


midchord line. The camber and twist were then inverse-designed to produce the desired nearly conical isobar 
pattern on the upper surface over the mid-to-outboard portion of the span, with a weak shock just aft of mid- 
chord, as shown in the isobar plot in Figure 8.6.10. Calculated outer streamlines and surface streamlines were 
shown in Figure 8.6.8 and display a pattern typical of this kind of swept-wing flow. Freestream Mach number 
was 0.85, the Reynolds number was typical of full-scale flight, and the boundary layer was assumed to be tur- 
bulent, starting on the attachment line. 

The design and the basic 3D flow solution were calculated by an automated viscous-inviscid interaction 
procedure that couples the transonic full-potential method of Jameson and Caughey (1977) with the finite-dif- 
ference boundary-layer method of McLean (1977), solving the general 3D boundary-layer equations with an 
algebraic eddy-viscosity turbulence model. The basic solution thus used boundary-layer equation set | above, 
with the potential-flow velocity vectors at the displacement surface serving as the outer-flow boundary condi- 
tion. The solution procedure cycled between the potential flow and the boundary layer, updating the wing shape 
by the displacement thickness calculated by the boundary-layer calculations, and stopping when a converged 
shape and flow solution were reached. Then the final inviscid-flow pressures at the displacement surface from 
the basic solution at the span station n = 0.622 were used to define boundary conditions for the comparison 
boundary-layer calculations using equation sets 2, 3, 4, and 5. Chord Reynolds number at this span station was 
31.6 million and the sectional lift coefficient was 0.53. 

Figure 8.6.11 shows the pressure coefficient Cp, plus the perpendicular skin friction coefficient Cfperp, the 
perpendicular momentum thickness Operp, and the surface-cross-flow angle Bsw (angle between the surface- 
shear-stress direction and the direction of the local outer flow, positive when the surface-shear-stress direction 1s 
outboard relative to the local outer flow direction). The latter three are sensitive indicators of pressure-gradient 
effects. 

Through the shock and as the trailing edge 1s approached, the combined effects of adverse pressure gradients 
and sweep are clearly seen: Cfperp decreases, and there is strong outboard turning, reflected in positive (out- 
board) and rapidly increasing Bsw. 

Because the isobars in this case line up well with the constant-percent-chord lines, the assumptions of the 
infinite-span-with-taper theory (equation set 2) should be nearly satisfied, and, indeed, we see in Figure 8.6.11 
that the results from equation set 2 agree closely with those from the full 3D equations. If taper is neglected and 
sweep is matched only at midchord (equation set 3), the predictions don't match the 3D results nearly as well. In 
particular, Bsw at the trailing edge is about 15° larger for equation set 3, and Cfperp is much closer to zero. Both 
of these are indications that equation set 3 is predicting flow closer to separation at the trailing edge. (Note that 
Cfperp would be zero at the trailing edge at the onset of separation of the type illustrated in Figure 8.6.9b.) 

Thus neglecting taper in this case leads us to overpredict the effects of the adverse pressure gradient aft of the 
shock. We can interpret this result physically in terms of the perpendicular component of the local outer-flow 
velocity. When taper is neglected, the sweep at the trailing edge is higher, and the perpendicular outer velo- 
city is lower. This greater reduction of the perpendicular outer velocity corresponds to a larger adverse pressure 
gradient in the perpendicular direction, which puts more “stress” on the boundary layer (1.e., brings it closer to 
separation). 

Now consider equation sets 4 and 5, in which we use 2D planar boundary-layer equations with different 
boundary conditions. First, note that neither of these 2D calculations accounts for any outer-flow curvature, so 
that the surface-cross-flow angle is zero. Next, note that 2D equations applied to the local streamwise compon- 
ent (equation set 5) underestimate the combined effects of the adverse pressure gradient and sweep on Cfperp 
downstream of the shock, compared with equation set 3. Note also that equation set 5 underpredicts the growth 
of Onerp through the shock and downstream, though this is offset by the fact that Operp is too high just ahead of 
the shock. 


2D equations applied to the perpendicular component (equation set 4) predict the effects of pressure gradient 
on Cfperp fairly well, but overpredict the effects on Qperp. Recall the laminar independence principle from Sec- 
tion 4.3.5, according to which the chordwise (perpendicular) component of a laminar, incompressible infinite- 
span boundary-layer flow can be solved for independently of the spanwise component. According to this prin- 
ciple, solving the 2D equations in the perpendicular direction properly accounts for the combined effects of 
sweep and pressure gradient, in the laminar, incompressible case. In the present turbulent, compressible case, 
solving 2D equations in the perpendicular direction compensates for the effects of sweep on Cfperp, but over- 
compensates for the effects on Operp. 

Nash and Tseng (1971) used boundary-layer calculations to make comparisons similar to our comparisons 
of equation sets 3, 4, and 5, thus investigating the effects of sweep on wing boundary layers, but not the effects 
of taper. They used a typical subsonic airfoil pressure distribution with the suction peak near the leading edge 
and no shock. In their comparisons, equation set 4 came closer to equation set 3 than in our comparisons, and 
equation set 5 did worse than in our comparisons. These differences are probably due to the difference in the 
character of the airfoil pressure distributions. Nash and Tseng also proposed an adjustment to their turbulence 
model that made the predictions using equation set 4 match those using equation set 3 more closely. 

So calculations with different boundary-layer equation sets have established that both sweep and taper, when 
combined with pressure gradients, have substantial effects on the development of a swept-wing boundary layer. 
Thus the temptation to use a simple 2D streamwise analysis to estimate boundary-layer quantities on a swept 
wing should always be resisted. For a given streamwise pressure distribution, a 2D streamwise analysis that ig- 
nores sweep can seriously underestimate the combined effects of sweep and pressure gradients on the integral 
thicknesses and the perpendicular skin friction. 

And, of course, if perpendicular skin friction isn't predicted correctly, separation won't be predicted correctly. 
Recall that Cfperp = 0 is the threshold for infinite-span swept-wing separation, and note in Figure 8.6.11 that 
Cfperp at the trailing edge is farther from zero for the 2D streamwise analysis (equation set 5) than for the 
infinite-span-with-sweep analysis (equation set 3). This trend is typical, and it becomes more pronounced in 
flows that actually separate: If a swept wing and an unswept wing have the same streamwise pressure distri- 
bution, and the flow on the unswept wing separates somewhere on the chord, the flow on the swept wing will 
generally separate significantly earlier. Thus if a 2D streamwise boundary-layer analysis is applied to a swept 
wing, it will generally fail to predict separation soon enough and will overestimate the maximum-lift capability. 

To illustrate this, M.D. Murray made comparison calculations (method of McLean, 1977) for one of the 
idealized pressure distributions that Smith (1975) used to study separation in 2D in Figure 7.4.13. Smith's ca- 
nonical pressure distribution for m = 1/2, Xo = 0.25 was converted to a conventional Cp distribution, assuming 
CpTE = 9.20 as was done for the families of idealized conventional pressure distributions in Figure 7.4.14. The 
result is shown as the dashed line in Figure 8.6.12. Calculating the boundary layer for this case as a 2D flow 
(corresponding to the “2D perpendicular” option, equation set 4) yields a predicted separation point in reason- 
able agreement with Smith's result, as should be expected, given the similarity of the eddy-viscosity models 
used in the two codes. Using simple sweep theory to convert this pressure distribution to 35° sweep yields the 
solid curve. Using this swept pressure distribution as input to an infinite-span-swept-wing analysis (equation set 
3) leads to a predicted separation point very close to the predicted 2D separation point. Using the swept pressure 
distribution as input to a 2D streamwise analysis (equation set 5) leads to a predicted separation point much 
farther downstream. This underscores how unsuitable a 2D streamwise analysis will generally be for predicting 
separation on a swept wing. 


Figure 8.6.12 Assumed pressure distributions and calculated separation points for boundary-layer calculations 
illustrating the effect of sweep on separation. The baseline 2D case is Smith's (1975) canonical pressure distri- 
bution from Figure 7.4.13 for m = 1/2, xo = 0.25 ft. The other calculations were made by M. D. Murray using 

the method of McLean (1977), and used the same equation sets 3, 4, and 5 that were used for the comparisons 
in Figure 8.6.11. The 2D streamwise analysis (equation set 5) predicts separation far downstream of the separ- 
ation predicted by the swept-wing analysis 
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These are the kinds of conclusions we can draw regarding the generic effects of sweep and taper, by compar- 
ing calculations with other calculations, but how do the best of such calculations compare with the real world? 
First, consider what we ought to expect, based on limitations of turbulence modeling. Turbulence models that 
are currently used in routine calculations of swept-wing flows generally assume that the eddy viscosity (see 
Section 3.7) is isotropic, that is that it acts the same in all directions. However, experimental measurements 
have indicated that the isotropic assumption is seriously violated in swept flows with adverse pressure gradi- 
ents. For example, in the measurements of van den Berg and Elsenaar (1972) in a boundary-layer test rig (not 
a real “wing” geometry) that approximated infinite-span-swept-wing conditions, the cross-flow eddy viscosity 
was typically less than half the streamwise eddy viscosity 1n a strong adverse pressure gradient typical of the aft 
upper surface of a swept wing. Here, “cross-flow” and “streamwise” were defined relative to the flow direction 
at the boundary-layer edge, the same convention we used in discussing 3D velocity profiles in Section 4.1.2. 

How much difference should this make? We can get some insight from boundary-layer calculations by the 
author (McLean, 1977) for the van den Berg and Elsenaar experiment. One set of calculations used an isotropic 
eddy viscosity model, and another used a crude model in which the cross-flow eddy viscosity was set to 0.4 
times the streamwise eddy viscosity, which 1s nonisotropic to roughly the same degree as indicated by the ex- 
perimental measurements. The calculated Cy magnitude and minimum flow angle £1 relative to the spanlines 
are shown in Figure 8.6.13. A swept separation line is assumed to be located where 8 goes to zero, and the 
nonisotropic calculation agrees much better with the separation location inferred in this way from the measure- 
ments. Velocity magnitude and direction ($s relative to the outer-flow direction) profiles are compared in Figure 
8.6.14. Here also, the nonisotropic model moves the calculations in the right direction, just not enough to match 
the measurements very well. The main conclusion from these comparisons is that the decreased cross-flow eddy 
viscosity measured in the experiment can have strong effects on the development of a swept-wing boundary 


layer in an adverse pressure gradient, especially as it approaches separation. Thus for the flow on the aft upper 
surface of a swept wing, we should not expect high accuracy from CFD calculations using the usual isotropic 


eddy-viscosity models. 


Figure 8.6.13 Cymagnitude and minimum flow angle [1 relative to the spanlines for the “swept wing” experi- 
ment of van den Berg and Elsenaar (1972), compared with 2.5D boundary-layer calculations by the author 
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Figure 8.6.14 Velocity magnitude and direction profiles for the “swept wing” experiment of van den Berg and 
Elsenaar (1972), compared with 2.5D boundary-layer calculations by the author (McLean, 1977) 
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Now let's look at a real 3D wing case. As of this writing, I have seen only one example with comparisons of 
detailed velocity profiles, a comparison of RANS calculations with the experimental measurements of Brebner 
and Wyatt (1961) on a 45° swept wing in low-speed flow. The RANS code is CFL3D (Biedron and Rumsey, 
1998) with the SST turbulence model of Menter (1994), in which the eddy viscosity is isotropic. Figure 8.6.15 
shows the calculated surface streamlines (shear-stress lines), and Figure 8.6.16 compares calculated and meas- 
ured velocity magnitude and direction profiles at three stations along the chord at 50% semispan on the upper 
surface. The calculated shear-stress lines indicate that the flow is approaching separation at the trailing edge. 
Note that because of the higher sweep, separation involves less turning of the flow than it did in the van den 
Berg and Elsenaar flow. The calculated velocity magnitude and direction profiles agree much better with the 
data than the isotropic boundary-layer calculations did for the van den Berg and Elsenaar flow in Figure 8.6.14. 


Figure 8.6.15 Surface-streamline pattern calculated by CFL3D with the SST turbulence model for the experi- 
mental swept-wing case of Brebner and Wyatt (1961). (Calculation by N.J. Yu. Plot by T.J. Kao) 








Figure 8.6.16 Comparison of velocity profiles calculated by CFL3D with the SST turbulence model with the 
experimental measurements of Brebner and Wyatt (1961). (Calculation by N.J. Yu) 
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There are a couple of possible reasons for the better-than-expected agreement for the Brebner and Wyatt 
flow. The first 1s that the SST model is a modern two-equation model that does better in predicting adverse- 
pressure-gradient effects in 2D flows than does the algebraic eddy viscosity used in the old boundary-layer cal- 
culations, and some of this improvement should carry over to 3D. Another is that there is less flow turning than 
in the van den Berg and Elsenaar flow, though the difference is small. A more important reason 1s probably that 
the adverse pressure gradient in the Brebner and Wyatt flow occupies practically the whole chord and is there- 
fore relatively gentler. In the van den Berg and Elsenaar flow, there was some distance of flat-plate boundary- 
layer growth ahead of the start of the adverse gradient, so that the boundary layer was thicker at the start of the 
recovery, or in airfoil terms, the effective recovery-point location was somewhere aft on the chord (recall our 
discussion of the importance of the recovery-point location in connection with maximum lift in Section 7.4.3). 
The van den Berg and Elsenaar flow should thus be a more difficult test case for the turbulence models. It is 


also probably closer to being representative of the flow on the swept wing of a modern transport airplane than 
the Brebner and Wyatt flow is. 

Though the predictions were better than expected for the Brebner and Wyatt flow, we've seen that an isotropic 
eddy-viscosity model poses a potentially serious limitation in CFD calculations of the development of the 
swept-wing boundary layer in an adverse pressure gradient, which is precisely where the boundary layer has 
its biggest impact on profile drag and on separation behavior. This shortcoming of the turbulence models could 
significantly degrade the prediction of all aspects of swept-wing performance. 


8.6.3 Shock/Boundary-Layer Interaction on Swept Wings 


In Section 7.4.8, we discussed shock/boundary-layer interaction in transonic flow around a 2D airfoil. We noted 
that this interaction thickens the boundary layer and increases profile drag, and that the boundary-layer thicken- 
ing produces a “viscous wedge” effect that smears the shock pressure rise and modifies the downstream condi- 
tion. Instead of looking like a normal shock, the pressure jump is close to that of an oblique shock with the max- 
imum turning angle, for which the downstream Mach number is typically just below sonic. We also discussed 
shock-induced separation and noted that as the upstream Mach number Mj increases, a separation bubble ap- 
pears at M1 ~ 1.30, followed by massive separation at M1 ~ 1.40, largely independent of Reynolds number. 

Sweep complicates this picture surprisingly little. Of course, if the shock is swept relative to the local up- 
stream flow, it will turn the flow slightly in the lateral direction and produce cross-flow in the boundary layer, 
even if there was none to start with. But the turning and the cross-flow are just reflections of the fact that sweep 
introduces a velocity component parallel to the shock, in the lateral direction, and the presence of this parallel 
component has relatively little effect on the flow development that we noted in 2D. If we look only at the velo- 
city component perpendicular to the shock's footprint on the surface, we should see something close to what we 
saw in the 2D case, at least qualitatively. 

The physical argument for this relies on our observations regarding infinite-span swept-wing boundary layers 
in Section 8.6.2. Our general swept wing flow may not be much like an infinite span wing at all: The isobar 
pattern may be highly three-dimensional, and the shock may not line up with the constant x/c lines. But in the 
neighborhood of the shock, the infinite-span simplifications should apply very well. Within the region of the 
shock pressure rise, the pressure gradient perpendicular to the shock footprint 1s much, much stronger than the 
gradient in the parallel direction, and the general sweep of the isobars matches the sweep of the shock footprint 
very closely. To apply the infinite-span simplifications, all we have to do 1s take the sweep of our local “infinite- 
span wing” to be the local sweep of the shock footprint. 

Recall that in laminar, constant-property flow on an infinite-span swept wing the perpendicular (“chord- 
wise’’) velocity component develops completely independently of the parallel (“spanwise”) component, accord- 
ing to what we called the /aminar independence principle. In turbulent flow, the independence principle doesn't 
hold exactly because the Reynolds stress in the chordwise direction is affected by the flow in the spanwise direc- 
tion. But the calculations compared in Figure 8.6.12 indicated that this effect 1s not large, and that the chordwise 
velocity profile is not strongly affected by the presence of the spanwise flow. Applying this observation to the 
region of the shock pressure rise, we can argue that the velocity component perpendicular to the shock footprint 
should develop close to the way it would if the parallel velocity component weren't there (1.e., the way it would 
in a 2D case with the same incoming perpendicular velocity profile). Then given that the gradients of all flow 
quantities in the parallel direction are much smaller than those in the perpendicular direction, the displacement 
thickness should be close to what it would be in 2D, and the smearing of the pressure rise and even the separa- 
tion behavior should also be close. 


The above line of argument served as the basis for a semi-empirical model for swept-wing shock/boundary- 
layer interaction for use in CFD calculations by viscous-inviscid coupling (McLean and Matoi, 1985). 


$.6.4 Laminar-to-Turbulent Transition on Swept Wings 


In Section 4.4.1, we discussed the general physical mechanisms and the associated theories of laminar-to-turbu- 
lent transition in boundary layers. The familiar pattern is for the boundary layer to start laminar at the nose of a 
body or the leading edge of an airfoil and to transition to turbulent after some boundary-layer growth has taken 
place. Transition may be caused by unstable growth of small disturbances or by direct introduction of large dis- 
turbances by the outer flow or by interaction of the flow with surface imperfections. The boundary layer on the 
leading edge of a swept wing doesn't always follow this simple pattern. Because of the spanwise flow along the 
leading edge, which we discussed in Section 8.6.2, the attachment-line boundary layer itself can be turbulent. 
In the usual case of an aft-swept wing, the “upstream” initial condition for the attachment-line boundary layer 
is at the wing-fuselage junction, and the fuselage boundary layer at the junction is usually turbulent. Thus the 
attachment-line boundary layer often gets a turbulent start (sometimes referred to as leading-edge contamina- 
tion) and remains turbulent as far outboard as conditions will support turbulence, which may or may not be the 
full span of the leading edge. It is not unusual for the turbulent attachment-line boundary layer to transition from 
turbulent to laminar somewhere along the span, as the leading-edge radius and the resulting Reynolds number 
of the flow decrease. 

On a forward-swept wing, the attachment-line boundary layer can get a laminar start at the tip. As the 
leading-edge radius grows larger inboard, the boundary layer can become thick enough to become unstable to 
small disturbances, shortly after which it would transition to turbulent. 

So we see that the attachment-line boundary layer can undergo transition of either the laminar-to-turbulent 
or turbulent-to-laminar variety. Two thresholds thus play roles in determining the state of the boundary layer: 
one with increasing Reynolds number at which the laminar boundary layer becomes unstable and one with de- 
creasing Reynolds number at which the turbulent boundary layer becomes unable to sustain turbulence (see 
Poll, 1979, 1989). Given that the attachment-line boundary layer is almost always practically identical locally 
to what it would be on an infinite-span attachment line, the two thresholds will generally be very close to what 
we saw in Figure 8.6.5. Under infinite-span conditions, the linear-instability threshold for the laminar boundary 


layer occurs at R = 600, above which the boundary layer will always be turbulent. The threshold below which 
the boundary layer cannot sustain turbulence, and must therefore be laminar, is at R = 260. Between 260 and 
600, the boundary layer can be either laminar or turbulent, depending on conditions upstream. 

This is the situation for an attachment-line boundary layer on a surface without area suction. If area suction 


is applied along the attachment line, Re will be reduced below the Roi R ) curve shown in Figure 8.6.5. In the 
case with suction, the laminar-turbulent thresholds remain very close to the same Re values as for no suction, 


not the same R values. Thus a more general way to characterize the thresholds, valid with and without suction, 
is to say that the boundary layer is always laminar for Re < 100, and it cannot be laminar for Ro > 240. 


Several different devices have been demonstrated that can divert turbulent flow from the attachment line and 
give the boundary layer a laminar start. The Gaster bump (Gaster, 1965), shown in Figure 8.6.17, stagnates and 
sheds the turbulent boundary layer coming from inboard and starts a new laminar boundary layer at the stagna- 
tion point on the nose of the bump. Gaster's experiments showed the bump to be effective only up to nominal 


R values around 420, presumably because the outboard part of the bump has increased sweep and larger local 


R . Seyfang (1987) tested an assortment of other devices at an R value of about 360. Figure 8.6.18 shows the 


minimum sizes, relative to leading-edge radius, at which they were effective. Whether they would be effective 


at higher values of R. is not known. 


Figure 8.6.17 The Gaster bump (Gaster, 1965), a device for decontaminating the attachment line and giving 
the boundary layer a laminar start 
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Figure 8.6.18 Other devices for decontaminating the attachment line and giving the boundary layer a laminar 
start, tested by Seyfang (1987). Numbers refer to the minimum sizes at which the devices were found to be ef- 
fective, relative to LER (leading-edge radius) 
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Of course, the attachment-line boundary layer provides the starting condition for the boundary layer on the 
rest of the wing. On parts of the span where the attachment-line boundary layer is turbulent, the boundary 
layer off of the attachment line will also be turbulent, unless relaminarization occurs. In relaminarization, the 
boundary-layer turbulence dies out away from the attachment line, which generally requires that the chordwise 
acceleration must become much larger off of the attachment line than it was on the attachment line itself (Laun- 
der and Jones, 1969). This tends to happen only under high-lift conditions in which the attachment line is on the 
lower surface, well off of the leading edge, in which case the stronger acceleration required for relaminarization 


takes place as the flow rounds the leading edge in going from the lower surface to the upper surface. Relaminar- 
ization generally cannot occur when the attachment line is close to the leading edge, as it usually is under cruise 
conditions. In cruise, a turbulent attachment line generally leads to a turbulent boundary layer downstream. 


A long run of laminar flow for cruise-drag reduction thus Is requires a laminar attachment line. Unless suction 
is applied on the attachment line itself, this requires that R be kept below 600, as an ideal upper limit. But 
practical limits are lower. For values of R above 260 without suction, a Gaster bump or other decontamina- 


tion device will usually be required, and the Gaster bump has been shown to work only up to i. = 420. Then, 
even if the Gaster bump is successful, the laminar attachment-line boundary layer outboard will be vulnerable 


to unintended tripping by surface imperfections or contamination as long as R is above 260. Robust design 


for a laminar attachment line thus requires that R be kept below 260 or that suction be applied to thin the 
attachment-line boundary layer and thus to keep Re below 100. 

When the attachment line is laminar, transition to turbulence off of the attachment line follows the general 
outline we discussed in Section 4.4.1: receptivity to disturbances from the outer flow or surface imperfections, 
linear growth of small disturbances, and nonlinear breakdown. The small disturbances can be either traveling 
TS (Tollmien-Schlichting) waves or stationary CF vortices. (Or, if the freestream turbulence level is high, as 
in some wind-tunnel situations, traveling CF vortices may come into play.) In the linear range, TS and CF dis- 
turbances grow independently of each other. For purposes of predicting transition, the TS and CF growth rates 
can therefore be computed separately, and transition identified when the accumulated growth of either passes a 
threshold e”. In practice, it is advisable to apply the variable-n-factor method we discussed in Section 4.4.1, in 
which the values used are determined by comparison with experiments with flow environments and levels of 
surface quality comparable to the target application. 

We see from the above that the possibility of transition by CF instability is another factor that makes design- 
ing a swept wing for laminar flow different from designing a 2D airfoil for laminar flow. As we noted in Section 
4.4.1, the growth of CF disturbances requires a substantial amount of mean cross flow of the kind illustrated 
in Figure 4.1.7b. This in turn requires a pressure gradient. In applications of laminar flow to swept wings, CF 
tends to be critical only in the region of favorable gradient near the leading edge, and it determines how large a 
leading-edge radius and how much leading-edge sweep can be present without provoking early transition. Nat- 
ural laminar flow (NLF) without surface suction is feasible on transport airplane wings, but only with leading- 
edge sweep angles somewhat lower than 1s currently typical of all-turbulent wings. If the sweep is higher than 
this, or the airplane is very large, laminar flow control by suction (see Joslin, 1998) would generally be re- 
quired to prevent early transition by CF growth. CF disturbances tend to have high receptivity to disturbances 
caused by surface imperfections (distributed or discrete 3D roughness), and as a result, maintaining laminar 
flow around a swept leading edge can require very high levels of surface quality and very low levels of surface 
contamination, such as by insects (see Saric, Reed, and White, 2003). 


§.6.5 Relating a Swept, Tapered Wing to a 2D Airfoil 


Before 3D transonic CFD became routinely available, design technologies for swept wings were typically deve- 
loped first on 2D airfoils. Today, 2D airfoil development is not nearly so important, but it is still used for early 
explorations of new ideas. So, what can we say about the correspondence of the performance of a swept, tapered 
wing to that of an “equivalent” 2D, unswept airfoil? In Section 8.6.2, we saw that turbulent boundary layers in 
the two cases behave in a qualitatively similar way, but that there are significant quantitative differences. Thus 
trends in performance should be similar, but the quantitative accuracy of comparisons will be limited. 


And boundary-layer behavior is not the only limitation on the equivalence. In the inviscid part of the flow, 
precise equivalence between 2D and 3D holds only in the case of infinite span with no taper (simple sweep 
theory). There is no rigorous way to take the effects of taper into account in a 2D context, as there is with the 
effects of sweep. Lock (1964) proposed that an approximate kind of inviscid equivalence requires the 2D airfoil 
to duplicate the perpendicular-Mach-number distribution on the surface of the 3D wing, that is, the component 
of Mach number perpendicular to the constant-percent-chord lines. The usefulness of this recipe in practice, 
however, has proved to be limited. If the freestream Mach number is chosen to correspond to the sweep at the 
quarter-chord or midchord of an aft-swept wing, the 3D perpendicular Mach number at the trailing edge is so 
high that the only way to match it on the 2D airfoil is to have an open (squared-off) trailing edge. The equi- 
valence between a wing with a sharp trailing edge and an airfoil with an open trailing edge would always be 
questionable, especially with regard to viscous drag. 

So, while 2D airfoil development may be useful for assessing general trends, its quantitative equivalence to 
a swept, tapered wing is limited. 


§.6.6 Tailoring of the Inboard Part of a Swept Wing 


The inboard part of a swept wing poses a design problem that is more 3D in nature than that of the outboard 
wing. The center plane of symmetry and the fuselage combine to restrict spanwise flow, so that the bound vortex 
lines of an aft-swept wing tend to unsweep and move aft, as shown in Figure 8.6.19. The resulting aft movement 
of the inboard lift loading is unfavorable for profile drag and can increase shock drag. It can also increase trim 
drag because the aft movement of the load requires a larger download on the horizontal tail for trim. To coun- 
teract this, the airfoil shapes of the inboard wing are usually specially tailored to move the loading forward. An 
additional consideration is that under transonic conditions the inboard wing can affect the pressure distribution 
and shock position far outboard. 


Figure 8.6.19 Illustration of the tendency of the bound vortex lines on the inboard part of a swept wing to un- 
sweep and move aft 
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Chapter 9 


Theoretical Idealizations Revisited 


In the preceding chapters, we looked at a wide range of aerodynamic phenomena, and we saw numerous ex- 
amples of how theories based on conceptual models and simplifying assumptions allow us to construct explana- 
tions and make predictions without having to solve the full equations of motion. In this chapter, we'll take another 
look at the theoretical landscape, this time from the point of view of the models rather than the phenomena, taking 
a kind of inventory of the conceptual tools at our disposal. This will lead us to cover some of the ground we've 
already covered, but this time for the purpose of putting it all in a broad theoretical perspective, rather than the 
more phenomenological one we've taken so far. 

In Section 9.1, we'll look at the quantitative theories, categorizing them according to the type of model and 
what was done to simplify the equations. In Section 9.2, we'll explore the conceptual side, the tools available to 
us for doing Mental Fluid Dynamics (MFD). 


9.1 Approximations Grouped According to 
how the Equations were Modified 


The need for ad hoc models and simplifying assumptions was originally driven by the computational intractability 
of the full equations. This need is not as great now as it once was, but it is still there. Computers and solution 
algorithms have progressed to the point that solutions to the full NS (Navier-Stokes) equations for laminar flow 
can be calculated routinely, even for complicated 3D problems. Practical problems, however, almost always in- 
volve turbulent flow. In Section 3.7, we noted that Direct Numerical Simulation (DNS) of the turbulent motions 
in practical turbulent flows is beyond our reach and will be for decades to come. Thus for practical predictions of 
flows with turbulence, we must settle for the compromised accuracy that comes with turbulence modeling. And 
in many situations, further retreats from the full NS equations are useful as well. 

Of course, with all retreats from the “full” equations come reductions in physical fidelity and range of applic- 
ability, and here we'll try to list them for a wide range of different types of theories. Though the losses in fidelity 
are easy to identify in general terms, they are not usually that easy to quantify. Theoretical arguments can some- 
times determine the order of the error incurred by an approximation (how the error should be expected to grow 
as a function of some small parameter, for example). But the practical significance of the error can generally 
be determined only by comparison with more-accurate theories or with experimental measurements. Errors can 
usually be expected to depend strongly on the particular situation, and knowing what to expect in a given case 
generally requires experience with closely related cases. 

To get a big-picture perspective on the landscape of theoretical approximations, we'll group them in tables of 
the major examples, categorizing them according to the types of things that were done to “simplify” the equa- 


tions. We'll also identify what flow physics was assumed in addition to basic equations, the range of applicabil- 
ity of the resulting theory, and the loss of fidelity, if any. 


9.1.1 Reduced Temporal and/or Spatial Resolution 


For turbulent flows at practical Reynolds numbers, full temporal and spatial resolution of the flow is simply not 
feasible, and we must resort to time-averaging of the turbulent motions, combined with turbulence modeling. 
Then there are some situations in which even time-averaged spatial resolution of the distributions of flow quant- 
ities isn't needed, and the global view provided by control-volume analysis suffices. These two major types of 
approximation are summarized in Table 9.1.1. 


Table 9.1.1 Reduced spatial and/or temporal resolution 
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9.1.2 Simplified Theories Based on Neglecting Something 
Small 


In this class of approximations, some weak effect is either neglected altogether, or is accounted for only in some 
approximate way, often just to first order. For flows at high Reynolds numbers, the effects of viscosity can be 
either neglected or approximated. For flows at very low Reynolds numbers, the effects of inertia can be treated 
in the same ways. And if a body is very slender, the flow disturbances it causes can be linearized. Approxima- 
tions of this type are summarized in Table 9.1.2. 


Table 9.1.2 Simplified theories based on neglecting something small 
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9.1.3 Reductions in Dimensions 


In many situations, the variation of the flow in time or in one or two of the spatial dimensions is so slow 
that 1t can be ignored or approximated. And in some of these situations, such as the flow along a very slender 
streamtube of a larger flow, or the local flow through a shock, the simplifying assumptions become practically 
exact in the limit, and the resulting theories are highly accurate. Approximations of this general type are sum- 
marized in Table 9.1.3. 


Table 9.1.3 Reductions in dimensions 
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9.1.4 Simplified Theories Based on Ad hoc Flow Models 


In our final category, we have theories based on ad hoc models for the structure of the flow field. Such models 
don't have to reflect reality with great fidelity, but only well enough to scale in roughly the right way and to 
yield results that are accurate enough to be useful. The main examples of such theories are summarized in Table 
9.1.4. 


Table 9.1.4 Simplified theories based on ad hoc flow models 
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9.1.5 Qualitative Anomalies and Other Consequences of 


Approximations 


The simplified theories listed in Tables 9.1.1—9.1.4 incur a variety of losses in physical fidelity relative to the 
full NS equations. But to keep this in perspective, we should recall that the NS equations themselves are not 
exact. The continuum representation that they embody is only an approximation to the integrated behavior of 
the molecules that make up the gas. 

As a result, even the full NS equations produce inaccurate predictions when the assumptions underlying 
them are violated. For example, the NS equations don't predict the correct distributions of flow quantities 
through a shock because the very high gradients violate the assumption of local thermodynamic near-equilib- 
rium. However, because the equations embody all the relevant conservation laws, the jump conditions across a 
shock are correctly represented, even though the internal details of the shock are not. 

Solutions to the NS equations also display physically anomalous behavior when boundary conditions change 
too suddenly. For example, when a solid surface has a sharp convex corner, such as at a sharp trailing edge of 
an airfoil, the surface shear stress predicted by the NS equations goes to infinity (singularly) at the corner. This 
happens on such a small scale that the grids used in most NS calculations don't begin to resolve the singular- 
ity or even to hint at its presence. The presence of the singularity has nothing to do with the breakdown of the 
continuum assumptions at very small scales, but of course the assumptions must break down close to the singu- 
larity. 

Approximating the effects of viscosity through boundary-layer theory introduces another kind of possible 
nonphysical singularity. When direct-mode solutions to the 2D boundary-layer equations predict separation 
from a smooth wall, the skin friction goes through zero with infinite slope, the Goldstein singularity depicted 
in Figure 4.2.11. In direct-mode solutions to the 3D equations, the skin friction perpendicular to the separation 
line displays the same singularity. 

Neglecting viscosity can introduce qualitative anomalies in flows over surfaces with sharp corners. In a solu- 
tion to the incompressible potential-flow equation, a sharp concave corner shallower than 90° produces a sin- 
gular point of zero velocity with infinite velocity gradient on both the upstream and downstream sides (Figure 
3.10.2c), and a sharp convex corner causes a singularity with infinite velocity (Figure 3.10.2b). 

The situation at a convex corner is more complicated if the flow is compressible. In an otherwise subsonic 
flow governed by the Euler equations, attached flow around a sharp convex corner cannot produce infinite ve- 
locity, as it would in incompressible flow. It would, however, cause an acceleration to a sonic condition at the 
corner, with a Prandtl-Meyer expansion fan (see Shapiro, 1953) centered at the corner, producing a jump to su- 
personic speed on the downstream side. The corner would thus have a singularity with infinite acceleration, not 
infinite velocity, and downstream of the corner the supersonic flow would be terminated by a shock. This kind 
of attached-flow solution can exist only if the turning angle of the corner does not exceed the maximum Prandtl- 
Meyer turning angle of 130.5°. For typical airfoil shapes with sharp trailing edges, the turning angle around the 
trailing edge is too large (typically in excess of 170°), and the zero-lift flow pattern of Figure 7.1.3a is there- 
fore impossible. This raises the interesting theoretical possibility that even an inviscid airfoil flow, provided it is 
compressible, would still have to satisfy the Kutta condition, as in Figure 7.1.3b. And even if the turning angle 
is less than 130.5°, the existence of an attached-flow solution is not guaranteed. It would depend on how much 
additional subsonic pressure recovery the flow faces downstream of the shock. If the shock terminating the su- 
personic bubble is strong enough, the resulting total-pressure deficit downstream could make it impossible for 
the flow to negotiate the rest of the pressure recovery. Finally, even when an attached-flow solution with a fan 
and a shock exists, it is only a theoretical possibility. In the real, viscous world, the boundary layer will either 


effectively fair over the corner, if it is shallow enough, or separate, eliminating the need for acceleration to su- 
personic flow. 

In 3D numerical solutions of the Euler equations, a sharp convex corner can produce separation of the open, 
free-shear-layer type. An example would be the leading and trailing edges of a sharp-edged delta wing. In these 
situations, numerical dissipation has the same qualitative effect that real viscosity would have in bringing about 
the separation and enforcing a kind of de-facto Kutta condition. The mechanics of the resulting free shear layer 
are discussed in Section 10.4.3 and illustrated in Figure 10.4.1. 

Free shear layers or shocks can also be modeled in solutions to inviscid equations as artificial discontinuities 
(artificial surfaces across which discontinuities are allowed), though even a shock has nonzero thickness in the 
real world. We discussed modeling shocks as discontinuities in Section 3.11.2. When such a shock discontinu- 
ity intersects a solid surface with convex curvature, the pressure and velocity distributions downstream of the 
shock are singular, the Zierep singularity that we discussed in Section 7.4.8. 

A discontinuity tangent to the flow (a slip surface) can be used to model a physical shear layer such as can 
occur downstream of an intersection of shocks of different strengths. And as we discussed in Section 8.1.2, the 
shear layer in the wake of a 3D lifting surface is often modeled as a slip surface, or vortex sheet. Ideally, such a 
vortex sheet should be allowed to deform as required, so as not to have flow across it. In simplified models of 
lifting-surface flows, however, this requirement is usually allowed to be violated. An undeformed shape 1s as- 
sumed for the vortex sheet, and flow is allowed to pass through the sheet, as in the lifting-line theory discussed 
in Section 8.2.3, for example, and in many of the panel methods for lifting 3D potential flow that we'll discuss 
in Section 10.2.3. 


9.2 Some Tools of MFD (Mental Fluid 
Dynamics) 


In thinking about any aerodynamic flow for purposes of basic understanding or mental prediction, idealized 
models can be very helpful, even if they don't apply with great accuracy to the situation at hand. Even a model 
that is only a crude match for the flow in question can provide valuable insight. Of course care must be ex- 
ercised in applying this kind of analysis, to avoid stretching an analogy too far or falling victim to any of the 
common fallacies. 

The physical and theoretical bases for many such models were discussed in earlier chapters. In this section, 
we'll revisit some of these models, both as a summary and with an eye toward the sorts of flow situations in 
which they can be useful. 


9.2.1 Simple Conceptual Models for Thinking about 
Velocity Fields 


There are numerous ways that simple conceptual models can be invoked in thinking about the flow field a body 
will produce. Here we list some and briefly discuss how they apply. 


9.2.1.1 Thinking of a Lifting Surface as Pushing the Flow in the Direction 
Opposite to the Lift Force 


When a lifting surface such as a wing, tail surface, or a vortex generator (VG) produces lift, it pushes the flow 
between the tips (or between the root and the tip, if we are talking about a half-wing mounted on a wall) in the 
direction opposite to the lift force. This fact enables a quick mental determination of the direction of rotation of 
the tip vortices and the directions of the “induced” flow elsewhere in the field, given that the cross-stream field 
must look qualitatively like Figure 8.1.2. 

This kind of mental modeling makes it easy to remember design guidelines for VG installations, such as how 
counter-rotating pairs should be grouped (Figure 4.5.2b) to delay vortex lifting, and how co-rotating VGs on 
a swept wing should be toed trailing-edge inboard to counter the outboard-directed boundary-layer cross-flow 
upstream of separation, as discussed in Section 4.5.2. 


9.2.1.2 Reflection as a Model for the Effects of a Solid Surface 


An easy way to model the effects of a solid surface such as the ground near a body is to place a reflection of 
the body on the other side of the surface. For an airfoil in 2D, 1t may suffice to image only the bound vortex as 
we did in Section 7.4.9. For wings in 3D, we must include the trailing vortex wake as we did in Sections 8.2.4, 
8.3.9, and 8.5.1-2. 

But lift is not the only effect that can benefit from being modeled by reflection. The volume displacement 
effect of a streamlined body can be modeled by a distribution of sources and sinks, which can be reflected if 
there is a nearby solid surface. The flow around a low-slung streamlined ground vehicle is strongly influenced 
by the ground, and the shape of such a vehicle can generally benefit from being designed in the presence of its 
reflection. 


9.2.1.3 Flow Directions from Simple Sweep Theory 


A quick estimate of the flow direction at the edge of the boundary layer at some location on a swept wing can 
be made if you know the local pressure coefficient and the local sweep, that is, the sweep of the local constant- 
percent-chord line. Use isentropic relations to calculate the local velocity-magnitude ratio V/Uw. Then draw a 
vector diagram like Figure 8.6.3, using Uj) = UosinA. On a wing with taper, simple sweep theory applied in this 
way is of course not exact, but it is a reasonable first estimate. 


9.2.1.4 Identifying Separation in 3D Flows 


Identifying separation in 3D is more difficult than in 2D because the skin-friction field in a 3D flow offers no 
purely local criterion corresponding to zero Cf at the separation point in 2D flow. In 3D, Cr is generally zero 
only at isolated nodal points of separation and is nonzero elsewhere on a line of 3D separation. Identifying sep- 
aration in 3D thus depends more on the skin-friction direction than on the magnitude. It requires knowledge of 
the skin-friction direction field, defined with enough spatial resolution so that the separation line can be identi- 
fied according to the region-of-origin concept described in Section 4.1.4 and illustrated in Figure 4.1.16. Some 
of the kinds of patterns that might have to be deciphered are illustrated in Figures 5.2.13 and 8.6.9. 


9.2.15 Flow over a Slope Discontinuity (Crease) or Curvature 
Discontinuity in a Body Contour 


Practical body shapes often have creases, either concave or convex, along which there is a discontinuity in the 
slope of the surface (or the direction of the surface normal). If the flow is parallel to the crease, the crease should 
have little effect except for changes in boundary-layer physics, which will be significant only if the crease is 
strongly concave or convex. But if the flow has a component perpendicular to the crease, there will be an effect 
on the pressure field. In the near field of the crease, the same assumptions behind simple sweep theory for a 
swept wing should hold, and the effect on the pressure should depend only on the perpendicular component of 
velocity. Then a good starting point for understanding the flow is the conformal-mapping solutions for the 2D 
potential flow past concave and convex corners illustrated in Figure 3.10.2b—d. These solutions are singular, 
with zero velocity and infinite velocity gradient if the corner is concave and infinite velocity if it 1s convex. 
The singularities are examples of the kinds of nonphysical anomalies that we discussed in Section 9.1.5. Of 
course such singularities don't materialize in the real world, but it is helpful to know that the inviscid version 
of the flow would see a large pressure disturbance at the crease. The boundary layer in a real flow tempers 
this behavior and smears out the pressure disturbance. If the angle change is large enough, the crease can cause 
boundary-layer separation, either at a convex corner, as in Figure 4.1.3c, or upstream (in the cross-flow sense) 
of a concave corner, in a situation analogous to Figure 4.1.3b (Imagine a crease at the bottom of the dip). 

A similar situation occurs when there is a curve in the surface along which there is a discontinuity in surface 
curvature, as when a flat (zero curvature) portion of the surface abruptly adjoins a curved portion. This situation 
also produces a singularity in potential flow, one at which the velocity gradient is logarithmically infinite. In 
real life, a viscous boundary layer smears out the discontinuity, but the tendency toward an almost step change 
in velocity can sometimes actually be seen. This is why good aerodynamic design usually targets continuous 
surface curvature as well as slope. 


9.2.1.6 A Source as the Far Field Effect of a Body with Viscous Drag 


Viscous dissipation in the boundary layer and near-wake of a body produces a total-pressure deficit in the wake 
flow, and there is thus a velocity deficit in the wake. In simple situations where the viscous wake is not part of 
the core of a strong vortex wake, the velocity deficit 1s relative to the adjacent outer inviscid flow, as in Figure 
6.1.3. In the wake vortex of a lifting wing, there is usually a jet in the core, as in Figure 8.1.9, and the velo- 
city deficit due to viscosity is then relative to a stronger jet that would be there in the absence of viscosity. In 
either case, the presence of this deficit means that some mass flux that would otherwise be present in the space 
occupied by the wake must be compensated by greater mass flux outside the wake. It's the same mechanism as 
the displacement effect of a boundary layer (Section 4.2.3), extended to include the displacement effect of the 
viscous wake downstream of the tail of the body. To model the effects of this displacement on the outer flow, 
we can construct an equivalent inviscid flow that has the same outer-flow behavior as the real flow by placing 
sources and sinks on the body surface. These would be positive (sources) where the displacement thickness is 
growing and negative (sinks) where it 1s decreasing, as when the near wake “necks down” just aft of the tail 
(see Figure 5.3.4). Outside the near field, the displacement thickness of a viscous wake is generally positive, 
reflecting the fact that the source effect (growth) has dominated over the sink effect and that the net effect is that 
of a source. Far from the body and outside the viscous wake, the net effect is as if a single source were placed 
on or near the body. 


9.2.1.7 A Vortex as the Far Field Effect of a Lifting Airfoil or Wing 


According to the Kutta-Joukowski theorem (Section 7.2), the lift of any high-aspect-ratio lifting surface must be 
accompanied by circulation and bound vorticity. In the far field, only the net vorticity (the total, integrated over 
the chord of the surface) matters. In 2D, the far field thus looks like uniform flow with a vortex superimposed, 
with the vortex usually assumed to be located at the quarter-chord as in Figure 7.2.1d. If there is viscous drag, 
there would also be a source component as described in the previous item. In 3D, the bound vortex cannot end 
at the wingtips, and a horseshoe vortex system, including a trailing vortex wake, must be assumed, as in Figure 
8.1.3. 


9.2.1.8 The Kinematics of Vorticity 


For thinking about the kinematics of flows with distributed vorticity, several ideas from Chapter 3 can be help- 
ful. 

The first applies very locally, and that 1s that the signature of vorticity in the deviations in velocity in the 
neighborhood of a point can be expressed as a solid-body rotation with angular velocity @/2 (Helmholtz's first 
theorem, see Section 3.3.5). If you've convinced yourself that there's no rotation, then you've probably shown 
that there's no vorticity. 

Since most of the flows we're interested in are at reasonably high Reynolds numbers, vorticity diffuses 
slowly, and Helmholtz's third and fourth theorems (see Section 3.8.3) provide helpful guidance, even though 
they apply strictly only to inviscid flow. The third tells us that a vortex tube tends to be convected with the flow 
and that the only migration of vorticity into or out of the tube will happen slowly through viscous diffusion. The 
fourth tells us that the strength of a vortex tube tends to remain nearly constant, changing only slowly through 
diffusion. 

In many examples of physical shear layers, vorticity is concentrated in a relatively thin sheet. An effective 
conceptual model for such flows is an ideal vortex sheet whose strength is equal to the velocity jump across the 
shear layer, as in Figure 3.3.8a. Remember that the velocity jump and the vorticity vector are perpendicular to 
each other, as in Figure 3.3.8c. 


9.2.2 Thinking about Viscous and Shock Drag 


Viscous drag generally has both a skin-friction part and a pressure part (the “viscous pressure drag”). For a 
change in the shape of a body to change the drag, 1t must change either one of these or both. The skin-friction 
part usually behaves in a straightforward way in that increasing the wetted area usually increases the skin-fric- 
tion drag. The viscous pressure drag is usually not so simple. In Section 6.1.6, we discussed how misleading it 
can be to think of the viscous pressure drag in terms of the local surface pressures. For thinking about viscous 
pressure drag, there are two key concepts to keep in mind: 
1. d'Alembert's paradox, that a body in inviscid flow without shocks or vortex shedding has zero drag. 
This is relevant because when the shape of a body is changed, much of the resulting change in the sur- 
face pressure distribution often originates in the outer inviscid flow, and unless there is a change in the 
lift distribution and induced drag, such changes inherently cause no change in pressure drag. For the vis- 
cous pressure drag to change, there must be a change 1n the displacement effect of the boundary layer and 
wake, which is difficult to estimate mentally. For intuitive purposes, it 1s often more helpful to think in 
terms of: 


2. The fact that the total viscous drag is proportional to the volume integral of the viscous dissipation rate 
in the field, as discussed in Section 6.1.4.6. So an increase in the total viscous drag requires an increase 
in the integrated dissipation rate. 


Thus if you want to predict or understand a change in the viscous drag, avoid thinking in terms of the surface 
pressure distribution and ask instead “where's the dissipation?” 

Likewise, thinking about shock drag in terms of the surface pressure distribution is risky, especially in tran- 
sonic flow. The pressure increments associated with shock drag are typically spread very diffusely over the body 
surface, and again it is more helpful to think in terms of dissipation in the field, in this case the Oswatitsch for- 
mula we discussed in Section 6.1.4.8. 


9.2.3 Thinking about Induced Drag 


Questions often arise as to how an increase in span, the addition of a tip device, or a change in spanload will 
affect induced drag. Thinking about such questions requires special care because the physics of induced drag 
is not easy to deal with intuitively and because there are such entrenched popular misconceptions about it. Not 
only is induced drag intuitively difficult, it 1s theoretically uncertain. In Section 6.1.3 we observed that induced 
drag cannot be defined precisely as a separate part of the drag except in terms of idealized approximate theories, 
and in Section 8.3.4 we noted that Trefftz-plane theory is the only practical option for inferring an approximate 
value for the induced drag from the geometry and spanload of a wing. Of course we can't do Trefftz-plane cal- 
culations in our heads, so for purposes of mental estimation we must rely on known results. Two rules of thumb 
that are easy to remember and provide a basis for useful estimating are: 

1. For fixed lift and airspeed, the induced drag of a planar wing goes as the inverse square of the span 

(Equation 8.3.1) and 


2. The effectiveness of a vertical winglet is the same as that of a horizontal span extension with about 
55% of the Trefftz-plane span of the winglet (Figure 8.4.9). 


These are ideal-induced-drag results, valid for spanloads optimized for minimum induced drag. Results for other 
tip configurations were shown in Figures 8.4.6 and 8.4.7. 

When you encounter claims regarding the induced-drag performance of a change to a wingtip configuration, 
you should always ask yourself, “are the claims consistent with the Trefftz-plane-theory rules of thumb? If not, 
is there a plausible reason for a significant deviation from the theory?” This is a high hurdle. No tip configura- 
tion I'm aware of has ever conclusively demonstrated performance better than what Trefftz-plane theory would 
predict. 


9.2.4 A Catalog of Fallacies 


9.2.4.1 One-Way Causation of Pressures or Forces 


According to Newton's second law, the direct cause of any acceleration, or change in the velocity vector, of a 
fluid parcel must be a net force applied to the parcel. In the effectively inviscid flow outside of boundary layers 
and wakes, a pressure gradient 1s the only source of such forces. Thus we can say that the pressure field causes 
the accelerations in the velocity field (though some of the explanations of lift we discussed in Section 7.3.1 
imply causation in the other direction). But as we noted in Section 3.5, it is a fallacy to see the causation as go- 
ing only one way. The cause-and-effect relationship between the pressure field and the velocity field is mutual, 


or circular. The pressure gradient causes the accelerations, and the accelerations sustain the pressure gradients. 
Likewise, the cause-and-effect relationship between the flow field and the integrated pressure force on a body 
is mutual. 


9.2.4.2 Vortices as Agents of Causation 


In Section 3.3.9, we discussed the Biot-Savart law, which allows us to infer part of the velocity field from the 
vorticity distribution. In the Biot-Savart law, the vorticity is the “input,” and the “induced velocity” is the “out- 
put,” which makes it all too easy to think of the vorticity at one location as “causing” the velocity at another. 
Such thinking is of course fallacious. There is no action-at-a-distance going on in ordinary fluid mechanics, and 
there is no way that vorticity can cause anything to happen remotely. 


9.2.4.3 Trying to Influence a Global Flow Field by Tinkering with Vorticity 
Locally 


This one 1s related to the previous item in that a vortex cannot physically influence what happens at another loc- 
ation. But there is more to it than that. Not only is it not possible to influence things remotely just by changing 
vorticity locally, it is not possible to significantly change the integrated vorticity in a local region by tinkering 
with the vorticity in a local streamtube. If you change the vorticity in one streamtube, compensating vorticity 
must appear adjacent to it, by kinematic necessity. This is why the erroneous wingtip device ideas discussed in 
Section 8.4.1 don't work. Another example, from Section 6.1.10, is that it's not possible for a propeller to “in- 
duce” circumferential velocities outside of its own slipstream. 


9.2.4.4 Surface “Streamlines” (Skin-Friction Lines) as Indicators of Flow 
Direction 


The surface “streamlines” visible in oil-flow photos like Figures 4.1.11 and 4.5.1b give the impression that they 
indicate the general direction of the flow over the part of the body in question. This impression is often mislead- 
ing. Flow direction can change drastically within a short distance off the surface in a 3D boundary layer. The oil 
streaks indicate only the direction of the surface shear stress. A short distance off the surface the flow direction 
can be very different. 


9.2.4.5 Zero Cf as the Universal On-the-Surface Signature of Separation 


In steady 2D flow, the skin-friction coefficient Cf must go through zero at a separation point. In 3D, however, 
the magnitude of C¢ is zero only at isolated singular points and is nonzero at typical points along a separation 
line. Identifying a separation line in 3D therefore requires looking at the global pattern of the skin-friction dir- 
ection field and applying the region-of-origin concept as described in Section 4.1.4. 


9.2.4.6 The Boundary-Layer Displacement Surface as an Effective “Solid 
Wall” 


In Section 4.2.3 we defined the concept of a boundary-layer displacement surface as the effective location of 
the surface for an equivalent outer inviscid flow matching the actual flow far from the body. However, the idea 
that a displacement surface represents an effective “solid wall” is correct only in a limited way. A displacement 


surface 1s defined by a particular boundary-layer flow field consistent with a particular outer flow. The displace- 
ment surface so defined represents an effective solid wall only for that particular flow. If something is done to 
change the flow situation, the original displacement surface is no longer an effective solid wall. For example, 
if the displacement surface is defined for the wall boundary layers of a wind tunnel with an empty test section, 
it represents an effective solid wall only when the test section is empty. It is not an effective solid wall for the 
flow around a model placed in the test section. 


9.2.4.7 Pressure is Constant across a Boundary Layer 


One of the assumptions of first-order boundary-layer theory (Section 4.2.1) is to ignore the pressure gradient 
normal to the surface and thus to assume that the pressure 1s constant in the normal direction. It is therefore 
natural to adopt this assumption into our intuition and to think of the pressure as constant across the thickness 
of a boundary layer. This is not so bad if the wall is flat, but it isn't very accurate if the wall has pronounced 
curvature. In the real world, there must be a normal pressure gradient even within the boundary layer, consistent 
with the local mean velocity and streamline curvature. 


9.2.4.8 The “Laminar Sublayer” 


In the older literature, the sublayer of a turbulent boundary layer was referred to as the “laminar sublayer,” and 
many commentators at the time apparently thought of the flow in the sublayer as actually being laminar. The 
flow in the sublayer is like laminar flow only in the sense that the Reynolds stress vanishes as the wall is ap- 
proached, and the shear stress becomes all viscous, as we discussed in Section 4.4.2. Otherwise, in terms of the 
presence of substantial velocity fluctuations, the flow in the sublayer is anything but laminar, as can be seen in 
flow visualizations such as Figure 2.1f and in DNS calculations. Thus it is much more accurate to refer to the 
sublayer as the viscous sublayer. 


9.2.4.9 Pressure Drag or Thrust of a Portion of a Complete Body 


We sometimes like to assess the aerodynamic performance of a vehicle by looking at the drag-producing and 
thrust-producing parts separately. Such an assessment is always ambiguous because it requires making an ar- 
bitrary decision as to how to divide up the surface of the vehicle. Furthermore, we found in Section 6.1.3 that 
dividing the surface of a complete (closed) body into portions raises serious questions about the meaning of 
the pressure “drag” or “thrust” on each portion. The integrated pressure force on a portion of a body generally 
contains “spurious” contributions that are not properly seen as either drag or thrust. 


9.2.4.10 Reducing Pressure Drag by Increasing Pressure on Aft-Facing 
Surfaces 


In Sections 6.1.6 and 9.2.2 we discussed how misleading it can be to think of pressure drag in terms of the local 
surface pressures on parts of the surface and to think that the pressures can be manipulated in an essentially 
inviscid way by design of the surface shapes so as to influence the pressure drag. These kinds of changes to the 
surface pressure distribution usually produce little or no change in the viscous pressure drag. 


9.2.4.11 Inviscid “Interference” Drag 


As we noted in Section 6.1.9, the mutual inviscid buoyancy effect that occurs when two bodies with volume 
are “flown” in proximity is not properly considered interference drag. In a shock-free inviscid flow, such effects 
would always add up to zero for the total configuration. The total drag can change only if one or more of the 
drag-producing mechanisms in the field is affected. Changes to induced drag and shock drag are the only inter- 
ference mechanisms that are effectively “inviscid” in the near field and can change total drag. 


9.2.4.12 Base Drag and Hoerner's Jet Pump 


In Section 6.1.7, we noted that the concept of “base drag” of bodies with squared-off tails is ambiguous at best. 
We also discussed Hoerner's correlation showing that the pressure on the blunt base of a body becomes less low 
as the body fineness ratio increases, and concluded that this 1s more likely a potential-flow effect than a result of 
Hoerner's proposed “‘jet-pump” mechanism in which the separating boundary layer “insulates” the wake from 
the jet-pump effect of the outer flow. 


9,2.4.13 Explanations of 2D Airfoil Lift 


There are many misconceptions in wide circulation in physical explanations of lift. These are discussed in detail 
in Section 7.3.1 and summarized in Section 7.3.3 under “popular misconceptions.” 


9.2.4.14 The “Dependence” of Induced Drag on Aspect Ratio 


In Sections 8.3.1 and 8.3.4, we found that in both lifting-line theory and Trefftz-plane theory the induced drag 
depends on the span of a wing, but not on the chord or area. However, when we nondimensionalize induced 
drag in the usual way, dividing by qS so as to be consistent with the way we nondimensionalize other forces, 
aspect ratio appears in the formula for the induce-drag coefficient. This gives the false impression that induced 
drag depends on aspect ratio. 


9.2.4.15 2D Biplane Lift Reduction as a Loss of “Efficiency” 


In Section 8.3.12, we discussed how biplane pairs of airfoils incur a loss of lift at constant angle of attack, but 
we found that the loss of sectional “efficiency” is not due to the lift loss but is due instead to an induced-thick- 
ness effect. The loss in maximum sectional L/D 1s much smaller than what would be inferred from the lift loss. 


9.2.4.16 Integrated Downward Momentum in the Trefftz-Plane “due to” 
the Trailing Vortices 


A classical analysis of the flux of vertical momentum in the Trefftz plane behind a lifting wing looked at it 
in terms of velocities “induced” by the trailing vortices, which were assumed to be infinitely long. The result, 
Equation 8.5.2, indicated an integrated downward momentum corresponding to the lift. However, this turns out 
to be wrong because the double integral that was evaluated is nonconvergent. Assuming the vortices are finite 
in length, and taking the limit as the length goes to infinity yields the correct answer of zero integrated vertical 
momentum “induced” by the trailing vortices. There is an integrated vertical momentum in planes behind the 
wing, but it is in the velocities “induced” by the bound and starting vortices, not the trailing vortices. Details, 
including the effects of a ground plane, are discussed in Section 8.5.3. 


9.2.4.17 An Expectation of High Accuracy in Calculations That Depend on 
Turbulence Modeling 


In Section 3.7, we discussed the nature of turbulence and the strategies we have available for modeling it in 
computational fluid dynamics (CFD) calculations. Given the complexity and non-locality of turbulent motions 
and the way that models must gloss over much of this complexity, we should not expect high accuracy in calcu- 
lations using turbulence models. 


Chapter 10 


Modeling Aerodynamic Flows in Computa- 
tional Fluid Dynamics 


Since the late 1960s, the capabilities of computers and computational fluid dynamics (CFD) codes, and our know- 
ledge of how to use them, have all grown tremendously. Over that time, CFD-based analysis, design, and optim- 
ization methods have revolutionized the practice of aerodynamics. 

In some applications (e.g., the design of the cruise configuration of a transport airplane), knowledgeable use 
of CFD can now routinely produce good designs that don't need further refinement in the wind tunnel, only veri- 
fication. For such applications, the role of wind-tunnel testing has changed from the screening of many candidate 
designs to the detailed evaluation of just a few. For applications where the geometry and/or the flow physics are 
more complicated (e.g., design of high-lift systems, or the analysis of off-design flight conditions), the wind tun- 
nel still plays a major role in design development, but it will diminish as CFD capabilities advance. 

CFD offers decided advantages over the wind tunnel in several ways. With CFD, we can explore a much larger 
number of design geometry variations than it is practical to test in the wind tunnel. And of course CFD can be run 
without interference from wind-tunnel walls or model supports. CFD can model full-scale Reynolds numbers, 
which in wind-tunnel testing 1s possible only in very expensive cryogenic pressure tunnels. With some additional 
computational effort and coupling with a structural model, CFD can simulate something closer to the real aer- 
oelastically deflected shape of a vehicle than is possible in the wind tunnel, where it is usually possible at best to 
match the shape at only one flight condition. Last but not least, CFD has design and optimization capabilities that 
are now essential to our design practices. 

With these advantages come costs, however. Defining the surface geometry and generating the grid for a cal- 
culation can represent a significant investment in engineering time. For 3D Reynolds-Averaged Navier-Stokes 
(RANS) calculations requiring high spatial resolution, computer time is still a significant cost, though it is di- 
minishing rapidly as computers and algorithms improve. Then there is the personnel cost: Effective use of CFD 
is a Specialized skill that requires time and practice to develop. Effective users must often spend a good part of 
their careers learning the mechanics of lofting surface geometry, generating grids, and running codes as well as 
developing the judgment needed for effective use of the results. 

Judgment is needed because the simulation of reality that CFD can provide is usually far from perfect. A fun- 
damental physical limitation on accuracy comes from turbulence modeling, which we discussed in general in 
Section 3.7 and for swept wings in particular in Section 8.6.2. Inadequate grid resolution also often degrades ac- 
curacy. A user may inadvertently use a grid that is too coarse, or, in many cases the densest grid one can afford to 
use isn't dense enough to provide the resolution needed for an accurate simulation. 

The rapid advances in CFD capabilities in recent years have made it all too easy to forget that grid resolution 
can still be such a limitation. Capabilities that were on the cutting edge not long ago are now available at little 
cost. But no matter how much the capabilities advance, it seems that there are always applications of engineering 
interest that are at or beyond practical grid-resolution limits. Thus, for the foreseeable future, there will be a mar- 


ket for the most advanced codes available. Such capabilities at the cutting edge will always be costly and will 
be available only to those with deep pockets. 


These are some of the costs and limitations inherent in CFD. Something else we should be aware of 1s a major 
psychological factor that influences how CFD is used and how the results are perceived. This is the tendency 
toward an overly optimistic perception of the accuracy of CFD among the entire community of code developers, 
code users, and customers (those who use or rely on the results). Much of this is just basic human nature, as I 
know from my own experience. When we see any sort of theory that has a reasonable physical basis and predicts 
the right trends, we have a tendency to forget the limitations and give the theory more credence than it deserves. 
In general, resisting this tendency requires vigilance. In the case of CFD, however, the problem 1s more serious 
than it was for “simpler” theories, and we tend not to be vigilant enough. A major contributor to this problem is 
the digital nature of the CFD “medium.” CFD results are now almost universally viewed using advanced digital 
graphics, and the effects are powerful. These days it is common to see a complicated flowfield, predicted with 
all the right general features, and displayed in glorious detail that looks like the real thing. Results viewed in 
this way take on an air of authority out of proportion to their accuracy. In this regard, modern CFD is a very 
seductive thing. 

With this general overconfidence comes a tendency, usually unintentional, to downplay the limitations of 
CFD's physical fidelity, to show and publish biased samples of results, and thus to oversell the codes' capabil- 
ities. Overconfidence induces us to think that the best comparisons with experimental data are the most repres- 
entative and that the not-so-good comparisons probably reflect problems with things other than the code, such 
as shortcomings in the experiments. Of course experimental data are never perfect, but the CFD is at fault more 
often than its believers would like to think. The user community seems to be almost as prone to this kind of 
subtle self-deception as the developers are. 


This tendency toward overconfidence, combined with the “high-tech” aura surrounding CFD, leads to a kind 
of overuse, in the sense that CFD 1s often used in situations where other options would be more appropriate. 
In many cases where a simpler theory or even a simple desktop experiment would provide an answer with less 
effort, or even a better answer, there is a temptation to use CFD anyway. A similar syndrome is in play in the 
overuse of other expensive tools such as the wind tunnel: the urge to hit a problem with the biggest hammer 
available. The tendency is understandable. If something goes wrong later in the program, you're less likely to 
be criticized if you used the “best” tool available. 

So CFD is far from perfect, its capabilities are often overrated, and it can mislead us if we let it. But it 1s such 
a powerful tool that there is no way that the modern practice of aerodynamics could get along without it. In the 
rest of this chapter, we'll take a broad overview of CFD from a perspective similar to that of the rest of the book; 
that is, we'll focus on the basic physics and conceptual issues that CFD raises. We'll look at how CFD works, its 
strengths and weaknesses, and at some of the things users need to know to be effective. 


10.1 Basic Definitions 


¢ CFD: Using computer codes to generate numerical solutions to equations of motion for fluid flow, for 
purposes of making qualitative or quantitative predictions of flow behavior, or designing aerodynamic 
shapes that produce desired flow characteristics. 

¢ CFD analysis: Computing the flow field produced by a given aerodynamic shape at a given flow condi- 
tion. Outputs typically include flow quantities throughout the field, pressures and shear stresses at bound- 
ing surfaces, and integrated forces and moments on bounding surfaces. 


¢ CFD design or optimization: This is similar to analysis in that the same flow equations are solved, but 
different in that a new (“designed”) surface geometry is one of the outputs. Surface pressures or some 
other objectives, such as drag, are imposed, along with a starting (“seed’’) surface geometry. 

¢ Preprocessing: Generation of geometry definitions for surfaces and in some cases the generation of the 
computational grid. 

¢ Postprocessing: Generation of force and moment data for performance or loads analysis, and solution 
visualization (plots of quantities on surfaces or in the field). 


10.2 The Major Classes of CFD Codes and 
Their Applications 


Practically any fluid-flow model that is amenable to numerical solution can become the basis for a CFD code. 
From the full Navier-Stokes (NS) equations to the simplest lifting-line model, the possibilities run the gamut 
of the theoretical approximations summarized in Chapter 9. In this section, we'll look at the main categories of 
CFD codes and the applications for which they're currently suited. In the future, the range of things that can be 
considered practical will of course expand. 


10.2.1 Navier-Stokes Methods 


10.2.1.1 Direct Numerical Simulation (DNS) 


The full unsteady NS equations are solved without a turbulence model, generally for the purpose of studying 
some aspect of turbulence physics. Even if the mean flow is 2D, a 3D unsteady calculation is required because 
turbulence is always 3D and unsteady, and spatial and temporal resolution must be fine enough to resolve the 
smallest details of the turbulence. This kind of simulation is so computationally demanding that it 1s generally 
limited to incompressible flow, simple flow geometries, and Reynolds numbers much lower than those typical 
of practical applications. 

The typical Direct Numerical Simulation (DNS) calculation is still a major undertaking, and applications 
of DNS have been limited to fundamental physics studies. Turbulent boundary layers, wakes and other shear 
layers, and laminar-to-turbulent transition have been investigated in DNS studies. A DNS solution can provide 
much greater detail in a given flow than it is possible to record in an experiment. For some aspects of turbulence 
structure, especially for quantities like pressure-velocity correlations or vorticity fluctuations that are difficult 
or impossible to measure experimentally, DNS has provided much of our knowledge. As an example, Figure 
10.2.1 shows instantaneous isocontours of turbulence quantities in the wall region of a flat-plate boundary layer, 
calculated by Robinson, Kline, and Spalart (1988). Compare the streaky structure visible here with that of the 
experimental visualization in Figure 2.1f. 


Figure 10.2.1 An example of the kinds of turbulence physics that can be simulated in DNS calculations: in- 
stantaneous contours of constant u’ and u'v’ 1n a flat-plate boundary layer. Calculation by Robinson, Kline, and 
Spalart (1988). (Used with permission from Spalart) 
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10.2.1.2 Large-Eddy Simulation (LES) 


The full unsteady NS equations are solved so as to resolve the larger-scale motions of the turbulence that can 
be resolved by the computational grid, while the effects of sub-grid-scale motions are modeled by a turbu- 
lence model. Sophisticated algorithm technology is required to blend the calculation smoothly and unobtrus- 
ively between the resolved scales and the modeled effects (see Sagaut and Germano, 2002). Large-Eddy Simu- 
lation (LES) can handle much more complicated geometries and higher Reynolds numbers than DNS, and it is 
therefore used for some practical applications in addition to fundamental physics studies. Still, practical applic- 
ations are extremely demanding computationally, and LES is used only sparingly. An example of instantaneous 
quantities from a DNS solution was seen in the isovorticity surfaces in the wake of a circular cylinder in Figure 
ok: 


10.2.1.3 Detached-Eddy Simulation (DES) 


This is similar to LES, except that the large-scale motions that are resolved by the solution are limited to separ- 
ated parts of the flow, and turbulence modeling is applied for everything else. The algorithm issues are discussed 
in Spalart (2009). Results of a Detached-Eddy Simulation (DES) calculation for the flow around a circular cyl- 
inder were shown in Figure 5.3.3. For practical applications, DES is much more economical than LES, but it is 
still very demanding computationally. DES is sparingly used in studies of noise generated by separated flow. 


10.2.1.4 Unsteady Reynolds-Averaged Navier-Stokes (URANS) 


The full unsteady NS equations are solved with a turbulence model with the intention of resolving unsteadiness 
only on length and time scales much longer that those associated with “turbulence.” The grids and time steps 


can therefore be much coarser than for either LES or DES, and the calculations are thus much less expensive. 
However, Unsteady Reynolds-Averaged Navier-Stokes (URANS) is still expensive enough that applications are 
much less common than those of RANS. URANS has obvious applicability in cases where flow unsteadiness 
is forced by changes 1n the onset flow or by unsteady motion of the body. It can also simulate some kinds of 
spontaneous unsteadiness that arise from within a flow with steady boundary conditions, as, for example, buf- 
feting associated with unsteady movement of separation, but this capability is limited. The damping imposed 
on such motions by the turbulence model is not generally realistic, with the result that the motions are not often 
realistically predicted. 


10.2.1.5 Reynolds-Averaged Navier-Stokes 


The full RANS equations with a turbulence model are solved with the intention of predicting a steady mean 
flow. The unsteady equations are usually used, and the solution is advanced in time from some initial state until 
a steady state is reached. Because only the final steady solution is of interest, not the time history, the solution 1s 
advanced in a nonphysical pseudo-time in which the time step varies form point to point in the domain, taking 
advantage of the fact that numerical stability allows longer time steps in some places than in others. Pseudo- 
time-stepping is generally combined with other convergence-acceleration schemes (see various articles in VKI, 
1995). This allows a steady solution to be reached much faster than it could be if time-accurate URANS were 
used. 

By their nature, RANS codes seek steady solutions to the equations. But what happens if the real flow under 
the conditions in question is unsteady on length and time scales longer than those of ordinary boundary-layer 
turbulence? That depends on the details of the particular solution algorithm. But before we look at what the 
codes actually do, let's speculate briefly about what we'd like them to do. 

Ideally we might think we'd like a code to predict the onset of real unsteadiness by failing to reach a steady 
solution. Even as an ideal, however, this is problematic: At what level of unsteadiness would we like the code to 
fail? Besides, practically speaking, we'd really like the code to continue giving usable results in situations where 
the real flow has significant unsteadiness, as, for example, at maximum lift of an airfoil or wing. How accurate 
or useful the results would be under such conditions would have to be evaluated (This kind of evaluation is part 
of what 1s referred to as “CFD validation,” which we'll discuss further in Section 10.5), but having a code “quit” 
early 1s a practical nuisance. 

Of course what we'd like the codes to do and what they actually do are two different things. The behavior of 
RANS codes in situations where the real flow is unsteady varies widely depending on the details of the solution 
algorithm and on the particular flow situation. It ranges from failing near the onset of real unsteadiness to plow- 
ing onward and getting steady solutions well past the onset. The Boeing GGNS code, for example, produces 
steady solutions for 2D airfoils at 90° angle of attack (see Allmaras et al., 2009). What such solutions mean, 
physically speaking, is an interesting question. 

A common assumption or option in many RANS codes is to solve Thin-Layer Navier-Stokes equations in 
which the viscous and turbulent diffusion terms have been omitted for one or two of the coordinate directions, 
as described in Table 9.1.2. This is akin to a boundary-layer-theory assumption in that diffusion is neglected in 
one or two directions parallel to viscous shear layers, but it is unlike first-order boundary-layer theory in that 
the pressure variation perpendicular to shear layers is still accounted for. In principle, the thin-layer assumption 
entails some loss of fidelity, but it can be offset by an improvement in numerical accuracy. Grids used 1n 3D cal- 
culations are often not fine enough to resolve the viscous terms in directions parallel to solid surfaces, with the 
result that when the full NS equations are solved, numerical dissipation produces exaggerated surface-parallel 
diffusion, leading to nonphysical effects. For example, some participants in a NASA drag-prediction workshop 


(see Mani et al., 2010) observed that a 3D separation in a wing-body junction was unrealistically large in their 
full NS solutions but not in their thin-layer solutions. 

RANS codes account for an overwhelming portion of all NS calculations in practical applications. The most 
natural applications are in analysis, in which the body geometry and onset flow conditions are given as inputs, 
and the flowfield quantities are outputs. RANS 1s also used in inverse design, where the objective is to determ- 
ine the body shape that produces a particular pressure distribution, and in optimization, in which there can be 
several kinds and combinations of objectives. But design and optimization are not the natural forte of RANS 
codes in their current form. 

There is currently no direct way to solve the inverse design problem in RANS. One way of attacking inverse 
design is by the ad hoc CDISC scheme, in which the body shape is updated based on a formula that uses sur- 
face curvature and the mismatch between the current pressure solution and the target (see Campbell and Smith, 
1987). It works after a fashion, but it is cumbersome. The other approach is called “modal” inverse design, 
which uses a number of shape-change modes whose amplitudes are to be determined, as we discussed in Section 
7.4.10 in connection with 2D airfoil design. Doing modal inverse design with a RANS code requires using an 
external optimizer to determine the modal amplitudes so as to minimize some measure of the deviation between 
the actual pressure distribution and the target. 

Doing other kinds of optimization (e.g., minimizing drag) using RANS codes 1s currently very expensive and 
time consuming. In the usual approach, an external optimizer is used to guide the optimization, and the RANS 
code is run many times to evaluate design candidates, thus providing function evaluations, usually a large num- 
ber of them in the course of a typical optimization. External optimizers can be of either the global type, which 
can in principle find a global optimum, or the gradient-based type, which can find only a local optimum but 
can home in on it very precisely. Sometimes both types are used in sequence, a global optimizer to identify the 
neighborhood of the global optimum, followed by a gradient-based optimizer to home in closely on the optim- 
um. LeDoux et al. (2004) describe a system that can use both types. 

Gradient-based optimizers of course require derivative information, that is, rates of change of the objective 
with respect to the design variables (shape-change modes, for example). If the RANS code is used only to 
provide function evaluations, these derivatives must be calculated by finite differences between flow solutions, 
and each derivative thus requires an additional flow solution. When finite-difference derivatives are used, ap- 
plications are typically limited to small numbers of design variables and single-point optimization (optimization 
at a single flow condition). An alternative approach for obtaining derivative information is to use a suitably 
modified version of a CFD code to solve an adjoint problem (see Elliot and Peraire, 1996). A single adjoint 
solution can provide derivatives for any number of design variables simultaneously, thus greatly reducing the 
number of flow solutions required. 

Most practical aerodynamic optimization problems really require multipoint optimization, 1n which the ob- 
jective function takes into account more than one operating condition (more than one lift coefficient or Mach 
number, for example). This is currently prohibitively expensive and time consuming to do in RANS with finite- 
difference derivatives, and 1s still quite expensive even if adjoint derivatives are used because a separate ad- 
joint solution is required for each operating condition. Most multipoint aerodynamic optimization is currently 
done with coupled viscous/inviscid codes (Section 10.2.2), which incur much lower expense and flow time than 
RANS. 


10.2.2 Coupled Viscous/Inviscid Methods 


Coupled viscous/inviscid codes take advantage of the basic inner/outer structure of many high-Reynolds flows 
that we discussed in Section 3.6 and in the introduction to Chapter 4. The boundary-layer equations are used in 


the inner region, inviscid equations in the outer region, and the two solutions are matched through the displace- 
ment thickness or surface transpiration, as discussed in Section 4.2.3. Such methods are nearly always limited 
to steady flows and have been implemented in both 2D and 3D. 

The main advantage of such methods is that they require roughly an order of magnitude less computing than 
RANS. They are thus more practical than RANS for multipoint aerodynamic optimization or modal inverse 
design. A further advantage of viscous/inviscid coupling 1s that the inviscid portion of the method can represent 
small changes in surface shape by transpiration from the surface instead of through the modification of the grid 
that is required in RANS methods. TRANAIR (Melvin et a/., 1999) uses this approach to reduce the number of 
times the grid must be modified and thus to speed up modal design and optimization in 3D. The 2D airfoil codes 
XFOIL and MSES (Drela, 1989, 1993) do not use transpiration, but they do provide the option of solving the 
inverse-design problem directly, that 1s, defining the new surface shape grid point-by-grid point and not relying 
on shape-change modes. 

For flows that are attached all the way to the rear of a body or have only shallow separated regions, the 
physical fidelity of coupled viscous/inviscid codes is comparable to that of RANS. Coupled viscous/inviscid 
codes typically fail to converge for flows with massive separation, but RANS also has problems in such flows. 
Because of the limitations of the boundary-layer equations, coupled viscous/inviscid codes miss viscous-flow 
details such as junction flows (e.g., necklace-vortex separation). 

The inviscid component of a coupled code can be any method that models the body geometry with sufficient 
fidelity and produces a sufficiently realistic and smooth prediction of the pressure or velocity distribution on the 
surface (an Euler, full-potential, or panel method, as discussed in Section 10.2.3). The boundary-layer compon- 
ent can be either an integral method or a field (differential) method. In earlier codes, coupling was often just 
sequential iteration back and forth between an inviscid module and a boundary-layer module, usually with some 
under-relaxation of the displacement thickness or surface transpiration to reduce oscillations. Convergence was 
not very robust, and flows with separation were typically off limits. More-recent codes solve the inviscid and 
boundary-layer equations in more simultaneous ways and use convergence-acceleration schemes such as New- 
ton's method (see Drela and Giles, 1986). These newer methods can often converge for flows with some separ- 
ation. 

Coupled viscous/inviscid codes are available for a variety of 2D and 3D applications. For low-speed airfoils 
XFOIL (Drela, 1989) is probably the most versatile in that it handles laminar separation bubbles with reason- 
able accuracy. For single-element and multielement airfoils and transonic flow, MSES (Drela, 1993) offers a 
full range of analysis, design, and multipoint optimization options. For 3D subsonic, transonic, and superson- 
ic flow (potential-flow plus integral boundary layer), TRANAIR (Melvin et a/., 1999) handles analysis and a 
broad range of design and optimization applications. 


10.2.3 Inviscid Methods 


Codes for inviscid flows cover a wide range in physical fidelity from the full Euler equations to incompressible 
potential flow with small perturbations. At any of these levels, the flow can be steady or unsteady, though codes 
for steady flow are by far the most common. Inviscid methods by themselves generally apply only to flows 
for which neglecting viscous effects is justified, and many entail further restrictions, as we'll see next. Inviscid 
codes encompass field methods for the nonlinear full-potential or Euler equations, and panel methods for linear 
potential flow. 


10.2.3.1 Euler Methods 


The Euler equations are just the NS equations with the viscous and heat-conduction terms omitted. The equa- 
tions apply to flows at any Mach number, as long as the equation of state that is used remains valid, and viscous 
and heat-conduction effects are negligible. 


Discontinuities (shocks and slip surfaces) can appear in solutions to the Euler equations. In numerical solu- 
tions, these are generally “captured” by the numerical method and are therefore “smeared” over distances of at 
least several grid cells. Shocks numerically captured in this way tend to approximate the “real” discontinuous 
ones that would occur in exact solutions to the equations. Smeared slip surfaces tend to emanate from sharp 
edges, where the artificial dissipation associated with the numerical method causes the flow to separate much 
like a viscous flow would. In effect, artificial dissipation enforces something like the Kutta condition that we 
discussed in connection with the potential flow around airfoils in Section 7.1. The smeared slip surface that 
emanates from a sharp edge is thus similar to a real physical shear layer, except that its diffusion (smearing) 1s 
artificial and not realistically predicted. We'll consider these issues further in Section 10.4.3. 

The Euler equations are applicable to flows with or without vorticity, but given the lack of viscosity, there 
are only limited ways that vorticity can arise. It must either be fed into the domain through the inflow boundary 
conditions, be generated by passage of the flow through a shock of nonuniform strength, or result from “separ- 
ation” from a sharp edge. The equations themselves have no mechanism for vorticity to diffuse, only for it to be 
convected with the flow, but in numerical solutions there will be some diffusion due to artificial dissipation. 


A major advantage of Euler over RANS 1s that Euler doesn't need to resolve boundary layers and therefore 
doesn't require the dense grids that RANS requires in such regions. Grid generation is therefore easier, and 
computing times are much shorter. However, Euler methods by themselves have limited applications. Transonic 
airfoil and wing flows, for example, are quite sensitive to the displacement effect of the boundary layer, and ac- 
curate simulation requires RANS or coupled viscous/inviscid methods. In Figure 7.4.29, we saw an example of 
the large effects viscosity can have on the pressure distribution and shock location on a transonic airfoil. On the 
other hand, in some supersonic flows the boundary layer remains much thinner than in typical transonic flows, 
and thus supersonic flows can be reasonable applications for Euler methods. Some flows involving separation 
from sharp edges, such as the leading-edge-vortex flow over a delta wing, can also be appropriate applications 
for Euler, though assuring adequate grid resolution of the separated shear layer is not always easy. 


10.2.3.2 Nonlinear Potential (Full-Potential) Methods 


In the full-potential equation, the velocity is represented as the gradient of a potential, as it is in incompressible 
potential flow, but the “full equation is nonlinear because it effectively incorporates the “exact” 1D is entropic 
relation (Equation 3.11.3) for the density as a function of the local Mach number (see Garabedian and Korn, 
1971). Solutions therefore cannot be constructed by superposition as in the panel methods, and a field grid is 
required. 

Slip surfaces cannot be “captured” as they are in Euler solutions, so that to model the vortex wake of a 3D 
wing in full-potential, there must be a grid surface behind the wing, on which a wake boundary condition 1s ap- 
plied. We'll discuss what this means in terms of the numerics and physical modeling in Sections 10.3 and 10.4. 
Shocks can be captured in full-potential as they are in Euler. The pressure jump across a shock is reasonably 
predicted, as long as the shock is not too strong, but the shock drag imposed on the body surface is erroneous, 
and shock drag must be determined by means of the Oswatitsch formula applied in the field. We'll discuss this 
issue in some detail in Section 10.4.1. 

Full-potential methods are applicable to subsonic, transonic, and supersonic flows up to low supersonic Mach 
numbers. Strong shocks are not accurately represented, but the weak shocks typical of many transonic and su- 


personic cruise applications are adequately predicted. Like Euler methods, full-potential methods by themselves 
have only limited applications. In many of the applications where we might like to use such methods, we really 
should include viscous effects, either through a coupled viscous/inviscid code or RANS. 


10.2.3.3 Linear Potential (Panel) Methods 


Panel methods solve either the incompressible potential-flow equation (Laplace's equation 3.10.2) or one of the 
versions applicable to compressible flow with small disturbances (see Liepmann and Roshko, 1957, Section 
10.2). Because the potential equation 1s linear, solutions can be constructed by superposition. In panel methods, 
the basic solutions that are superimposed are those for flows around elementary singularities that are generally 
distributed on panels placed on the contours of the body and on other surfaces where the flow simulation re- 
quires a discontinuity in the inviscid flowfield. The singularities automatically satisfy the potential equation, so 
the equation itself isn't explicitly used. Instead, a surface integral equation that represents the boundary condi- 
tions is solved for the strengths of the singularities. No field grid is required. This is an example of a general 
class of methods referred to as boundary integral methods. 

Unlike Euler and full-potential, panel methods do not allow shocks. Slip surfaces are allowed and can be 
used to model shear layers such as boundaries of propeller slipstreams or vortex wakes of lifting surfaces in 3D. 
Propeller discs can also be modeled in an average sense (averaged over the disc, ignoring the discrete propeller 
blades) by surfaces of discontinuity that produce the appropriate velocity jumps. When surfaces of discontinuity 
divide the flow domain into regions with different total-pressure, as in the case of a propeller disc and slipstream 
boundary, special care is needed to ensure that the formulation is consistent. All such surfaces of discontinuity 
must be paneled, so that the velocity jumps across them can be “produced” by the appropriate singularities. 

Of course a “real” slip surface is a stream surface across which there is no flow, and to model one with a 
paneled surface ideally requires solving for the location and shape of the paneled surface along with the distri- 
bution of singularity strength, which is a nonlinear problem. Some 3D panel codes have the option to determine 
the shapes of slip surfaces by iteration in a process called “wake relaxation,” but the process rarely converges 
and must usually be truncated after a few iterations. One reason for this 1s that vortex wakes tend to roll up at 
their edges, and when they are modeled as thin sheets they form such tight coils that no reasonable paneling can 
resolve them. 

Given the difficulty of iterating for real wake shapes, most panel calculations are done with fixed wakes that 
are fixed in space and must therefore generally allow flow through them. What this means to the physical mod- 
eling 1s discussed in Section 10.4.3. 

Historically, panel methods provided the first practical CFD capabilities for complex 3D configurations, and 
they are still useful for some applications, such as providing rough estimates of the effectiveness of high-lift 
systems. But linear compressibility has a very limited range of applicability, and, as with Euler and full-poten- 
tial, panel methods without viscous coupling have limited applications. 


10.2.3.4 Lifting-Surface Methods 


Lifting-surface methods are essentially 3D panel methods that model only the camber lines of lifting surfaces, 
not the thickness. Vortex wakes must of course be paneled, just as in general panel methods. 

Relative to general panel methods, physical fidelity and range of applicability are reduced. In return, lifting- 
surface methods provide ease of geometry definition, and short computing times. Versatility is also a strong suit, 
as many lifting-surface codes have options for inverse design (designing the camber shape to produce a given 
load distribution) and optimization, in addition to analysis. Because they don't model the thickness of lifting 


surfaces, and therefore predict only load distributions, not realistic surface-pressure distributions, lifting-surface 
methods are not suitable for viscous/inviscid coupling. 


10.2.4 Standalone Boundary-Layer Codes 


In the early days of boundary-layer CFD in the 1960s and early 1970s, most boundary-layer calculations were 
done in a “one-shot” mode. The outer-flow boundary conditions for the boundary layer were taken from a single 
inviscid calculation (usually potential) or from pressures measured in an experiment, and the boundary-layer 
code was run once, without coupling to account for the effect of the boundary layer on the outer flow. A stan- 
dalone boundary-layer code was then a multipurpose tool that could take inputs from a variety of sources. 

Now, most viscous-flow CFD is done with coupled viscous/inviscid coupling codes or with RANS, and there 
are fewer applications for standalone boundary-layer calculations. One of the few remaining applications 1s 
to provide the mean-velocity field (boundary-layer velocity profiles) for laminar-flow stability calculations, as 
done, for example, by the eMalik code (Malik, 1992). 


10.3 Basic Characteristics of Numerical 
Solution Schemes 


There are many different kinds of numerical methods in use in CFD codes. In this section, we'll look at some of 
their basic characteristics, concentrating more on the operational and practical issues than the mathematical. 


10.3.1 Discretization 


The flow problems we wish to solve with CFD methods are continuous problems in that they involve flow 
quantities and boundary conditions that are at least piecewise continuous. To attack such problems numerically 
requires discretizing the spatial domain in some way such that solution quantities need to be determined at only 
a finite number of locations. Here, we'll look very briefly at some of the ways that a continuous flow problem 
can be converted into a discrete problem that can be solved numerically. The objective in such methods is gen- 
erally to define the discrete problem such that its solution spatially converges to a solution of the continuous 
problem as the discretization is refined. We'll discuss such convergence further in Section 10.3.3. 

In panel methods for linear potential equations (Section 10.2.3), a grid of panels 1s defined on all body sur- 
faces exposed to the flow and on other surfaces where the flow field is required to be discontinuous, such as 
vortex wakes. Solution quantities defined on these panels are parameters defining the distribution of singularity 
strength to be solved for. The number of parameters per panel depends on the order of the mathematical repres- 
entation of the singularity distribution. When there is more than one parameter per panel, continuity conditions 
between panels constrain the parameters so that there is only one independent parameter to be determined per 
panel. 

The boundary conditions in a panel method are evaluated and imposed at a single control point on each panel. 
For a non-through-flow condition on a solid surface, for example, the component of velocity in the direction of 
the panel normal vector is evaluated at the control point. The boundary value that is to be constrained on each 
panel is influenced by the singularity parameters on all the panels through a matrix of influence coefficients. 


Imposing the boundary conditions on all the panels results in a set of linear algebraic equations to be solved for 
the unknown independent singularity parameters. In principle, no iteration is required because the problem is 
linear, but for large numbers of unknowns, an iterative method of solving the system is often the fastest. Once 
the values of the singularity parameters are known, other influence coefficients are used to calculate flow out- 
puts such as velocity vectors and pressures at the control points. Calculating flow quantities at points other than 
the control points requires calculating influence coefficients for each point where the solution is to be evaluated. 

In methods for any of the nonlinear field equations (NS, Euler, full-potential, or boundary-layer), the spatial 
domain must be filled with a grid consisting either of points or of cells and their bounding surfaces. In cell-based 
schemes, the flow variables can be defined and stored at either the cell centers or the vertices. The equations 
can be used in differential form (finite-difference methods) or control-volume form (finite-volume methods), 
and within each of these categories there are a variety of ways the equations can be discretized. Different meth- 
ods represent flow quantities to different orders and converge to the exact solution at different rates with grid 
refinement. We'll discuss grids and spatial convergence further in Sections 10.3.2 and 10.3.3. 


10.3.2 Spatial Field Grids 


A spatial field grid for solving nonlinear equations typically consists of a space-filling volume grid, and a grid 
surface that lies on the surface of the body, the surface grid. 

Grids can be either structured or unstructured. The simplest kind of structured grid is one that can be morph- 
ed into a rectangular mesh with ordered rows, columns, and planes (in 3D) of points or cells. Such a grid can be 
thought of as defining a curvilinear coordinate system in which locations are defined by their coordinates a in 
grid parameter space. Figure 10.3.la shows a 2D example, a grid wrapped around an airfoil in an arrangement 
called a C-grid, with grid parameters denoted by s and t. An unstructured grid usually consists of triangular or 
tetrahedral cells not arranged in ordered rows, as shown in Figure 10.3.1b for a 2D airfoil. An unstructured grid 
doesn't have a multidimensional grid parameter space. 


Figure 10.3.1 Examples of structured and unstructured grids for a 2D airfoil. (a) A single block of structured 


grid wrapped around the airfoil in an arrangement called a C-grid. (b) An unstructured grid of triangular ele- 
ments around the same airfoil. 
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A grid can consist of a single block, as in Figure 10.3.1, or an arrangement of multiple blocks. The blocks of 
a multiblock grid can cover the spatial domain in a non-overlapping fashion, in which each point in the domain 
is included in only one grid block, and adjacent blocks abut each other precisely, as in Figure 10.3.2a. An altern- 
ative is that grid blocks can overlap, as in Figure 10.3.2b. In the case of abutting grid blocks, special conditions 
must be applied across block boundaries to ensure proper continuity of the flow solution. In overlapping grids, 
continuity of the solution 1s enforced by interpolation algorithms that can be quite complicated to implement. 


Figure 10.3.2 Examples of multiblock grids. (a) Non-overlapping. This is an extreme blowup of a 2D grid 
around the blunt trailing edge of an airfoil, where a separate grid block has been used to resolve the region be- 
hind the trailing edge. (Plot by N. J. Yu.) (b) Overlapping. This view shows two grid surfaces extending down- 
ward from the surface of a wing in a 3D volume grid. The one with the straight upper edge is part of the gener- 
al grid around just the wing and abuts the wing lower surface, and the one with the curved boundary is part of 
a collar grid to resolve a small fairing protruding from the wing surface. (Plot by E. R. Setiawan.) 
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Structured grids can be morphed around body contours in many different ways, which raises interesting 1s- 
sues of grid topology. A sharp corner or crease in the body contour 1s called a lost corner if part of a single grid 
block wraps around it as in Figure 10.3.3a. Solution accuracy tends to suffer in the neighborhood of a lost corner 
because of the high distortion of the grid. A physical corner is more naturally represented if the grid parameter 
space also has a corner, so that the surfaces on opposite sides of the corner represent different directions in para- 
meter space. For a concave corner 1n the computational domain, this can be done with the corner of a single grid 
block, as in Figure 10.3.3b. A convex corner must generally be represented by a corner between grid blocks, as 


in Figure 10.3.3. 


Figure 10.3.3 Grid topology at a sharp corner of a boundary. (a) A lost corner where part of a single grid block 
wraps around. (b) A corner of a single grid block fitted to a concave corner. (c) A corner between grid blocks 
fitted to a convex corner. 





(b) (c) 


Even with the flexibility afforded by multiple grid blocks, it is not always easy to avoid lost corners, and they 
are tolerated in many multiblock grids. For example, the H-grid topology is often used on wings and airfoils, 
with lost corners at the leading and trailing edges, as in Figure 10.3.4. For complex configurations, especially in 
3D, overlapping grids and unstructured grids offer great flexibility and are seeing increasing use. 


Figure 10.3.4 An H-grid for an airfoil, with a 90° lost corner at the leading edge and a subtle lost corner at the 
trailing edge 
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When a viscous boundary layer is part of the flow solution, the grid must be able to adequately resolve the 
details of the boundary-layer velocity profile. For a turbulent boundary layer, this requires resolving the viscous 
sublayer. In practice, codes often provide an assessment of how well this requirement was satisfied after the 
calculation is completed, by displaying the thickness of the first grid interval off the wall in turbulent-boundary- 
layer wall units (units of y" as defined by Equation 4.4.4). A good value for this thickness is in the neighbor- 
hood of one or two. This of course means having a normal-direction grid spacing at the wall that is very small 
compared to the boundary-layer thickness, which has two serious consequences, if unreasonably large numbers 
of grid points are to be avoided: 

1. The spacing along the surface must be much larger than the near-wall normal-direction spacing, mak- 
ing for grid cells with very high aspect ratios, which can degrade accuracy or cause numerical instability. 


2. The normal-direction spacing must stretch away from the surface, quickly increasing the spacing out- 
side the viscous sublayer. Strong stretching also degrades accuracy. 


An appreciation for the typical velocity gradient that must be resolved at the bottom of a turbulent boundary 
layer can be gotten from the velocity profiles plotted in Figure 4.4.5. And the situation becomes increasingly 
difficult as Reynolds number increases. A typical grid for resolving a turbulent boundary layer is illustrated in 


Figure 10.3.5. 


Figure 10.3.5 Typical grid for resolving a turbulent boundary layer, including the viscous sublayer. This is a 
crop of a small portion of the airfoil C-grid in Figure. 10.3.1la 
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Recall that in panel methods for potential flow the paneled geometry has to include known shear layers such 
as the vortex wakes of wings and the boundaries of propeller slipstreams. The same requirement applies to 
methods for the nonlinear full-potential equation: the “surface grid” must include surfaces in the field where any 
discontinuity, such as a vortex wake, is to appear, and the flow solver must be set up to apply the appropriate 
boundary condition there. 


10.3.3 Grid Resolution and Grid Convergence 


Recall from Section 10.3.1 that our objective is to have the solution to the discrete problem spatially converge 
to a solution of the continuous problem as the discretization is refined. The discrepancy between a discrete solu- 
tion and a continuous solution is called the spatial truncation error, and it should decrease as the grid 1s refined. 
In the limit of small grid spacing, the truncation error in principle should vanish in proportion to the grid spacing 
to some power called the order of convergence, which can generally be deduced by an analysis of the formu- 
las used in discretizing the equations. I said “in principle” because in practice a given computer carries only so 
many digits in its arithmetic calculations, and before spatial truncation error reaches zero, numerical round-off 
error Will begin to increase. 

In practice, we don't generally know the continuous solution (if we did, we wouldn't need to be carrying out 
the discrete calculation), and we therefore don't know the actual spatial truncation error. But we can estimate it, 
based on the grid spacing and the gradients in the discrete solution. Then there are various ways of averaging 
the estimated error to define different kinds of error norms. A rapidly developing technology called adaptive 
gridding uses such information to automatically and selectively refine the grid and to achieve a minimum level 
of error for a given number of grid points. 


Whether or not adaptive gridding is used, there are practical limits to the grid resolution that can be used, 
imposed sometimes by the amount of computer memory available, but more often by the amount of computing 
time one is willing or can afford to spend on the solution. In practice, the degree of spatial convergence that is 
achieved by the finest grid the user decides to use varies greatly, depending on the details of the flow solution 
and on the user's skill in setting the problem up, particularly with regard to gridding. 

Following the better known gridding rules doesn't always guarantee a level of accuracy the user would like 
to see. For example, meeting the requirement for a small value of y" at the first grid point off the wall doesn't 
guarantee that the grid is adequate to resolve the whole boundary layer. In many grids, the stretching factor 
away from the wall is so severe that the grid becomes too coarse to resolve the outer part of the boundary layer 
accurately. Providing grid to adequately resolve wakes and other shear layers off of the body is difficult when 
their locations are not known a priori. The same thing applies to the resolution of shocks. Viscous effects that 
involve flow gradients in directions other than surface-normal can also be a source of difficulty, as grid spacings 
in these other directions are often chosen with only inviscid effects in mind, something we'll touch on again in 
Section 10.4.2. These are all areas in which robust adaptive gridding could be very helpful. 


10.3.4 Solving the Equations, and Iterative Convergence 


Solving the equations in a CFD code involves different processes depending on the equations and the particular 
solution scheme: 
1. Panel methods for potential flow involve the solution of a set of linear algebraic equations, which in 
principle requires no iteration, only the inversion of a matrix. 


2. In unsteady flow problems, the solution must be marched forward in time from a known initial condi- 
tion. At each new time step, the solution at each point in the grid is calculated based on values on a small 
stencil of surrounding points at one or more previous time steps. 


3. Nonlinear steady-flow problems are generally solved by time marching, line relaxation, or global re- 
laxation with Newton's method. All of these involve repetition, often generically referred to as iteration. 
Time-marching schemes use the unsteady equations and march the solution forward in time until it settles 
to a steady state. Line-relaxation methods typically start from an initial guess and then repeatedly sweep 
through the grid line-by-line, improving the solution iteration-by-iteration until it satisfies the discrete 
equations to within some tolerance. Global relaxation schemes use Newton's method to update the solu- 
tion for the entire grid at once, a step that generally requires inverting a matrix. 


4. Viscous/inviscid coupling methods in the early days iterated back and forth between the inviscid and 
viscous flow analyses. In newer methods, the coupling is done simultaneously with the iteration for the 
nonlinear flow solution, and Newton's method 1s often used to update the solution at each iteration. 


Time-marching methods use numerical schemes that are either explicit or implicit. In explicit schemes, the 
solution at each new time step is explicitly calculated point-by-point in the spatial grid, with the spatial deriv- 
atives in the equations calculated from values at neighboring points that are already known from previous time 
steps. In implicit schemes, the spatial derivatives are represented in terms of values at the new time step. Thus 
in an implicit method, the new solution at each point depends on a set of implicit relations that must be solved 
simultaneously, either by matrix inversion or iteration. Explicit methods require less computation per time step 
than implicit methods but have the disadvantage that numerical stability imposes limits on the size of the time 
step that can be taken. For implicit methods, on the other hand, there is no stability limit on the time step. 

The maximum allowable time step for an explicit method depends on local conditions in the grid and gen- 
erally varies from point to point. For overall stability in an explicit time-accurate unsteady-flow calculation, 
the time step used globally must not exceed the shortest of the local maximum time steps. When only a final 


steady-flow solution is sought, the solution need not be time-accurate, and nonphysical pseudo-time marching 
is often used, in which the time step varies from point to point according the local stability criterion, rather than 
the global one. The time history in such a calculation is not realistic, but the same final steady state 1s reached, 
generally in far fewer time steps than a time-accurate calculation (a calculation with constant global time steps) 
would have required. 

Settling down to a final steady-state solution, whether by time marching, pseudo-time marching, or relaxa- 
tion, is called convergence. Of course, the changes in solution quantities from one iteration to the next decrease 
as convergence 1s approached, but small changes are not a reliable indicator of convergence. The real meas- 
ure of convergence is how well the discrete equations for the steady problem are satisfied. Take any one of the 
steady discrete equations and arrange it with all the terms on one side. You now have an expression whose value 
should be zero for a solution to the steady problem. At any given point in the grid, at any given iteration of the 
solution procedure, the discrepancy from zero is called the residual. The goal of the iterative solution process 1s 
to drive the residuals to zero for all of the equations for every point in the grid. 

How well real CFD codes meet this goal in practice varies widely. Convergence 1s typically assessed accord- 
ing to the maximum residual or an average, usually rms. Many of the earlier RANS codes can reduce the av- 
erage residual only 3 or 4 orders of magnitude, at which point they “stagnate.” (The residual stops decreasing.) 
The better new codes can drive the residual to machine zero. Remember, however, that no matter how low the 
residual is, the residual measures only how well the discrete equations are satisfied. A low residual says noth- 
ing about how well the discrete solution approximates the continuous solution (1.e., a low residual says nothing 
about the spatial truncation error). 


10.4 Physical Modeling in CFD 


How well a CFD code models the physics of a particular flow depends on the applicability of the equations 
and boundary conditions to the flow in question. In this section, we'll address some of these physical modeling 
issues. 


10.4.1 Compressibility and Shocks 


As we pointed out in Section 3.11, there are small-disturbance regimes, both subsonic and supersonic, but not 
transonic, in which the effects of compressibility can be linearized. However, this kind of treatment of com- 
pressibility has very limited ranges of applicability and is no longer used much. Predicting real compressibility 
effects in most applications requires nonlinear equations: NS, Euler, or full-potential. 

In transonic and supersonic flows, shocks nearly always appear. In principle, a solution to the NS equations 
predicts the correct jump conditions across a shock and nearly the correct shock thickness, but the detailed dis- 
tributions across the shock are not accurate because the simple representation of the viscosity in the NS formu- 
lation is inadequate, as we saw in Section 3.1. In practice, this is never an issue because grids are never fine 
enough to produce spatially converged solutions through shocks. With practical grid densities, there is always 
numerical dissipation such that a shock is smeared over at least several grid intervals and is therefore orders of 
magnitude thicker than a real shock. Fortunately, the jump conditions across the shock can still be accurately 
predicted because they are independent of the details of the dissipative process, whether real or numerical. Of 
course the jump conditions lose accuracy if the degree of artificial shock smearing is such that the smearing 
encroaches significantly on flow gradients upstream or downstream. 


Shocks can also be approximated in numerical solutions to inviscid equations, either by shock fitting or shock 
capturing. Shock fitting explicitly addresses the mathematical problem of representing shocks as discontinuities 
in solutions to multidimensional inviscid equations: The geometry of the surface of discontinuity is explicitly 
determined as part of the solution process, and the appropriate jump conditions are explicitly imposed. Shock 
capturing avoids the problem of having to explicitly define the shock surface. Given the right kind of numer- 
ical dissipation, a smeared approximation to the shock forms naturally within the numerical grid. Although the 
smeared structure is nonphysical, the conservation properties embodied in the equations result in the correct 
jump conditions across the shock without requiring explicit imposition of jump conditions. As with a shock in 
an NS solution, the jump conditions lose accuracy if the degree of shock smearing is such that the shock en- 
croaches significantly on flow gradients upstream or downstream. Shock capturing is by far the more common 
of the two strategies because it is much simpler to implement, especially in 3D. 

When a shock appears in an Euler solution, artificial dissipation produces the same loss of total-pressure 
as would occur in a real shock or a numerically smeared NS shock. In the full-potential equations, the flow 
is assumed irrotational, and the vorticity and loss of total pressure that appear downstream of a real shock are 
not allowed. As a result, when a shock is modeled as a discontinuity or captured in the grid in a potential-flow 
solution, it is not possible to enforce all of the conservation laws across the shock. Either conservation of mass 
or conservation of momentum, or a combination of the two, must be waived. Most full-potential methods use 
differencing schemes that capture shocks automatically in such a way that mass is conserved, and conservation 
of momentum is waived. Such differencing schemes are referred to as conservative. The spurious momentum 
produced at a shock in a conservative scheme is mirrored in a nonzero contribution to the pressure drag on the 
body. In the weak-shock limit, this pressure drag is equal to the “real”? shock drag that would have occurred in 
a solution to the Euler equations, but as shock strength increases, it becomes seriously in error. A formula that 
quantifies this error was derived by Steger and Baldwin (1971). 

The error is significant for anything but the very weakest of shocks. Thus a reasonable prediction of shock 
drag in a potential-flow method requires an approach other than surface-pressure integration. The only real 
choice is to identify streamtubes that pass through the shock in the flowfield, apply either the Oswatitsch for- 
mula (Equation 6.1.11) or Tognaccini's (2003) higher order formula to each one, and to integrate (sum) the res- 
ults. This is not a simple thing to do, and algorithms that can do it robustly can be quite complicated. It requires 
accurately determining the location and the upstream flow condition in each streamtube where the flow enters 
the shock, even though the shock is smeared in the streamwise direction over several grid cells. And the up- 
stream Mach number that is required is the shock-perpendicular Mach number, which means that the direction 
of the shock normal must be accurately determined. The shock location on adjacent streamtubes often doesn't 
define a smooth enough “shock surface” to support an accurate determination of the normal direction. Instead, 
the shock normal direction is usually assumed to coincide with the direction of the pressure-gradient vector, 
which is usually well-behaved. 


Heat-transfer effects can be modeled in solutions to the NS equations or the boundary-layer equations, 
provided the appropriate temperature or heat-flux boundary conditions are specified, and the turbulence model 
is extended to calculate the turbulent heat transport. 


10.4.2 Viscous Effects and Turbulence 


As I claimed in Chapter 2 and we discussed further in Section 3.1, the continuum formulation embodied in the 
“full” NS equations represents molecular viscous stresses and heat fluxes in a way that is nearly exact, for nearly 
any practical purpose. Most practical applications in aerodynamics, however, involve turbulent flow, for which 
we must resort to RANS equations with turbulence modeling, as we saw in Section 3.7. This entails a substan- 


tial loss in physical fidelity, and for swept wings (Section 8.6.2) and many other practical applications we must 
settle for CFD predictions that are far from perfect. Turbulence modeling also increases computing time and 
can reduce the robustness of convergence of many numerical schemes. And as we saw in Sections 10.3.2 and 
10.3.3, turbulent boundary layers impose difficult demands on the grid, requiring very small spacing near the 
wall to resolve the viscous sublayer. 

Other complicating factors that impact the fidelity of viscous-flow CFD are separated flow, laminar-to-turbu- 
lent transition, and laminar separation bubbles. The fidelity of turbulence models, not perfect even for attached 
boundary layers, deteriorates further in separated regions. Flows with long runs of laminar boundary layer can 
be very sensitive to the location of transition. Even if the CFD code has a built-in transition prediction, such 
flows are difficult to predict accurately because transition is sensitive to environmental factors: surface quality 
(part of the “environment” seen by the flow), freestream turbulence, and acoustic disturbances. Even if such 
factors are known, the sensitivity of transition to them 1s often not. And most current viscous-flow codes don't 
have built-in transition prediction anyway. Laminar separation bubbles with turbulent reattachment are handled 
by very few CFD codes, the MIT MSES (Drela, 1993) code being one of the few. Laminar separation bubbles 
play an important role in stall behavior in many inlet and airfoil flows, and the inability to handle them is one 
of the more serious shortcomings of current RANS codes. 

The “full” NS equations provide for all of the components of the molecular viscous stress that are likely to 
be of any consequence in any flow of a simple fluid in the continuum regime. Of course predicting the turbulent 
counterparts of these stresses accurately is problematic, but the “full” RANS equations at least have provisions 
for all of them. That said, there are many practical situations in which only some of them are significant, and 
we needn't account for them all. The thin-layer NS equations neglect the streamwise viscous (and turbulent) 
diffusion terms and all terms involving cross derivatives, thus saving computing time and reducing artificial 
dissipation, allowing the use of grids that are too coarse to resolve the neglected terms accurately. Many RANS 
codes have the option of running “full” or “thin-layer.” Finally, coupled inviscid/viscous methods make use 
of the boundary-layer approximation (Section 4.2), in which only the viscous (and turbulent) transport normal 
to the surface is accounted for, and the normal-direction momentum equation is omitted, which is adequate in 
many flows in which the boundary layer remains thin. 


10.4.3 Separated Shear Layers and Vortex Wakes 


Separated shear layers and vortex wakes are naturally captured in solutions to the NS equations. The funda- 
mental limitation on the accuracy of prediction is the fidelity of the turbulence modeling, though in practice grid 
resolution is often just as serious a limitation, especially in 3D. 

Surprisingly, shear layers (vortex wakes) emanating from sharp edges can also arise in numerical solutions 
to the Euler equations. First, note that the Euler equations themselves, before they are discretized, allow contact 
discontinuities (slip surfaces across which there is zero normal velocity and a jump in tangential velocity) as 
weak solutions to the equations. Such slip surfaces are the Euler-equations analog to the vortex sheets we saw 
in idealized models of lifting flows around 3D wings (Sections 8.1.2 and 8.3.4). Thus in principle, a shear layer 
can be modeled in the Euler equations as a discontinuity and fitted, just as a shock can be. But in practice, shear- 
layer fitting is even less practical than shock fitting because shear layers often have edges (as would come from 
the tips of a lifting wing) where they tend to roll up into tight spirals, as we saw in Section 8.1.2. Such rolled-up 
shapes are all but impossible to deal with by shear-layer fitting. Therefore, just as with shocks, it is much more 
common to allow smeared versions of vortex wakes to be captured in the numerical grid. 

Shear layers captured in Euler solutions have interesting features, as analyzed and described out by Powell et 
al. (1987). Like real shear layers, they are of course characterized by a “jump,” across the layer, in the velocity 


vector. And, like real shear layers, they tend not to support much of a pressure jump across the layer. Thus when 
an Euler shear layer is wet on both sides by fluid from the freestream, there tends to be not much of a jump 
across it in velocity magnitude, only in direction. The velocity component perpendicular to the velocity jump 
tends to be nearly constant through the layer, as illustrated in Figure 10.4.1. There is thus a deficit in velocity 
magnitude inside the layer, which is accompanied by a deficit in total-pressure, since the static pressure varies 
relatively little. 


Figure 10.4.1 [Illustration of how the velocity vector varies through a shear layer captured in a solution to the 
Euler equations, as explained by Powell et al. (1987). Vi and V2 are the velocity vectors on the two sides of 
the shear layer, V2 — V1 1s the velocity jump across the layer, and the dashed vectors are velocities at interme- 
diate levels within the layer. The component perpendicular to V2 — V1 is nearly constant, and at intermediate 
levels there are therefore deficits in velocity magnitude and total-pressure 








View. 


When a shear layer or wake is captured in an NS solution or an Euler solution, inadequate grid resolution 
often degrades accuracy because the location of the shear layer is not usually known a priori, and it is usually 
not practical to provide sufficient grid density to resolve a shear layer throughout the region where one might 
be expected to appear. 

In panel-method codes based on potential-flow theory, the wakes of lifting surfaces must be paneled. In Sec- 
tion 10.2.3, we discussed wake “relaxation” schemes that attempt to determine a wake configuration that 1s also 
a stream surface (no through flow). These schemes, however, are not typically robust because they come up 
against the same problem we discussed above in connection with shear-layer fitting in Euler solutions: Vortex 
wakes tend to roll up into tight spirals. In a panel method, no reasonable panel spacing would be able to resolve 
a tightly wound spiral. 

Thus it is much more common to fix the wake in space and model it in a way that is equivalent to the assump- 
tions of Trefftz-plane theory. A wake sheet is defined that extends back from the trailing edge of each lifting 
surface, usually in such a way that its cross-section in a Trefftz-plane view remains constant. In surface panel 
methods, the sheet is paneled with doublet singularities whose strengths are distributed so as maintain a velocity 
jump across the sheet that is equivalent to having vortex lines oriented straight back, at least in plan view. A typ- 
ical wake paneling is shown in Figure 10.4.2. In finite-difference field methods for the full potential equation, 
the sheet is identified with a particular grid surface, and a velocity-jump boundary condition is imposed across 
the sheet that has the same effect as the singularity distribution used in panel methods. 





Figure 10.4.2 Typical paneling of a wake sheet behind a lifting surface in a potential-flow panel method. (Plot 
by M.F. Smith.) 





In both panel methods and field methods for 3D potential flow, the spanwise distribution of effective shed 
vortex strength is determined as part of the flow solution so that the upper- and lower-surface pressures are 
equal at the trailing edge, which is equivalent to imposing the Kutta condition for a 2D airfoil (Section 7.1). For 
high-aspect-ratio wings, the distribution of effective shed vortex strength works out to be consistent with the 
spanload on the lifting surface, just as in Trefftz-plane theory. 

A potential-flow wake-vortex sheet defined in this way has approximately the right distribution of vortex 
strength where it leaves the trailing edge, but it reflects reality less accurately downstream because in a real 
wake the vortex lines migrate generally outboard, and the sheet rolls up at the outer edge. Well downstream of 
the wing, some details of the overall flowfield, such as the downwash field at the location of an aft tail, will not 
be accurately predicted as a result. 

In Section 8.3.4, we discussed how a wake sheet in which the vortex lines are aligned in the freestream dir- 
ection is not force-free, but is drag-free. We noted that this doesn't guarantee that the induced drag calculated 
by Trefftz-plane theory based on the distribution of vortex strength in the wake is correct, but only that in a 
shock-free potential flow it 1s consistent with the pressure drag on the configuration. Still, short of a “relaxed” 
stream-surface wake, a drag-free wake with vortex lines in the freestream direction would seem to be the best 
option we have. A drawback in practice is that if solutions are desired at more than one angle of attack, a dif- 
ferent wake definition is needed for each one. Of course it is easier to define just one wake anchored to the 
configuration and to allow it to tilt relative to freestream when the configuration is analyzed at different angles 
of attack. But how much is accuracy degraded if we do so? 


Our discussion so far might lead one to think that tilting a potential-flow wake sheet up or down in this way 
would be a very bad thing to do, because then the wake would not be drag-free. However, counterintuitive as it 
might seem, a wake that is tilted by a modest amount will usually have very little effect on the results that usu- 
ally matter. Tilting the wake up or down will usually have almost no visible effect on plots of pressure distribu- 
tions and very little effect on the integrated lift and moments. The spanload shape will also typically be changed 
very little, and as a result, the induced drag calculated by Trefftz-plane theory will not be significantly changed. 
The Trefftz-plane drag calculation gives the total induced drag on the entire paneled configuration, including 
the wake sheet. So presumably when a wake is tilted and takes on a drag force, the integrated pressure drag on 
the configuration surfaces will change by roughly the same amount in the opposite direction. But this usually 
involves subtle changes to the pressure distributions that are practically invisible on a pressure-distribution plot 
and have almost no effect on lift and moments. So as long as we follow the usual practice of inferring induced 
drag from the Trefftz-plane calculation and not from pressure integration, a tilted wake will have little effect on 
the results we actually use. 


10.4.4 The Farfield 


In most applications in external aerodynamics, the flow approaches a uniform condition in the farfield. When 
we simulate such a flow in a panel method, this condition 1s automatically enforced by the superposition of a 
uniform flow and the singularities that are used to simulate the body and its wake. The contributions from the 
singularities die off with distance in just the right way to simulate a free-air flow in an infinite domain. 

In methods with field grids, getting the farfield “right” is a more complicated problem. For an outer boundary 
at a finite distance, there is no practical set of boundary conditions that can provide a perfect simulation of flow 
in an infinite domain, and we must generally settle for something less than perfect. A minimum requirement 
should be that the solution converges toward the right behavior as the outer boundary is moved farther away. 
For a given set of flow equations (full-potential, Euler, or NS), there are several choices of farfield boundary 
conditions that are acceptable in this sense. For boundary conditions of this kind, the farther away we put the 
outer boundary, the less impact imperfections in the boundary conditions will have. But the bigger the domain 
gets, the more grid points or cells we will have to use. So regarding the impact of the farfield boundary condi- 
tions, there is a trade to be worked between fidelity and cost, just as there is regarding spatial truncation error. 

What the “right behavior” is at the outer boundary is complicated by the fact that vortex wakes associated 
with lift in 3D persist over long distances downstream (forever, 1n the case of a gridded wake in full-potential). 
We must therefore allow some strong flow disturbances to pass through the downstream boundary. However, 
even if we didn't have these disturbances, enforcing uniform flow at the farfield boundary wouldn't be an option 
because it requires more boundary conditions than we're allowed to specify in any of our equation sets (potential 
flow, Euler, or NS). 

In full-potential methods, because there is only one unknown, only one boundary condition can be imposed. 
Thus only one component of the velocity vector can be specified, and the others must be allowed to be determin- 
ed by the solution. Specifying uniform flow is not allowed because it would require specifying two components 
in 2D or three components in 3D. 

The situation with the Euler or NS equations is more complicated. Recall from Section 3.4.4 that we have six 
unknowns in Euler, and eight in NS. The combinations we are allowed to specify depend on whether the flow is 
entering or leaving the domain, whether the flow is subsonic or supersonic, and whether the equations are Euler 
or NS. These issues are discussed in Hirsch (2007). 

For internal flows in ducts, including solid-wall wind tunnels, the appropriate boundary condition at the wall 
for any equation set would be no through-flow (normal component of velocity equals zero). For the NS equa- 
tions, a no-slip condition and a thermal boundary condition would also be required. Wind tunnels with holes 
or slots in the walls are more difficult. The holes or slots can be modeled individually, but conditions that are 
easy to impose on the flow through them cannot always be relied on to model the situation accurately. Model- 
ing of slotted walls is discussed, for RANS by Bosnyakov et al. (2008), and for viscous/inviscid coupling by 
Krynytzky (2004). There are also models available that area-average the effects of the holes or slots, but with 
some further loss of fidelity, and these have been largely superseded by models that treat the slots or holes as 
discrete. Internal flows also require boundary conditions upstream and downstream, the usual combination be- 
ing stagnation temperature and pressure upstream, and static pressure downstream. 


10.4.5 Predicting Drag 


In previous chapters, we discussed many aspects of the physics of drag: The drag of streamlined and bluff bodies 
in general in Section 6.1, the profile drag of airfoils in Section 7.4.2, the shock drag of airfoils in Section 7.4.8, 
and lift-induced drag in Section 8.3. A common thread in all of this is that drag depends on subtle flow details 


that CFD cannot be expected to predict perfectly. Turbulence modeling, with all its imperfections, will always 
compromise the prediction of viscous drag, even in attached flows. Separated flow is not predicted well by CFD 
unless extraordinary measures are taken (DNS, LES, or DES), and this compromises prediction of drag in any 
flow involving separation. Shocks and vortex wakes must be captured in grids that are often not as fine as they 
should be, compromising the prediction of shock drag and lift-induced drag. 

To these difficulties we must add that drag is particularly sensitive to any lack of iterative or spatial conver- 
gence in the flow solution. A lack of spatial convergence in particular shows up as artificial dissipation, produ- 
cing spurious drag that looks like additional viscous drag or shock drag. 

Although CFD drag predictions are generally far from perfect, there is a widespread assumption that pre- 
dicted drag increments due to small changes in the configuration or the flow conditions are much more accurate 
than predicted absolute levels. There is some justification for this, in that the increments we are usually inter- 
ested in are small fractions of the total drag, and the error in an increment 1s therefore likely to be smaller than 
the error in the absolute level. But there is no other theoretical reason to expect an advantage in dealing in in- 
crements, and we're depending on the assumption that the bias in the absolute level doesn't change so much 
between the two calculations as to swamp the increment we're looking for. For this assumption to be justified, 
we must be diligent about making the two calculations as comparable as possible, avoiding unnecessary changes 
to the grid, and minimizing truncation errors and residuals. 

CFD can certainly produce useful drag predictions. We just need to remember that they are not infallible. 


10.4.6 Propulsion Effects 


In CFD modeling of full airplane configurations it is not usually practical to resolve propeller blades or the in- 
ternal details of turbojet or turbofan engines. Such systems are usually modeled by inflow and outflow surfaces 
in the grid, where boundary conditions can be applied to simulate the time-averaged effects of the propulsion 
device. Boundary conditions used for this purpose can be fixed or can be formulated to respond in some real- 
istic way to the surrounding flow conditions, so as to model the response of the device. This kind of modeling 
of propulsion is similar to the basic actuator disc theory we discussed in Section 6.1.10 in connection with the 
physics of propellers, but it is often extended to include compressibility and heat addition. 


10.5 CFD Validation? 


“CFD validation” is a term that is heard frequently among users of CFD codes in industrial environments, 
among their customers, and in the engineering literature. But what does 1t mean? If we take the words literally, 
there are two relevant definitions to consider (Webster's, 1976): 


¢ Validate: To confirm the validity, and 
¢ Valid: Seen to be in agreement with the facts or to be logically sound. 


According to these definitions, successful CFD validation requires that the code in question be found to agree 
with “the facts,” which I would take to mean experimental measurements covering the whole range of flows for 
which the code is to be used. However, for most practical applications, CFD codes tend not to agree with the 
facts as well as we would like, over as wide a range of flows as we would like, and we must conclude that CFD 
validation in any literal sense is usually an unattainable goal. 

This is not to suggest that the enterprise we call “CFD validation” is hopeless, just that it is misnamed. It can 
actually serve a very necessary purpose. When we compare a code against a wide range of test cases, we learn 


how physically accurate the solutions are likely to be and what kinds of biases to expect in particular situations. 
Then when we use the code in an application, we have a basis for making uncertainty estimates and applying 
adjustments to the results. Looked at in this light, the purpose that CFD testing serves is really more calibration 
than “validation.” 

Of course the knowledge gained in CFD testing helps us in our application work only 1f we remember to 
actually use it. Even when we know the limitations of a code, we have a natural tendency to forget them and to 
be overly optimistic about the accuracy of the results, something we noted in the introduction to this chapter. 


10.6 Integrated Forces and the 
Components of Drag 


In principle, determining total integrated forces and moments from a solution of the NS equations is simply a 
matter of carrying out the integrations over the body surface called for in Equation 5.4.1 for the lift, Equation 
6.1.1 for the drag, and corresponding integrals for moments. For NS codes, these forces and moments from 
surface-pressure and surface-shear integration are the primary force outputs. 

But in the case of the pressure drag, surface-pressure integration yields only the total and doesn't determine 
the “components”: Shock drag, induced drag, and the viscous contribution to pressure drag. Recall from Section 
6.1.3 that these drag “components” are not rigorously separable, and that they can be determined only through 
the appropriate theoretical idealizations. Estimating shock drag requires finding the shocks in the flowfield, 
identifying streamtubes that pass through them, applying the Oswatitsch formula (Equation 6.1.11) to each one, 
and integrating (summing) the results, as we discussed in Section 10.4.1. Estimating induced drag requires a 
Trefftz-plane calculation (Equation 8.3.10). 

Other ways of integrating flowfield quantities can also be used with solutions to the NS equations. Vorticity 
and total-pressure data on a single cross-plane downstream of the configuration can be used, as described in 
Section 6.1.4.7, or more-general formulas involving volume integration of the viscous dissipation can be used, 
as described by Tognaccini (2003). An advantage claimed for the latter method 1s that drag determined in this 
way converges faster with grid refinement than does drag determined by surface-pressure integration. 

For viscous/inviscid interaction methods, surface-pressure integration doesn't work at all for determining the 
pressure drag. Instead, it requires building up estimates of the “components”: shock drag and induced drag as 
described above, and viscous profile drag from one of the variants of the Squire-Young formula described in 
Section 6.1.4.5, applied either at the wing trailing edge or somewhere in the viscous wake downstream. 

When propulsion inlets and exhaust streams are represented in CFD calculations, special care is required to 
ensure that thrust/drag bookkeeping 1s done in a physically consistent way. Drela (2009) discusses the physical 
issues that arise when propulsion effects are present in the flowfield. 


10.7 Solution Visualization 


A CFD field solution defines the flowfield everywhere and can therefore tell us a great deal more about a flow 
than just the integrated forces. On solid surfaces, there are surface distributions of pressure, temperature, and 
shear stress as well as patterns of skin-friction lines. Away from the surfaces there are volume distributions of 


scalar quantities: pressure, total-pressure, density, temperature, turbulence kinetic energy, and eddy viscosity. 
And there are volume distributions of vector quantities: velocity and vorticity. The velocity field defines stream- 
lines, streaklines, particle paths, and timelines; and the vorticity field defines vortex lines. Understanding such 
multidimensional information requires graphic visualization, which can range from simple 2D Cartesian plots 
to elaborate 3D perspective presentations, both still and animated. In this section, we'll look at how the various 
sorts of displays serve different purposes in illuminating different aspects of a flowfield. 

Graphic visualization is the most powerful tool we have for gaining any intuitive understanding of complex 
quantitative information, and the computer has greatly expanded the range of visual displays that it 1s practical 
to produce. But before we get into the specifics of applications in aerodynamics, it's worth reflecting on the 
general nature of the graphic medium and how it limits what we can actually do. 

First, the nature of the visual sense itself imposes limitations on our ability to view real 3D information. Our 
binocular vision provides only very low resolution in the depth dimension and works only at short distances. So 
for quantitative purposes, we see little more than a 2D projection of what's in front of us. Much of what we per- 
ceive about depth comes from prior knowledge and context: We know the tree is closer to us than the mountain 
because we know something about the relative sizes of trees and mountains and because the tree blocks part of 
the view of the mountain. So blockage of one object by another helps us with depth perception, but it is also 
a limitation: Along any given direction from our eyes, we can usually see only one thing at a time. Unless an 
object in our field of view is nearly transparent, it blocks our view of anything behind it. 

Next are the limitations imposed by the physical media we typically use. We have no practical alternative to 
viewing graphics on computer screens and paper surfaces, which are basically 2D displays that take no advant- 
age of our binocular vision. A depth dimension can be conveyed only through perspective, shading, and context. 
As aresult, displays that depict 3D geometry generally incur some degree of spatial ambiguity. 

A 2D display medium offers us only five basic graphical constructs for displaying spatial distributions of 
quantitative data: 

1. A Cartesian plot of a scalar quantity versus one coordinate. 


2. A contour plot of a scalar quantity versus two coordinates. A contour plot can be plotted in the 2D 
plane, or it can be constructed on a curved surface in space, such as the surface of a body, and viewed in 
perspective. 


3. A shaded isosurface showing how a single value of a scalar quantity is distributed in space in three 
dimensions. 


4. An array of arrows showing the distribution of a two-component vector in two spatial coordinates. 
5. Space curves, viewed either in 2D or 3D, representing a direction field. 


We've used examples of all of these to illustrate flowfield phenomena in earlier chapters. Now let's look at 
how we can best represent different aspects of flowfields, using these constructs. 


In 3D flow, the overall pattern of pressure on the surface of a body is most clearly visualized in an isobar 
contour plot using either colors or lines, as in Figure 10.7.1. In this plot of the pressure distributions on the up- 
per surface of a swept wing at two different angles of attack, the changes in the position and the sweep of the 
shock are visible at a glance. However, subtle details of the local chordwise pressure distributions, such as the 
magnitude of the shock pressure rise, the slope of the “rooftop” ahead of the shock, and whether or not there is a 
re-expansion aft of the shock are not easy to see in a contour plot and are visualized better in Cartesian pressure 
plots for station cuts along the span, like airfoil Cp plots, of which there are several examples in Section 7.4. 
Putting data for more than one spanwise station on a single plot tends to be more confusing than helpful, and it 
is usually better to show multiple stations as an array of plots, as in Figure 10.7.2. This kind of display shows 
subtle details with much greater pressure resolution than a contour plot, but it doesn't provide nearly the same 
feel for the overall pattern. 


Figure 10.7.1 Isobar contour plots of the pressure distribution on the upper surface of a swept wing at two dif- 
ferent angles of attack. The shock 1s visible as the concentration of contours traversing most of the span. Eta 
values indicate spanwise stations for which Cartesian plots of the pressure distribution are shown in Figure 
10.7.2. CFL3D solutions and plots by B.J. Rider. Wing geometry is the Common Research Model developed 
by Vassberg et al. (2008) 
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Figure 10.7.2 Cartesian plots of the pressure distributions at stations along the span of the wing shown in Fig- 


ure 10.7.1. Such a plot shows subtle local details of the pressure distribution not easily seen in the contour plot 
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Though showing multiple spanwise stations on a single Cp plot typically results in a jumble, a sequence of 
conditions (angles of attack or Mach numbers) at a single station on a single plot tends to form a “family” of 
curves that are easily readable and can be quite informative. Examples for 2D airfoils were shown in Figures 
7.4.26 and 7.4.27. 

Skin-friction lines are often used to visualize the distribution of shear-stress direction on body surfaces in 3D 
flow. Skin-friction lines plotted from CFD solutions are analogous to the oil-flow visualization pictures from 
experiments, and they have the same strengths and weaknesses that we discussed in Section 4.1.2. They are 
useful mainly for showing the surface signatures of the kinds of 3D separation we discussed in Chapter 5, and 
an example of a complicated separation pattern on a swept wing is shown in Figure 10.7.3. Note that the shock- 
induced separation with reattachment looks very similar to the pattern sketched in Figure 8.6.9a and that the 
trailing-edge separation is similar to the pattern in Figure 8.6.9b. 


Figure 10.7.3 A plot of computed skin-friction lines on a swept wing. RANS calculation and plot by N.J. Yu 
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As pointed out in connection with Figure 4.1.11, skin-friction lines have the disadvantage that they can give 
the misleading impression that they represent the general flow direction over the surface. We must keep in mind 
that skin-friction lines represent only the surface-shear-stress direction, and that the flow direction can be very 
different only a short distance off the surface, as seen, for example, in the flow direction plotted for a swept- 
wing boundary layer in Figure 8.6.13. 

Visualizing 3D flow structure out in the field poses interesting challenges because of the essentially 2D 
nature of the graphic constructs we have available. We've already noted that in a 2D representation of 3D space 
the depth dimension is ambiguous, which can make interpretation difficult and error-prone. Animation in which 
the 3D configuration represented by the graphic rotates continuously, or a screen display in which the viewer 
can rotate the configuration at will, can make things much easier to understand. 

It is often effective to show distributions of flow quantities on planar cuts in the field, where the cuts are dis- 
played as part of a perspective view of a 3D configuration. In Figure 10.7.4, isobars are plotted in a longitudinal 
cut in the flow around a wing, clearly showing the shock that caused the separation visible in Figure 10.7.3. Of 


course, the relatively low pressure resolution of an isobar plot 1s still a disadvantage, as it was in the case of 
surface pressures. 


Figure 10.7.4 Isobars in a longitudinal cut of a 3D flow around a wing, seen in a perspective view. Same flow- 
field as in Figure 10.7.3. RANS calculation by N.J. Yu. Plot by A.M. Malone 





Streamlines, streaklines, or particle paths displayed as space curves in a perspective view of the field can also 
be quite useful. The effectiveness of such a plot can vary widely, depending on how many curves are plotted 
and whether they are distributed effectively, aspects that are controlled by the code user. Each curve must be 
defined by the coordinates of a point through which it passes, and graphics software generally requires these to 
be chosen by the user. Some skill and trial and error are usually required to make an effective streamline plot. A 
plot needs to have a sufficient number of curves, as curves too sparsely spaced can miss important details of the 
flow. And the curves need to be positioned so as to mark the details that are of interest, particularly vortices, as 
we'll see next. 

Vorticity is often a key to understanding the structure of a flow, and concentrated vortices in particular are 
indicators of interesting things happening in the flow. In steady flows, concentrated vortices can be seen in 3D 
streamline plots, but visualizing a vortex this way is a hit-or-miss proposition if one doesn't know ahead of time 
where the vortex will form. Figure 10.7.5 illustrates this problem using the tip vortex behind a wingtip as an 
example. In (a), the streamlines are released too far inboard and fail to show evidence of the vortex. In (b), the 
streamlines are released close enough so that some of them orbit the vortex, indicating its location. 


Figure 10.7.5 Streamlines in the flowfield around a wing indicating the location of the tip vortex. Same flow- 
field as in Figures 10.7.3 and 10.7.4. RANS calculation by N.J. Yu. Plots by A.M. Malone. (a) Streamlines re- 
leased too far inboard of the tip fail to mark the vortex. (b) Streamlines released close enough to the vortex or- 
bit the vortex, marking its location 
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There are several kinds of displays that can make a vortex visible, but depend less on prior knowledge of the 
location. Figure 10.7.6 shows three examples using flow quantities in a cross-stream plane behind a wingtip, in 
the same flowfield as Figures 10.7.3—10.7.5. In (a), streamlines constructed from velocity vectors projected in 
the cut clearly orbit the vortex and make it visible. For this kind of plot to work, however, the cutting plane must 
be roughly perpendicular to the vortex. In (b), contours of constant vorticity magnitude mark much of the vortex 
sheet behind the trailing edge, not just the concentrated vortex rolling up at its edge. In (c), contours of constant 
pressure clearly indicate the location of the vortex core and don't show the vortex sheet inboard. A drawback to 
these three types of display is that a weak vortex would likely be difficult to see. 


Figure 10.7.6 Visualizing the tip vortex in a cross-stream cut in the field behind a wingtip. Same flow field as 
in Figures 10.7.3, 10.7.4, 10.7.5. RANS calculation by N.J. Yu. Plots by A.M. Malone. (a) Streamlines from 
velocity vectors projected in the cut. (b) Contours of constant vorticity magnitude in the cut. (c) Contours of 
constant pressure in the cut. 
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Other approaches to visualizing vortices without prior knowledge of their locations have been proposed. 
Saderjoen et al. (1998) identify two main classes of telltales: 


1. Point-based flow quantities, of which the vorticity magnitude = |V x V| is the most widely familiar 
but has the disadvantage that it doesn't distinguish between shear layers and concentrated vortices, as we 
saw in Figure 10.7.6b. Because concentrated vortices in steady flows must generally be aligned with the 
prevailing local flow direction, the normalized helicity V - w/(|V| - |@|) may be a better choice than the 
vorticity magnitude. 


2. Curve-based quantities based on nonlocal properties of the streamline pattern. The basic idea was put 
forward by Robinson (1991): “[A] vortex exists when instantaneous streamlines mapped into a plane nor- 
mal to the vortex core exhibit a roughly circular or spiral pattern, when viewed from a frame of reference 
moving with the center of the vortex core.” Saderjoen et al. (1998) give two examples of automatic vor- 
tex telltales based on this idea, both applied to projections of the streamlines into a plane. One involves 
calculating the locations of centers of curvature at many points along many streamlines and then calculat- 
ing the density of these center points in the plane, called the curvature center density. The other involves 
following streamlines and calculating the winding angle. A vortex is identified when a winding angle of 
2m 1s reached, and the end point is near the starting point. 

Complicated unsteady vortex structures in wakes and turbulent boundary layers can be clearly visualized in 

terms of isovorticity surfaces, as in Figures 5.3.3a and 10.2.1. 


10.8 Things a User Should Know about a 
CFD Code before Running it 


Running a CFD code without knowing what's in it 1s risky. It is too easy to make poor choices of input paramet- 
ers and get a solution that is not as accurate as it should be, and not understanding the limitations of a code can 
lead one to misinterpret the results. This section provides a brief check list of the things a user should know. 


What equations does the code solve? Do these equations adequately model the physics of the problem? 


This includes not just the basic equations, but the turbulence model and the provisions, if any, for modeling 
laminar-to-turbulent transition. These considerations determine the applicability of the method to the problem 
at hand, and the physical fidelity of the results. 


What order of spatial convergence does the numerical method provide, and how fine a grid resolution can 
be used on your particular problem? Can adequate grid density be concentrated where it is needed? 


These determine whether adequate numerical accuracy can be obtained. 

What provisions does the code have for monitoring grid convergence and iterative convergence? 
These are important for monitoring the numerical accuracy of the solution. 

Where did the code come from? 


¢ In-house developed? 
¢ Vendor supplied? 
¢ Vendor supplied and in-house modified? 


This affects where you may have to go to get questions answered knowledgeably. 
What is the code’s state of development? 


¢ Experimental? 


¢ Well developed and documented, but as a code only? 
¢ Well developed and documented as a code and integrated into the process in which you are using it? 


The code's status in this regard will affect: 


¢ The reliability of execution and convergence. 
¢ The user-friendliness of the inputs and outputs. 
¢ The degree of automation of pre- and post-processing steps. 


Has it been used for similar applications, and how good were the results? 


If this is a pioneering application, be prepared to spend considerable time in trial-and-error adjustment of 
input parameters and in assessing the quality of the results. 


Are consultation and support available? 
If not, arriving at good results could prove to be very time consuming. 


In light of all of the above, is the code really applicable to the problem at hand? 
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ABSTRACT 


In order to realize the ballistic control of the railgun and the flight stability of the projectile, a new 
type of railgun is designed, which can control the muzzle velocity and rotation rate. The method of 
the muzzle velocity and overload control is to adjust the voltage or other parameters of pulse power 
supply. It would be easy to change velocity accurately in large wide. Another widespread concern 
problem is launching the spinning stability projectile by railgun. This paper designed a new 
structure of additional rails to generate an unsymmetrical magnetic field to produce rotational 
torque in armature. The structure is simple and can control the rotation rate by linear changing the 
barrel parameters. The calculation formulas of interior ballistic are derived by Biot-Safar law. The 
important parameter is the deflection angle of the additional rails relative to the symmetry plane of 
main rail. The larger the angle, the greater the rotation torque generated in the armature. To 
maintain the flight stability of the projectile, the barrel structural parameters should be proportional 
to the projectile structural parameters. When changing the muzzle velocity, the rotation rate will 
also be the equal proportion change. So that the gyro stability is the same. The experiment proves 
that the railgun designed in this paper can launch the projectile to rotate. And the rotational pro- 
jectile may not cause the transition or much arcs. This method expands the application of the 
railgun. 

© 2018 Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http:// 


creativecommons.org/licenses/by-nc-nd/4.0/). 





1. Introduction 


With the development of electromagnetic launch technology, a 
series of problems are gradually solved [1], so that the railguns are 
close to practical. Electromagnetic launch has some advantages [2], 
in addition to the high muzzle velocity, the control of the ballistic is 
also an important advantage. Just control the current waveform, the 
ballistic is easy to adjustment [3]. The accurate control of the bal- 
listic is a large improvement to conventional weapons. In the 
future, the railguns may automatically design the best ballistic ac- 
cording to the launch conditions of environment and shooting 
angle. No need to master the knowledge of adjusting the sight or 
firing table (Fig. 1). 

The control of ballistic has lots of application demand [4]. For 
example, in the police firearms, there are often occur accidentally 
injures. When face to a suspect, whether to use the gun is often 
confusing the policeman, as it always leads to a mis-shot. On the 
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other hand, if the policeman using non lethal weapons, they 
could not fight back with the armed criminals. This problem will 
be solved after using the ballistic controlled railgun. In the face of 
unarmed suspects, the ballistic could be regulated as a non lethal 
model. Good ballistic control will be significance (Fig. 2). 

The control of muzzle velocity also requires the projectile 
satisfying the flight stability. At present, the most common in 
electromagnetic launch is the tail wing projectile [5]. Because the 
current electromagnetic gun now cannot make the projectile 
rotating at high speed. It most uses the tail wing stable mode. This 
method uses armature to push the projectile, and the armature is 
separated from the projectile after the exit. It is disadvantageous as 
the armature will cause additional damage. Therefore, this paper 
proposes an integrated projectile without the separation of arma- 
ture and projectile. For the stability of the flight, the projectile must 
be rotating at high speed [6]. It may be used in various projectiles, 
such as high explosive shells, small caliber projectiles and kinetic 
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Fig. 1. Concept map of small caliber railgun and projectile. 
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Fig. 2. The application of controllable ballistic railgun. 
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Fig. 3. Railgun launching Spin-Stabilized Projectile. 


energy projectiles (Fig. 3). 

The method of driving the projectile to rotate is using elec- 
tromagnetic force. And the armature moving forward is also 
driven by electromagnetic force. By controlling the electromag- 
netic force, it can control the muzzle velocity and the rotation 
rate of the projectile. A new design method of railgun is proposed 
in this paper. The muzzle velocity and rotation rate are propor- 
tional to the structure of the barrel, projectile and the parameters 
of the pulse power supply (PPS). Besides, the muzzle velocity is 
proportional to the rotation rate, if a velocity satisfies the sta- 
bility condition. When adjusting the velocity, it can still satisfy 
the stability condition. Experiments show that the method can 
stabilize the small caliber projectile and achieve the purpose of 
ballistic control. It provides a novel idea for the development of 
railgun. 


2. Theoretical analysis 
2.1. Design principle 


The principle of electromagnetic launch is simple. Taking railgun 
as an example, the current in rail generates magnetic field and 
action with the armature to generate electromagnetic force. The 
innovative idea of this paper is adding additional rails to control the 
interior ballistics. It is simple to generate rotating torque in arma- 
ture and enhance the launch efficiency [7]. 

As shown in Fig. 4, the additional rails are located above and 
below the main rails and can be shifted laterally, which is different 
from the usual series structure. The center of the additional rails 
forms a certain angle relative to the symmetry plane of the main 
rail. The additional rails of this structure will generate the x direc- 
tion magnetic field in the armature, thus forming a rotational tor- 
que to drive the armature rotation. The main influence od 
rotational torque is dh which is the distance between the additional 
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rail 





Main rail 


_ 





Fig. 4. Railgun structure and the parameters. 


rails and the center symmetry plane. Or saying the offset angle. The 
rotation rate can be regulated by adjusting the offset position of the 
additional rails. 

According to Biot-Safar law, the magnetic induction intensity in 
the y direction at the center of the armature is 


Uolline COS a COS 


Aur “ (1) 


By = 2 //Byp-dQ = 2 f/f 
Q Q 
In the formula, Ijne represents the current in a line in the rail, 
Biine represents the magnetic induction intensity produced by the 
line current [8]. The a indicates the angle between the line and the 
armature center. The @ and rcan be seen in Fig. 4. The magnetic field 
in the y direction acts with the current in the armature to generate 
the forward electromagnetic force. 
The magnetic field in the x direction generated by the additional 
rails at the armature tail arm is a formula which produces rotational 
torque in the armature. 


By = I] Biine2d2 + IB lines? 


el =) dQ (2) 
IQ r3 








7 uctiine COS a (= 65 
0 Arr 

In Formula (2), subscript 2 and 3 represent two additional rails 
seen in Fig. 4. The magnetic fleld in the x direction is mainly 
generated by the additional rails and forms the rotational torque. 
Because the main rails are symmetrical relative to the armature, the 
force generated by x direction magnetic field is also symmetrical, 
and there is no rotation torque. So it may just calculate the addi- 
tional rails. 


2.2. Principle of muzzle velocity control 


The control of muzzle velocity depends mainly on the current 
waveform, as the voltage of PPS. For the multi module, it can 
generate the square current waveform to control the overload. The 
power supply system consists of N modules, each module capaci- 
tance is Cy, the initial voltage is U.,, the Inductance value is Ly, the 
equation group is [9] 
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dl 
—UcK a Lear =F Up =0 UK >0 
dl 
La + Up = Ux <0 
dU, 
I — ao TS UK >0 (3) 
Uc =0 Uc <0 
n 

I=S ok 

k=1 
k=1,2,---,n 


If Up is used as the voltage at ends of the rail, the circuit equation 
of the barrel system is written as follows 


Up = (Lo + L’x) o + IRa + (Ro + R’x)I +IL'V (4) 


The magnetic induction intensity of two main rails in the y di- 
rection is 


0.5s+wy, 
By = 5h / ae ee (5) 
Bee eee Xy/x2 +22 + h4 


The Formula (5) is difficult to write specific expressions, and the 
final solution can be obtained by numerical calculation. 


The magnetic flux density of two additional rails in the y di- 
rection is 


S2 
__ Hol _ 
Byo = no | (An — Ar )dx (6) 
Si 


Add the magnetic field generated by the additional rails to the 
main rails 


Where 

Ay _ arctan ____Z(Gt = he/2) (8) 
x/x2 +22 + (dh — hy /2)? 

Az = arctan ee (9) 
x4/x2 +22 + (dh + hp /2)? 

S; = 0.5s + w, + ds (10) 

S> = 0.5s + w, + ds + wp (11) 


All parameters in the formula are the structural parameters of 
the barrel seen in Fig. 4, they can be regarded as constants when 
calculating. 


2.3. Principle of rotating speed control 


The principle of rotating torque can be simply understood as 
deflection of two additional rails. Which generate magnetic By, in 
the tail arm of the armature, as shown in Fig. 5. The By, interacts 
with current in the armature tail to generate torque. After the 
armature is rotated, the current is still in its original position, thus 





Fig. 5. Principle of the rotational torque generation. 


continue accelerating armature rotation. 
The magnetic flux density of the additional rails in the x direc- 
tion generated one side of the armature tail is 


/ 


So S, 
___ Mol _ _ 
By = go [we Lijdx+ f (La L,)dx (12) 
Si S; 
Where 


= 21 y2 
L Bie (13) 


(dh + hy /2)? + x2 


ye ———, (14) 
S, =Ss+w,+ds (15) 
S, =S+W, +ds+ wy (16) 


According to the ampere force formula, the electromagnetic 
force and torque are obtained 


F = Byls (17) 


The muzzle velocity and rotation rate of armature or projectile 
can be obtained by 


t 
F 
v= | oat (19) 
0 
> M 
p= | Sat (20) 
0 


The m and C represents the mass and moment of inertia of 
armature and projectile. The v is muzzle velocity, r is rotation rate. 
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2.4. Ballistic stability 


For the small caliber railgun, the useful ballistic of a projectile is 
mainly the straight line. First consideration is gyroscopic stability 
represented by gyro stability factor S, [10] 


Cr\* 1 
Se= (i) am = 


The A means the moment of inertia of the projectile equator, kz 
means the coefficient of projectile turning moment. To be stable, it 
needs S,> 1. 

For the relationship of muzzle velocity and rotation rate 


f_2A 
vy C 


If it want to be stable, it needs S, > 1, so 


kzS¢g (22) 


r . 2A 
v C 

When the parameters of the launcher and the projectile are 
determined, muzzle velocity and rotation rate can be regarded as 


the product of the additional rails deflection coefficient and current 
integration 


f=2 / Mdt = k; (4) / dt (24) 


y= = | Fae = k,(0) / Pat (25) 


In Formulas (24)—(25), the coefficient can be obtained from the 
previous formula, which is related to the structural parameters of 
the barrel. Therefore, if we want to satisfy the flight stability of the 
projectile, we need to satisfy the following formula 


r kr (4) 2A 


—_= = > 
ye ke (4) C 

The item on the left side of “>” is related to the structural pa- 
rameters of the barrel, on the right side is related to the structural 
parameters of the projectile. Which means muzzle velocity and 
rotation rate are fixed proportion relation. This indicates that when 


change the muzzle velocity of the projectile, the rotation ratio will 
automatically follow the change. The flight will be stable 


kz (23) 


m M 
Vkp <= (26) 





hd? Po 2 2 
= ermal Kmz(M)0 = Akzv“6 (27) 
On 


Mz 


The k, can be estimated by formula. kz (M) can be obtained by 
checking the tables [11], M; is the turning moment, h is distance of 
pressure center and centroid of projectile, d is diameter, 6 is angle of 
attack, p is air density, H(y) means height. 


3. Discuss 
3.1. Controlling of muzzle velocity 


The muzzle velocity of the projectile is related to the value of 
current. For the capacitive energy storage pulse power supply the 
current is proportional to the voltage of PPS. Therefore, adjusting 
the voltage can obtain the required current. Then the muzzle ve- 
locity may be controlled. Fig. 6 shows four kinds of muzzle velocity 
and four corresponding current waveforms in the same linetype. 
The velocity curve is with circle mark. The faster the speed, the 
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Fig. 6. Muzzle velocity controlled by current wave. 


shorter the launching processes time. The muzzle velocity of pro- 
jectiles can be controlled very accurately in theory. But at present, 
for the electrical contact and power system errors such reasons, it is 
not easy to realize. 


3.2. Controlling rotating speed 


When the two additional rails are shifting from the main rail 
symmetry, the magnetic induction intensity is obtained as shown 
in Fig. 4. The magnetic field is deflection, and the magnetic field has 
downward direction component at the tail of the armature shown 
in Fig. 7. That generates rotational torque and driving the armature 
rotation. 

The direction of current in the armature is shown in Fig. 8. The 
current flows into the central part of the armature from the tail arm, 
which produces rotating torque with the magnetic field. In order to 
keep this direction of current, there should be some slots in the rear 
of the armature. This structure also has another advantage, the tail 
arm has the outward expansion electromagnetic force. It can make 
the armature contact with the rail closely, increasing the electrical 
contact [12]. 

The influence of the deflection angle of the additional rails to the 
symmetry plane of the main rail on the forward electromagnetic 
force and rotation torque is shown in Fig. 9. The forward electro- 
magnetic force decreases slightly with the increase of the deflec- 
tion angle when the current is constant, the influence of the 
deflection angle on the forward electromagnetic force is not large. 





Fig. 7. Asymmetrical magnetic field generated by additional rails. 
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Fig. 9. The influence of the deflection angle of the additional rails. 


The rotation torque increases linearly with the deflection 
angle. According to the formula, to meet the condition of the gy- 
roscope stability, the rotation torque relative to the electromag- 
netic force should be more than a certain value. In Fig. 9, the 
torque value on the left of the stable point is smaller than the 
certain value, it can not be spin stability. On the right the projectile 
would be sable. 

The rotation rate of the projectile is also proportional to the 
initial voltage of the PPS, as shown in Fig. 10. The higher the voltage, 
the greater the deflection angle, the higher the rotation rate. The 
adjustment range of the rotation rate is large, high voltage and little 
angle is suitable for the low rotation rate fin-stabilized projectile. 
Which means the method proposed in this paper is suitable for 
rotation rate control. 
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Fig. 10. Rotation rate controlled by deflection angle and vlotage of PPS. 


3.3. Relationship of muzzle velocity and rotating speed 


As shown in Fig. 11, when the parameters of the barrel are 
determined, the muzzle and rotation rate are increasing with the 
voltage of the pulse power supply. The stable factor Sg is basically a 
constant value. Which means that the flight stability is satisfied at 
one muzzle velocity, the other muzzle velocity will meet the sta- 
bility conditions too. Do not need to match the parameters of the 
barrel and projectile again. It is proved that electromagnetic launch 
is suitable for the control of muzzle velocity. 


4. Experiment analysis 


In previous papers, there have been many analyses of the effects 
of pulse power parameters on muzzle velocity [13,14]. This exper- 
iment did not repeat again. For the experiment of rotation projectile 
launched by rail is seldom to see. In the experiments of Challita, 
many times of projectiles rotation were observed in the round bore 
railgun [15]. It is believed that it was caused by electromagnetic 
force. But they did not want the rotation projectile, as some solu- 
tions to avoid rotation was proposed. 

In this experiment, it is mainly to study the feasibility of the 
rotating of the projectile driven by electromagnetic force. The 
structure of the launcher, as the principle of this paper, has been 
designed for the experiment, shown in Figs. 12—14. 

This launcher has a detachable structure. It can change the 
structure of the rails. The arc control device is installed at the muzzle. 
The internal structure is like the principle described in Fig. 4. 

Using the capacitive PPS as the energy source, the total current is 
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Fig. 11. Relationship between muzzle velocity and rotation rate. 





Fig. 12. Launcher for the experiment. 


B. Tang et al. / Defence Technology 633 


busbar 








Fig. 13. Pulse power supply model. 
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Fig. 14. Experiment results. 


about 140kA. At the beginning of the muzzle voltage, there is a 
negative current due to induced eddy current. The voltage always 
keeps a low amplitude during the launching, which indicates that 
the projectile has no transition and proves that the projectile has 
good electrical contact properties. 

The movement of the projectile is photographed by high 
speed camera. From Fig. 15, the projectile has good attitude and 
flight stability and the projectile has rotated during the flight. It 
can be read from the high-speed camera pictures, the rotating 
angle is about 30°, the experiments have got the rotation rate is 
over 100000°/s, more than tens of thousands rounds per min- 
ute. This proves that the electromagnetic force can drive the 
projectile to rotate. Besides, there is no arc around the projectile 
just like conventional projectile flight. Which means that the 
rotational projectile did not cause the transition or produce 
much arcs. This proves the rotational projectile is feasible for 
railgun. 


Black mark 









5. Conclusions 


The ballistic control of the railgun has a good application pros- 
pect. In the future, the railgun will be able to set the optimal bal- 
listic automatically and achieve the firing accuracy. For the muzzle 
velocity and rotation rate control, this paper designs a new type of 
railgun. Which produces asymmetrical magnetic by additional rails 
and generates rotation torque in armature. The structure is simple 
to realize, and the rotation rate can be controlled conveniently by 
changing the deflection angle. Which can be accurately controlled 
within a large range. In principle, it is feasible to adjust the muzzle 
velocity and rotation rate control before or during the launch. 
Changing current wave or the barrel parameters can achieved by 
electronic control or mechanical action. 

According to the analysis, to maintain the flight stability of the 
projectile, the structure parameters of the barrel and the projectile 
are required to satisfy a proportional relationship. If the flight 


Black mark 


Fig. 15. Spin-stabilized projectile launched by railgun. 
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Stability is satisfied at one muzzle velocity, the other muzzle ve- 
locity will meet the stability conditions too. Using the voltage of PPS 
and the deflection of the additional rails will easy to control the 
muzzle velocity and rotation rate. The experiment proves that the 
railgun designed in this paper can launch the projectile rotating 
and ensure the flight stability. Also proves that the rotational pro- 
jectile may not cause the transition or produce much arcs. 
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Modeling Multirotor Aerodynamic Interactions 
Through the Vortex Particle Method 


Eduardo J. Alvarez* and Andrew Ning" 
Brigham Young University, Provo, Utah, 84602 


Distributed electric propulsion and vertical take-off and landing has recently opened a 
new design space for urban air mobility. However, the use of multiple rotors operating 
in close proximity introduces complicated aerodynamic interactions that are not well un- 
derstood, are not captured through conventional design tools, and need to be addressed 
in the conceptual design stage. This study investigates the accuracy of the viscous vortex 
particle method (VPM) in modeling rotor-on-rotor aerodynamic interactions in a side- 
by-side configuration as encountered in tilt-rotor, quadrotor, and distributed propulsion 
aircraft. The VPM approach has the potential to enable the use of mid/high fidelity mod- 
els capturing multirotor interactions during conceptual design. Validation of the individual 
rotor is presented in both hovering and forward-flight configurations at both low and high 
Reynolds numbers. Validation of the hovering multirotor is then presented, followed by 
a detailed parametric study of rotor-to-rotor interactions during hover and forward flight, 
constructing the response surface of thrust, torque, and propulsive efficiency as a function 
of operational parameters. 


I. Introduction 


Technology convergence in the past ten years has recently opened a new design space in electric aircraft, 
enabling the use of distributed propulsion and electrical vertical take-off and landing (eVTOL) for urban air 
mobility..* The concept of eVTOL in an urban setting is forecasted to evolve into a $1.5 trillion “flying car” 
industry by the year 2040.° However, this unconventional aircraft configuration poses technical challenges 
that still remain to be solved.° A strong noise signature’® and a complicated transition maneuver” !° 
are examples of the challenges encountered in eVTOL aircraft, both stemming in some degree from the 
aerodynamic interactions between rotors and lifting surfaces.!' As an example of eVTOL configuration, Fig. 1 
shows NASA’s GL-10 tilt-rotor prototype aircraft in hovering mode during take off, prior to transitioning 
into wing-borne forward flight. 





Figure 1: NASA GL-10 eVTOL prototype aircraft in hover mode during take off. Credits: NASA Lang- 
ley/David C. Bowman. 


*Doctoral Candidate, Department of Mechanical Engineering, ealvarez@byu.edu, AIAA Member. 
‘Assistant Professor, Department of Mechanical Engineering, aning@byu.edu, AIAA Senior Member. 
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The use of multiple rotors operating in close proximity introduces complicated aerodynamic interactions 
that are not well understood, are not captured through conventional design tools, and need to be addressed 
in the conceptual design stage.'* 14+ For instance, Yoon et al.!° investigated the effects of separation 
distance between rotors on a quad tilt-rotor aircraft in hover, discovering a myriad of beneficial and counter- 
productive interactions between rotors and airframe. Using an unsteady detached-eddy Reynolds-average 
Navier-Stokes (RANS) solver, they simulated the rotors operating at a high Reynolds number with and 
without the aircraft body. As they varied the separation between rotors, they observed a drop in thrust as 
low as 4% at a separation 10% of the rotor diameter, and observed an ingestion of recirculating vorticity 
from above the rotors into the wake caused by rotor interactions. When the fuselage and wings were included 
in the simulation, the rotors were benefited from body-on-rotor interactions increasing the thrust by about 
3%. However, both wing and fuselage create a large download caused by the rotor downwash impinging 
on them, resulting in a net loss of vertical force of about 16% due to the accumulation of rotor-on-rotor, 
rotor-on-body, and body-on-rotor interactions. ‘These complicated dynamics between rotors and the aircraft 
body illustrate the need to better understand the aerodynamic interactions incountered in eVTOL aircraft 
and address them in the early stages of design. 

Coaxial and tandem rotor interactions have been studied for decades in the rotorcraft community, mean- 
while the side-by-side multirotor configuration has remained relatively unexplored. Recent experimental 
works!® 2° have studied the counter-rotating configuration where neighboring rotors spin in opposing di- 
rections (clockwise versus counterclockwise), however, no attention has been given to the co-rotating con- 
figuration where neighboring rotors spin in the same direction (both clockwise, or both counterclockwise). 
Also, these studies only considered the hovering case, meanwhile the effects of multirotor interactions in 
forward flight remain unexplored. Numerous studies of quadrotor and helicopter forward flight are found in 
the literature, but forward flight in a distributed propulsion eVTOL configuration differs from a quadrotor 
or helicopter configuration. In the latter, the flight velocity produces an edgewise or tilted flow since the 
rotors provide both the lift and thrust of the vehicle. In contrast, distributed propulsion eVTOL aircraft 
are typically wing-borne during cruise, and the axes of rotation of the rotors are roughly aligned with the 
direction of flight, with the velocity of the aircraft adding directly to the axial inflow and advance ratio 
of the rotors. Even though previous studies have shown that multirotor interactions could drop the thrust 
performance by only a small amount??'%?° (~4% relative to the isolated rotor), they also show that noise 
could be increased by as much as 3dB,!'*!9 corresponding to an acoustic signature two times more intense, 
which is a critical factor to consider in the design of urban mobility aircraft. Experimental results indicate 
that this increase in noise is directly related to unsteady loading during aerodynamic interactions. Hence, ac- 
curately modeling these aerodynamics interactions will lay the groundwork for future aeroacoustic modeling 
and noise reduction during the conceptual design stage. 

In this study we will investigate the accuracy of the viscous Vortex Particle Method??:?? (VPM) in mod- 
eling rotor-on-rotor aerodynamic interactions in a side-by-side configuration as encountered in tilt-rotor, 
quadrotor, and distributed propulsion aircraft. The viscous VPM is a meshless method for solving the 
vorticity form of Navier-Stokes equations in a Lagrangian scheme. The VPM is a direct numerical simula- 
tion of vorticity-governed flows that accurately preserves vortical structures and is absent of the numerical 
dissipation associated to conventional mesh-based approaches like RANS and large-eddy simulation (LES). 




















Figure 2: Low-fidelity VPM simulation of eVTOL aircraft (left) and high-fidelity VPM simulation of multi- 
rotor wake mixing?’ (right). 
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This method has been shown to achieve a continuum of fidelity levels, from low fidelity apt for conceptual- 
design?* *! to high fidelity apt for research-quality computational fluid dynamics,°** °° while offering a con- 
siderable speed up over a RANS or LES approach. Fig. 2 shows a low-fidelity simulation of a full-aircraft 
configuration and a high-fidelity simulation of wake mixing of two counter-rotating rotors from previous 
work by the authors using VPM.?! In recent work, VPM has been coupled with a noise code based on the 
Ffowcs Williams-Hawkings equation, successfully predicting rotor acoustics associated to unsteady loading.*° 
Furthermore, the method has been shown to be CPU and GPU parallelizable, and scalable in heterogeneous 
systems for high performance computing.*’ °° Thus, the VPM approach has the potential to enable the use 
of mid/high-fidelity aeroacoustic models capturing multirotor interactions during conceptual design. 

In Section II, the theory of the VPM will be summarized and the propeller model will be presented. 
In Section III, validation of the individual rotor will be presented in both hovering and forward-flight con- 
figurations at both low and high Reynolds numbers. Finally, validation of the hovering multirotor will be 
presented in Section IV, followed by a detailed parametric study of rotor-to-rotor interactions during hover 
and forward flight, constructing response surfaces of thrust, torque, and propulsive efficiency as a function of 
operational parameters. The parameters will be tip-to-tip separation distance s, Reynolds number Rep (as- 
sociated with the RPM), advance ratio J (associated with the flight speed), and direction of rotation (counter 
or co-rotation). The response surfaces will be constructed from mid-fidelity VPM simulations sweeping in 
all four operational parameters, resulting in a total of 1152 simulations. 

















II. Modeling Methodology 


In this section, the theory of the viscous vortex particle method is summarized detailing the implemen- 
tation used in this study (Section II.A). A propeller model based in VPM and blade elements is presented in 
Section II.B, and the test configurations along with respective rotor geometries are described in Section II.C. 


II.A. Viscous Vortex Particle Method 
IT.A.1. Governing Equations 


A viscous, incompressible flow dominated by vorticity can be resolved by formulating the Navier-Stokes 
equations into their vorticity form. This is done by taking the curl over the original momentum equation 


1 
V x (Geta Vu) =Vx (~ivp + vu) , 


leading to an expression that is not dependent on the pressure field: 
Dw 
Dt 
The material derivative expressed in Eq. (1), and the material-conservative nature of the vorticity makes 


the w field especially fit for a Lagrangian description. In order to do so, the field is discretized into vortex 
particles?” as a radial basis function interpolation of basis ¢, and coefficients ihe 


w(x,t) ©) Tp(t)Go(x — xp(t)). (2) 


— (w V)u + yV7wW. (1) 





Each particle represents a volume of fluid that travels with the local velocity as in Eq. (3), where x, is the 
position of the p-th particle. The coefficient [,,, termed vectorial circulation or vectorial vortex strength, is 
defined as, = [| wdV and approximated as T, ~ w,vol,, where w, is the vorticity associated with the 


vol, 
p-th particle of volume vol,. Applying this particle discretization to Eq. (1), it is obtained that the vectorial 
circulation of each particle evolves as in Eq. (4), where the first right-hand-side term is the vortex stretching, 
while the second represents a scheme for modeling the viscous diffusion vV2w. 








d 
ap xe (ed = u(xp(t), ¢) (3) 
d d 

apr v(t) = Felt) - Vu (t),t) + oP ple) (4) 


visc 
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IT.A.2. Velocity Kernel 


By the Helmholtz Decomposition Theorem, the incompressible velocity field u dominated by vorticity is 
defined by some vector potential field w as u(x,t) = V x (x,t). Then, from the definition of the vorticity 
field (w = V x u), we get the three-dimensional unbounded Poisson’s problem 


Vea = —W, 


which can also be rewritten using the particle approximation from Eq. (2) as 
V(x) © — >» PCa (X — Xp). 
p 


The Poisson’s problem yields that the velocity induced by the field of vortex particles is calculated as 


u(x)=) go (x — xp) K(x —x,) xP), (5) 


where gz is a normalized smoothing function calculated from the chosen basis function ¢,, and K (x) = 
rs is the singular Newtonian kernel resulting from the three-dimensional Green’s function of the un- 
bounded Poisson’s problem. In this study we implement the Gaussian basis function 


1 2 
bo (8) = eae exw (SE). 





I.A.3. Fast Multipole Method 


The governing equations, Eqs. (3) and (4), coupled with the velocity kernel Eq. (5) require the calculation 
of all particle interactions with a computational complexity of order O(N?), where N is the number of 
particles. ‘This complexity is prohibitive since the number of particles readily escalates to the order of the 
hundreds of thousands in mid-fidelity simulations. In order to ease the computation in this study, the fast 
multipole method (FMM) is used for the computation of the governing equations. The FMM approximates 
pairwise interactions of particles through spherical harmonic functions,*9»*! reducing the original compu- 
tational complexity to a problem of order O(N). The computation of the vortex stretching is performed 
through an efficient complex-step derivative approximation as explained in previous work,?! implemented in 
a modified version of the open-source, parallelized FMM code ExaFMM.??:42 


IT.A.4. Viscous Diffusion 


In this study, the viscous diffusion term in Eq. (4) is solved through the core spreading method** coupled with 
the radial basis function (RBF) interpolation approach developed by Barba,?*:4? “° which avoids the need 
for particle splitting while allowing the viscous VPM to be a truly meshless method. In the core spreading 
method, a Gaussian radial basis allows the viscous diffusion term in Eq. (1) to be solved by spreading the 
smoothing radius as 


do? 


—_ — 2p: 
= 2; (6) 


however, this approach is a convergent approximation to the Navier-Stokes equations only for small core 
sizes.“4 This introduces the need to resize all cores to their initial size after they grow larger than an 
arbitrary threshold. A popular solution to this problem is the splitting of overgrown particles, but this 
increases the number of particles exponentially in time. Barba introduced an alternative method for core 
resizing by resetting all core sizes o to an initial value after a certain time, and estimating the new vectorial 
circulations [’,, that preserves the same vorticity field w through an RBF interpolation. This method not 
only takes care of the core-overgrowth problem, but also allows for spatial adaptation, and the RBF can be 
efficiently implemented in the FMM evaluation through the generalized minimal residual (GMRES) method. 
In our implementation, we have assumed a uniform core size throughout the particle field, allowing us to 
solve the RBF through the conjugate gradient method. 
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® Trailing circulation 
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Figure 3: Blade and wake deployment in the propeller model. Particles are colored by their respective source 
of vorticity; arrows indicate the direction of vortex strength Ip. 


II.B. Propeller Model 


In this study, each blade of the propeller is modeled as a rotary lifting surface where the physics of interest 
have been broken down into three aspects: load distribution, blade-induced velocity, and wake-induced 
velocity. The load distribution is calculated through two-dimensional blade elements, and is used for deriving 
the circulation along the lifting surface. In turn, the blade-induced velocity is obtained from the circulation 
distribution by embedding vortex particles along the surface that preserve such circulation, as shown in 
Fig. 3. As the blade moves, the trailing vorticity is shed off the trailing edge as free-particles from both the 
unsteady loading and shed circulation. ‘Thus, blade and wake-induced velocities are all computed through the 
FMM, allowing for efficient scaling of the fidelity of the simulation to the order of millions of particles, and 
all unsteady dynamics are resolved as the VPM steps in time. Fig. 4 shows the computation flow diagram 
of the simulation. 

In the simulation setup step (blue block in Fig. 4), the user specifies the rotor geometry and blades 
are discretized into elements. ‘Two-dimensional aerodynamic airfoil characteristics of each blade element are 
precomputed through XFOIL at the corresponding local Reynolds number, and a Prandtl-Glauert compress- 
ibility correction is applied to the lift curve, thus capturing both viscosity and compressibility effects. Both 
lift and drag curves are adjusted to capture three-dimensional drag and stall-delay effects*? encountered in 
rotor blades, and the Viterna method”? is applied to obtain post-stall +180° extrapolations of these curves. 

In the first time step of the simulation, the inflow at every blade element is calculated from freestream 
and rotational velocity and used for calculating the effective angle of attack (AOA) of the element. From 
the precalculated airfoil lift and drag curves, the effective angle of attack is used to look up the lift and drag 
at every element, and the load distribution of every blade is thus determined. In all subsequent time steps, 
the propellers are rotated and vortex particles are shed off trailing edges. The Navier-Stokes equations are 
solved in their vorticity form (Eq. (1)) calculating the convection, stretching, and viscous diffusion of the 
vortex particles (Eqs. (3) and (4)). The velocity induced by the wake and lifting surfaces is then added to 
the freestream and rotational velocities in order to calculate the new effective angle of attack, and the load 
distribution is updated (gray block in Fig. 4). The process is then iterated until the end of the simulation, t, 
as shown in the green block. This algorithm is similar to the method developed by Jo and Lee,?*>3! except 
that we omit the minor iterations and let load distributions convergence in time as the wake is deployed. 
Also, we model the lifting surfaces through embedded vortex particles in order to perform all computation 
through the VPM, which allows us to scale the computation efficiently in order O(N) through the FMM. 

In a previous study?! we have shown that the VPM is able to fully characterize the evolution of the 
wake, from near field to far field and transition into turbulent breakdown. Furthermore, the VPM is a 
direct-numerical simulation approach, requiring an increased spatial resolution in the turbulent breakdown 
regime to ensure convergence. In order to ease computation in this study, the wake will be partially removed 
once in the breakdown regime as described in Alvarez and Ning.?! 
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Figure 4: Computation flow diagram of the propeller model. 


II.C. Test Cases 


In order to simulate both hovering and forward-flight multirotor configurations at both low and high Reynolds 
numbers, two different rotor geometries are used. The hovering case uses a quadcopter rotor matching the 
geometry of the DJI Phantom II rotor described by Zhou et al.1® and Ning,'? and the low-Reynolds 
simulation of side-by-side hovering rotors is compared to reported particle image velocimetry (PIV) and 
load cell measurements. ‘This rotor is 240mm in diameter, and its geometry approximates the optimum 
rotor design obtained by imposing a constant effective angle of attack along the blade. The geometry was 
digitized assuming the twist distribution 6(r) = 5.3°+6.3°+ (with r the non-dimensional radial position) and 
an uniform E63 airfoil shape transitioning to an E856 airfoil towards the hub. The chord and leading edge 
distributions are generated as described by Ning.!? All simulations are run at 4860 RPM and no freestream 
velocity, matching the experimental configuration resulting in a diameter-based Reynolds number Rep of 
6.5 x 10° and chord-based Reynolds of Re, of 6.2 x 10*. Rep and Re, are calculated at the 70% blade span 
as 





Vr9%D Vr9%C 
Rep = 06, ‘end Re, = a 
Vy Vy 





where ¢ is the mean chord, and Vzoy is the effective speed resulting from both freestream and local rotational 
velocity at 70% the blade span. 

The forward-flight configuration uses the APC thin-electric 10x7 rotor operating at a high Reynolds 
number. This rotor is a hobby-grade model commonly used on small unmanned aircraft, it is readily 
available, and its 10-inch diameter makes it a good fit for mid-size wind tunnel testing. Moreover, its 
performance has been measured and indexed in the UIUC Propeller Database,°! and verified by McCrink 
and Gregory” both experimentally and through blade-element momentum theory. The blade is generated 
assuming an uniform NACA 4412 airfoil shape, using the chord and twist distributions digitized by McCrink 
and Gregory. Note that forward flight in distributed-propulsion aircraft implies a fully axial inflow, instead 
of the edgewise flow encountered in rotorcraft. The performance of the individual rotor is validated against 
experimental data across a oP of advance ratio J at a constant Rep of 1.5 x 10° and Re, of 1.2 x 10°, 

—_ Vz RPM 


where J is calculated as J = —S, with n = ~~. 
n 60 


The thrust coefficient C'r, torque coefficient Cg, and propulsive efficiency 7 hereby reported are defined 





6 of 16 


American Institute of Aeronautics and Astronautics 


as 





T Q TV. 
Cr = ——,, Co=-> 
7 pn? D4 “ 
In all validation cases, temporal integration is performed in a third-order Runge-Kutta scheme at a time 
step equivalent to a 5° blade rotation; blades are discretized into 50 elements; and spatial resolution of the 
wake is dictated by imposing a smoothing radius twice the distance between contiguous particles shed off 
the blade tip, shedding two particles at every time step. Particles are shed all along the blade trailing edge. 


III. Single-rotor Validation 


Prior to multirotor modeling, the propeller model is first validated in a single-rotor configuration at both 
low and high Reynolds number. In this section the single rotor is simulated in both hover and forward flight, 
and results are compared to experimental measurements reported by Zhou et al.,'® Ning,'? and McCrink 
and Gregory.°” 


III.A. Hover Case 


The hover configuration uses the DJI Phantom II rotor operating at a low Reynolds number (Re, = 6.2 x 10*) 
and constant 4860 RPM. The thrust coefficient Cr of the rotor throughtout the simulation is shown in 
Fig. 5 along with the experimental mean thrust and fluctuation. The wake starts to develop and convect 
downstream during the first two iterations, and the near field becomes fully developed after only three 
iterations as indicated by the convergence of thrust. The periodic spikes observed at six, ten, and fourteen 
revolutions correspond to every instance when the turbulent breakdown region has been trimmed. The wake 
after eighteen revolutions is shown in Fig. 6 (left), where features of the topology can be clearly identified: a 
well-defined structure in the near field (z < 0.5D), an onset of leapfrogging at z + 0.5D, and a transition into 
turbulent breakdown at z ¥ 1.0D. The simulation converges to a mean C'y of 0.1013 and a steady fluctuation 
(standard deviation) of 0.001, meanwhile Zhou et al.® and Ning’? report an experimental mean C'p of 0.1007 
and a fluctuation of 0.008. This results in an error of only 0.5% between the simulation and experimental 
mean C'r, meanwhile the fluctuation is largely underpredicted. We conjecture that the fluctuations observed 
in the experimental measurements of the individual rotor are caused by interactions with the test stand not 
captured in our simulations (e.g., mounting pole, hub, and mechanical vibrations). 

Fig. 7 compares the ensemble-average velocity in the single rotor (left figures) observed experimentally 
and predicted at a plane located a distance 0.1D downstream. ‘The simulation shows a streamtube slightly 
more contracted than what is observed experimentally. Fig. 8 shows the in-plane vorticity of both the 
experimental PIV and the simulated single rotor (left figures). The vorticity distribution is obtained at a 

















Thrust coefficient Cr 





0 2 4 6 8 10 12 14 16 18 20 
Number of revolutions 


Figure 5: Convergence of thrust coefficient Cy (blue dots) in hovering single-rotor simulation. Solid black 
line corresponds to the experimental mean thrust and dashed lines enclose the standard deviation as reported 
in Zhou et al.!® and Ning.'9 
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Figure 6: Wake of single-rotor and multirotor hover simulations. Arrows scaled by the vortex strength of 
every particle. 


phase-locked angle of 120°, where the phase is defined as the angle between the vertical yz-plane and the 
position of the rotor blade. It can be seen that the VPM simulation correctly predicts an onset of tip-vortex 
leapfrogging at a downstream distance of about z = 0.5D. Thus, the propeller model seems to captures all 
the physics of interest at low Reynolds number in a hovering single rotor configuration. 


IlIl.B. Forward-flight Case 


The forward-flight configuration uses the APC 10x7 rotor operating at a high Reynolds number (constant Re, 
of 1.2 x 10°) across a sweep of advance ratio J. Fig. 9 compares the predicted thrust, torque, and propulsive 
efficiency to the experimental values reported by McCrink and Gregory.°? It is observed that both Cr 
and Cg match the experimental values at low and moderate advance ratios, meanwhile they start to drop 
earlier than what is seen experimentally at high advance ratios. ‘This is also observed in the blade-element 
momentum predictions by McCrink and Gregory, which hints that this may be an issue with the geometry 
description (7.e., inaccurate airfoil shape or twist distribution differing from the actual rotor) rather than the 
modeling method. The discrepancies in C’r and Cg cancel out as the propulsive efficiency 77 is calculated, 
resulting in a good agreement across all advance ratios up to J & 0.725. Thus, the VPM propeller model 
seems to be valid at high Reynolds number across low and moderately-high advance ratios in forward-flight 
single-rotor configuration. 


IV. Multirotor Results 


In this section, the hovering multirotor case is compared to the experimental measurements reported by 
Zhou et al.'® and Ning,!? validating the VPM multirotor model. Finally, a parametric study of rotor-on-rotor 
interactions across all advance ratios and Reynolds numbers is presented. 


IV.A. Hover Case 


The hovering single-rotor case of Section III.A is now extended to multirotor configuration by adding an 
identical rotor in counter-rotation at a tip-to-tip distance s of 0.05D. Counter-rotation means that one 
propeller rotates clockwise, meanwhile the other rotates counter-clockwise. The simulation shows that the 
multirotor wake mixing onsets a topological instability that moves the turbulent-breakdown region closer 
to the plane of rotation, as shown in Fig. 6 (right). Fig. 8 compares the in-plane vorticity field between 
single-rotor and multirotor configuration. Both simulation and experiment show that tip vortices lose their 
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Figure 7: Velocity field at plane z = 0.1D of single rotor (left) and multirotor (right, s = 0.05D) in hover 


2/D 





configuration. Top row shows the experimental ensemble average (retrieved from Zhou et al.*®), middle row 
shows the simulation ensemble average, and bottom row shows the simulation phase-locked field at 120° (see 
blade positions). Colormap corresponds to axial velocity, while arrows indicate swirl velocity. 
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Figure 8: Phase-locked vorticity distribution of single rotor (left) and multirotor (right, s = 0.05D) in 
hover configuration as measured experimentally (top) and simulated (bottom). Arrows scaled by the vortex 
strength of every particle. Experimental measurements retrieved from Zhou et al.'® 
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Figure 9: Comparison between simulation and experimental thrust, torque, and propulsive efficiency in 
forward-flight single-rotor configuration. 
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structure as wakes mix in-between the rotors (x = —0.5D region, compare left and right figures). 

Next, the separation distance s was varied to determine its effects on thrust. Fig. 10 shows the mean 
thrust and fluctuations compared to what Zhou et al.!® observed experimentally, normalized by the values 
obtained in the single-rotor configuration. Every time that blades pass through the region of wake mixing, the 
loading of the blade drops, decreasing the mean thrust and increasing the fluctuation, which is accentuated 
as the tip-to-tip distance becomes small. It is especially important that this unsteady loading is accurately 
captured since the noise augmentation observed experimentally stems from these fluctuations. Here we see 
that the VPM propeller model is able to capture these rotor-on-rotor interactions with reasonable accuracy*, 
making it a good candidate for a future application in noise prediction. 

Zhou et al. observed an accentuated upwash and a recirculation region in the near field between the rotors 
(shown in Fig. 7, top right), and conjectured that the flow separates along the blades every time they pass 
through this region, leading to the observed drop in blade loading. The simulation (Fig. 7, middle right) 
shows the same accentuated upwash observed experimentally, however the recirculation region is absent. The 
phase-locked field (Fig. 7, bottom right) shows a more accurate topology, yet no recirculation is seen. Since 
the drop in thrust shown in Fig. 10 agrees well between simulation and experiment in spite of not capturing 
such recirculation region, we conclude that the effects of the recirculation pocket are negligible and that the 
induced upwash is the main contributor to the drop in blade loading. 




















IV.B. Hover and Forward-flight Parametric Study 


Previous studies on side-by-side multirotor interactions available in the literature have only explored the 
hovering configuration since fully characterizing the response surface beyond a hovering configuration poses 
a great challenge due to its multidimensionality. Leveraging the computational speed of the VPM, we have 
swept across all ranges of advance ratio J, Reynolds number Rep, separation distance s, and direction of 
rotation (counter and co-rotation). This resulted in a total of 1152 simulations? requiring a wall-clock time 
of 4 days in a desktop computer Intel(R) Xeon(R) CPU E5-2699 v3 @ 2.30GHz. 

Fig. 11 shows the response surface of propulsive efficiency 7 and thrust fluctuation (standard deviation 
of Cr) in counter-rotating APC 10x7 rotors at low, moderate, and high Reynolds numbers. Efficiency values 
have been normalized by the corresponding value obtained in single-rotor configuration. The solid surfaces 
correspond to radial basis function interpolations fitted to data points, whereas each data point corresponds 
to one VPM simulation. In the efficiency response surface (left figures), it is observed that multirotor 
interactions are detrimental across all advance ratios and Reynolds numbers, dropping the performance as 
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Figure 10: Effects of rotor-on-rotor interactions on thrust as the separation between rotors is decreased, 
normalized by their respective values in the single-rotor configuration. 








“Fluctuations are underpredicted as the experimental measurements include interactions inherent to the experimental setup 
(mounting pole and hub) not captured in the simulation, as mentioned in Section II].A. However, simulation and experiment 
show good agreement after normalizing both by their respective single-rotor values. 

>These are mid-fidelity simulations with 25 elements per blade and 18 time steps per revolution, shedding four particles 
per step with a smoothing core overlap twice the distance between contiguous particles, simulating a total of six revolutions in 
moderate/high advance-ratio cases, and 13 revolutions in low advance ratio cases (J < 0.2). 
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(c) High Reynolds number (Rep = 1.5 x 10°) 


Figure 11: Response surfaces of propulsive efficiency (normalized by corresponding single-rotor value) and 
thrust fluctuation (standard deviation) in counter-rotating APC 10x7 multirotor. Solid surfaces correspond 


to radial basis function interpolations fitted to data points (circles). Each data point corresponds to one 
VPM simulation. 
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the distance between rotors become small. Furthermore, this drop in performance becomes more accentuated 
at low advance ratios. This is better observed in Fig. 12, which shows slices of the response surface at multiple 
Reynolds numbers at s = 0.05D, which evidences a trend of decreasing performance as the advance ratio 
decreases. Another observation from Figs. 11 and 12 is that a higher Reynolds number accentuates the 
negative interactions. The opposite was observed in an experimental study by Shukla et al.,4® +!” which may 
indicate that this trend on Reynolds number is dependent on the specific rotor design being studied (the 
APC 10x7 is designed for high-Reynolds operation with a loading distribution gradually decreasing towards 
the blade tip, whereas Shukla et al. used an untapered, untwisted blade highly loaded at the tip, designed 
for low-Reynolds testing and strong tip vortices). 

The response surface of thrust fluctuation (Fig. 11, right figures) shows that fluctuations are accentuated 
at hover and near-hover configurations (J < 0.2) across all Reynolds numbers . This means that hover and 
near-hover can be expected to be the configurations of greatest noise associated to unsteady loading. It 
is also observed that Reynolds number has the effect of increasing thrust fluctuations accordingly. ‘This is 
explained by the fact that a higher Reynolds number correlates to a higher RPM, which leads to an increased 
blade loading and stronger blade-tip vortices that accentuate rotor-on-rotor interactions in the APC 10x’7. 
All trends already mentioned are consistent between counter and co-rotating configurations. Finally, Fig. 13 
compares the effects of rotation direction (counter or co-rotation) on propulsive efficiency across Reynolds 
numbers and advance ratios at s = 0.05D, showing that a counter-rotating configuration (e.g., one propeller 
rotating clockwise while the other counter-clockwise) has a slight penalty over co-rotation at moderate and 
high advance ratios (J > 0.25) that is accentuated at a high Reynolds number, droping the efficiency as 
much as 0.5% lower than the co-rotating configuration at Rep = 1.5 x 10°. 





V. Conclusion 


In this study we have shown the capability of the viscous vortex particle method to capture multirotor 
aerodynamic interactions in both hover and forward-flight configuration as encountered in distributed propul- 
sion eVTOL aircraft at both low and high Reynolds numbers. Single-rotor validation has been presented, 
showing an error of only 0.5% between experimental and predicted thrust coefficient in hover, and good 
agreement on predicted propulsive efficiency across all advance ratios in forward flight configuration. Wake 
dynamics in multirotor hovering configuration showed a good qualitative agreement between simulation and 
particle-image velocimetry measurements. ‘The simulation indicates that the accentuated induced upwash 
in between the rotors is the main contributor to the drop in blade loading during rotor-on-rotor interaction. 
The multirotor VPM model was shown to capture the thrust drop observed experimentally as the tip-to-tip 
distance between rotors became small, along with the associated thrust fluctuation. 

A parametric study of rotor-on-rotor interactions during hover and forward flight in the APC 10x7 rotor 
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revealed the following: 


e Multirotor interactions are detrimental across all advance ratios and Reynolds numbers, dropping the 
propulsive efficiency as the distance between rotors becomes small. 


e The performance drop becomes accentuated at low advance ratios. 


e The largest thrust fluctuations (and potentially highest noise signature) are encountered in hover and 
near-hover configurations. 


e At moderate and high advance ratios (J > 0.25), a counter-rotating configuration is slightly less 
efficient than a co-rotating one. 


e A higher Reynolds number accentuates the interactions encountered in a rotor with lightly loaded 
blade tips, as is the APC 10x7. 


These tentative conclusions require further verification with higher-fidelity simulations reducing numerical 
uncertainty along with more exhaustive experimental validation, which will be performed in future work. 

The aerodynamic validation of the VPM multirotor model hereby presented lays the groundwork for 
the future development of an aeroacoustic method for predicting the noise signature associated to unsteady 
loading in multirotor configurations, with the potential of integrating these analyses in the conceptual design 
stage of eVTOL aircraft. 
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Evolutionary Optimization of a Morphing Wing with Wind 
Tunnel Hardware-in-the-Loop 
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Active wing morphing is a fertile technology in the realm of unmanned and micro air 
vehicles: low flight loads and flexible wing materials allow substantial deformation with 
relatively low actuation power. Proper shape management of these wings for maximum 
performance is challenging: numerical optimization methods may struggle to accurately 
predict the three-dimensional flow separation, transition, and reattachment expected at the 
low operating Reynolds numbers. Conventional experimental optimization techniques (a 
response surface fit through a designed experiment) may be unable to represent the 
discontinuous objective functions commonly seen in aerodynamic applications, and the 
number of function evaluations can become overwhelming with high-fidelity actuation 
mechanisms. This paper outlines an effective experimental technique for optimizing a 
morphing airfoil: a genetic algorithm with wind tunnel hardware (strain gage sting balance) 
in the loop. Optimal wing shapes are found to maximize the measured lift or efficiency 
through a sweep of angles of attack, for a wing with a single actuation point (camber control) 
and two actuation points (camber and reflex control). Aerodynamic and electrical hysteresis 
limits the repeatability of sting balance measurements, complicating the convergence of the 
genetic algorithm, but not preventing adequate location of optimal designs. 


Nomenclature 
OL = angle of attack 
C = wing chord 
Cp = drag coefficient 
CL = lift coefficient 
L/D = lift-to-drag ratio 
sp = servo position 
UW = free-stream velocity 
X, Z = chordwise and vertical positions 


I. Introduction 


APID advancements in actuator and material technologies have enabled the use of practical wing morphing 

platforms: aircraft are no longer confined to fixed wing geometries that can only suit a single flight regime. 
Such a capability allows for optimal wing shapes for a disparate array of flight maneuvers. Active wing morphing is 
a biologically-inspired concept: birds constantly change there wing shape to successfully undertake glides, descents, 
and aggressive maneuvers’. Along this analogy, a versatile morphing aircraft can achieve high lift for maximum 
payload carrying capacity, high speed to quickly move from waypoint to waypoint, or high efficiency during cruise 
flight*. Utilizing a morphing structure with asymmetric deformations can provide highly agile maneuvering through 
complex urban environments. Such a vehicle can also maintain stability through the most volatile of flight 
conditions, such as erratic and gusty airflow among buildings and structures. Active morphing is a particularly 
attractive option for unmanned and micro air vehicles (UAVs and MAVs): low flight loads and highly flexible wing 
structures allow a relatively small amount of actuation energy to inflict a substantial shape change over the wing. 
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Furthermore, poor efficiency characteristics (as necessitated by the low Reynolds numbers inhabited by such 
vehicles: 10° - 10°) and strenuous weight management challenges for static stability dictates a need for the 
benevolent aerodynamics that can be provided by active morphing. 

With the ever-increasing complexity of morphing mechanisms comes the challenge of proper shape 
management to achieve desirable, real-time flight characteristics. The work presented in this paper is one approach 
to such a challenge. A closed-loop wind tunnel with a strain-gage sting balance is used as a hardware-in-the-loop 
objective function for optimizing a multiple design variable morphing wing structure. The optimal airfoil shape 
(found by varying the camber and/or reflex) is located to maximize lift or efficiency for a range of pre-stall angles of 
attack, using a conventional evolutionary genetic algorithm (GA). Such a strategy must be thought of as a more 
efficient means of experimental optimization (when compared to conventional response surface-based techniques) 
as the number of design variables increases. While only two are considered in this work (actuation at two locations 
along the wing root), the general technique is successfully demonstrated, permitting future research in a larger 
design space. Furthermore, the complex and poorly understood flow fields about low aspect ratio MAV wings at 
low Reynolds numbers also limits the usefulness of conventional numerical optimization schemes. 

Several examples of efficient wing morphing mechanisms can be found in the literature. Abdulrahim et al.° 
demonstrate the use of a set of torque rods imbedded in a membrane micro air vehicle wing: actuation of the rods 
asymmetrically twists the wing for roll control. Similar mechanisms were used to control the Wright Flyer, with 
active wing twisting facilitated by a series of cables. Higher fidelity methods can also be considered. The 
electroactive polymer actuator* (EAP) is similar to muscle tissue with regard to stress and force output, and is 
capable of large-scale linear motion. Macro fiber composites (MFC) are a thin compliant actuator constructed of 
orthogonal layers of uni-directional piezoceramic fibers and copper electrodes encased in layers of acrylic and 
Kapton’. Strelec et al.° discuss the use of shape memory alloys (SMA) for wing morphing, noting a specific need to 
prevent variations in temperature for successful implementation. 

Early numerical airfoil optimization work is found in the work of Hicks et al.’, who use a gradient-based 
feasible direction method to optimize low drag transonic airfoils. Further gradient-based applications are presented 
by Lian et al.*, who conduct shape optimization of a low aspect ratio micro air vehicle wing. A sequential quadratic 
programming optimizer is used in conjunction with a Navier-Stokes solver to maximize the lift-to-drag ratio by 
varying a series of control points over the wing, with constraints on the wing shape’s convexity. Obayashi and 
Tsukahara’ discuss the use of three distinct schemes for airfoil optimization: gradient-based, simulated annealing, 
and evolutionary genetic algorithms. The genetic algorithm is found to be superior, despite requiring a larger 
number of function evaluations. This is thought to be due to a smaller dependence on the initial design, as well as 
the presence of potentially discontinuous aerodynamic objective functions. A genetic algorithm is implemented by 
Namgoong et al.'° for airfoil optimization with strain energy (for the actuators to morph from one shape to the next) 
as an objective function, along with lift and drag. XFOIL is used to construct a Pareto trade-off curve between 
aerodynamic and actuator cost. Higher fidelity genetic algorithm optimizations are given by Naujoks et al.'', who 
use a turbulent Navier-Stokes solver. Further applications of numerical airfoil optimization falls under the guise of 
inverse design methods: varying the airfoil shape to minimize the difference between computed pressure 
distributions and known, favorable distributions’”. Gopalarathnam and Selig'’ conduct such an inverse design for 
low speed airfoils, providing insight into the relationship between thickness and efficiency at low Reynolds 
numbers. 

Experimental optimization with hardware-in-the-loop is a relatively rare undertaking: non-aeronautical 
examples include the work of Peng et al.'*, who analyze a flat rectangular membrane via three tension forces applied 
to each edge. The deformed profile of the membrane is optically measured, and fed into a genetic algorithm to find 
the combination of forces that will minimize the wrinkling amplitude. Hemker et al.'° optimize walking speed and 
stability with a humanoid robot hardware-in-the-loop, using sequential surrogate quadratic programming with 
stochastic approximations to the objective functions. Aeronautical applications are given by Hunt et al.'°®, who use a 
genetic algorithm to optimize the forward velocity and motor efficiency of a tethered ornithopter, with flapping rate 
and tail position as design variables. The authors report several unexpected optimal configurations. Finally, the 
work of Levinsky and Palko'’ is of most interest to the current research paradigm: shape optimization of a three- 
dimensional flexible model of a F-111 TACT aircraft wing in the wind tunnel at both low and transonic speeds. 
Twelve actuator locations are used over the wing for both span-wise and chord-wise morphing, for constrained 
minimization of drag using a gradient-projection method. Reported difficulties include: wing shape repeatability, 
wing degradation, drag measurement repeatability and quality, and enforcement of actuator displacement 
constraints. 

The remainder of this work is outlined as follows. A complete description of the experimental hardware and 
set-up will be given, followed by an account of the numerical evolutionary genetic algorithm, and a visual image 
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correlation system used to measure the wing shapes. A low-fidelity morphing wing with a single actuator is built to 
estimate the potentially-detrimental effects of experimental hysteresis, and to validate the optimal designs (through a 
comparison with conventional response surface optimization). Finally, a higher-fidelity morphing wing is used to 
determine shapes with optimal lift and efficiency, for an array of flight conditions. 


Il. Hardware-in-the-Loop Apparatus and Procedure 


There are four primary subsystems utilized in the experimental setup. These include the optimization software, 
the servo controller, the wind tunnel, and the data acquisition software. Through the use of simple text-format 
software, data 1s passed between each of these subsystems. This cooperative scheme of utilizing previously 
independent software programs provides the means for automating the optimization procedure. A visual image 
correlation system is used independently during testing to determine the three-dimensional wing shapes of 
noteworthy servo positions. 


A. Wind Tunnel 

The test facility used for the entirety of this work is an Engineering Laboratory Design 407B closed loop wind 
tunnel, with the flow loop arranged in a horizontal configuration. The test section has an inner dimension of 0.84 m 
on each side, and is 2.44 m long. The velocity range is between 2 and 45 m/s (maximum Re of 2.7 million), 
provided by a 250 HP motor and a 2-stage axial fan. Centerline turbulence levels have been measured on the order 
of 0.2%. Optical access is available on the sidewalls and the ceiling. A Heise model PM differential pressure 
transducer is attached to a pitot-static tube located at the center of the section’s entrance, while a four-wire RTD 
mounted to the wall of the test section measures the airflow temperature. 


B. Strain Gage Sting Balance 

An Aerolab 01-15 6-component strain gage sting balance is used to measure the aerodynamic forces and 
moments of the wind tunnel models. Each of the six channels is in a full Wheatstone-bridge configuration, with 5 
channels dedicated to force, and 1 to a moment. Data acquisition is done with a NI SCXI 1520 8 channel 
programmable strain gage module with full bridge configuration, 2.5 excitation volts, and a gain of 1000. A NI 
6052 DAQ PAD firewire provides A/D conversion, multiplexing, and the PC connection. For a given flight 
condition, the output signals from the six components are sampled at 1000 Hz for 2 seconds. The average of this 
data is sent to a LabVIEW-based module for the calculation of the relevant aerodynamic coefficients. The sting 
balance is mounted to a custom-fabricated aluminum model arm within the test section. The arm extends through a 
hole in the section wall, and is then attached to a gearbox and a brushless servomotor system for angle of attack 
control (rates on the order of 1 °/s). Tunnel speed, model inclination, and force/moment measurements are 
set/acquired using a dedicated PC and in-house LabVIEW-based software. A schematic of the wind tunnel setup 
can be seen in Figure 1. 


C. Servo Controller 

Morphing actuation is provided by a set of Futaba $3102 servo actuators. These servos supply 4.6 kg-cm of 
torque at a rate of 300 °/s, with a complete range of 120°. Using MATLAB, the position of each servo is 
commanded through a serial port in a 1200 baud rate, 8 bit, 1 stop, no-parity form. A sub-module converts the 
RS232 signal to transistor-to-transistor logic. A custom servo controller on board the morphing wing wind tunnel 
model receives the signal. The controller features 8 kilobytes of flash memory, a 16 bit high-resolution servo timer, 
and an 8 MHz ATMEL microprocessor. This servo controller is able to set and hold 250 different commanded 
servo positions while the wing undergoes aerodynamic loading. 


D. Genetic Algorithm 

Airfoil optimization is provided by a genetic algorithm, a stochastic evolutionary algorithm that mimics certain 
aspects of natural selection observed in biology'®. Distinct morphing wing shapes are grouped together in a 
population: the initial populations can be either randomly or uniformly distributed over the design space. The 
performance (fitness) of each design is then evaluated (using the wind tunnel/sting balance hardware). A stochastic 
process is then used to select the designs that will be used to breed the next generation: designs with higher fitness 
are more likely to be selected. A certain portion of the fittest designs are directly copied to the next generation 
(elitism), while the rest of the selected designs are paired off for crossover. A child design is created from two 
parents, and typically contains many of the traits of both (reproduction). Mutation is occasionally employed to 
promote diversity within the population, by randomly switching a portion of a design from one generation to the 
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next. While the relatively expensive genetic algorithm requires a large number of function evaluations (as compared 
to gradient-based methods), it is employed here for aforementioned reasons: less dependence on the initial design, 
and a smaller propensity to converge on a local optimum’. A third reason comes from purely experimental 
considerations: sensitivities would have to be computed from a finite difference equation, an entity that can be 
greatly distorted by even minor amounts of error or noise. 

MATLAB’s genetic algorithm toolbox’’ is employed for the current work. Morphing wing designs are 
described by N integers (each integer ranges from 1 to 250, corresponding to the extremes of the servo positions), 
where N is the number of servos used to morph the wing. Several different population sizes are used, from 10 to 25. 
The elitism count is set to 2, reproduction is via a two-point crossover function with a 0.8 crossover fraction, and a 
uniform mutation function is used with a 0.01 mutation rate. No specific convergence criterion is utilized: when 
several generations pass with little change in the population’s designs, the process is manually terminated. Less than 
30 generations are typically adequate. 
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Figure 1. Schematic of wind tunnel setup. 


E. Optimization Procedure 

The two primary software packages used for this study are LabVIEW (for wind tunnel control and data 
acquisition) and MATLAB (for wing morphing control and optimization). A flow chart of how the information 1s 
passed between the programs is shown in Figure 2. To initiate the optimization procedure, an initial population is 
prescribed to the genetic algorithm. The first member of the initial population is then sent to a subroutine which 
commands the servo controller to morph the wing. This servo positions is simultaneously sent to a text file. The 
genetic algorithm then waits for the data associated with the servo positions (design fitness) to be added to the text 
file: this is done by monitoring the text file size (checking every 0.2 seconds). While the optimization software is on 
hold for data, the wind tunnel is brought up to the required velocity. After the angle of attack is set, the force and 
moment data are determined from the sting balance. The text file previously created by the optimization software is 
accessed and this data is appended to the same line. At this point, the data acquisition software waits for the next set 
of servo positions to be added to the text file. As with the optimization software, file size is constantly monitored. 
When the new servo positions are added to the text file, the file size will increase, thereby triggering the data 
acquisition software for the next set of data. After the force and moment data have been added to the text file, the 
optimization software identifies the increase in file size, and then accesses the data. The next servo positions are 
commanded, thereby beginning the cycle again. 
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As with any sting balance, signal drift of the strain gages is a concern, due to both environment and self-heating. 
To manage this signal drift, the wind tunnel software is set to count the number of data sets collected. After a 
prescribed number, the tunnel velocity is set to zero and the model arm is rotated to the original angle of attack 
(typically zero). At this point, the data acquisition software performs an offset nullification of the strain gage 
voltages. Then the tunnel is brought back up to the velocity and angle of attack required by the experiment. This 
simple procedure helps to ensure data quality; the prescribed number of data sets is conveniently set to coincide with 
the size of the genetic algorithm’s population. 
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Figure 2. Flow chart for hardware-in-the-loop optimization. 


F. Visual Image Correlation 

Visual image correlation (VIC) is a non-contacting full-field measurement technique’ used to measure the 
shape of the morphing wind tunnel models under aerodynamic loading. The system is only used to quantitatively 
assess the optimal (or otherwise noteworthy) wing shapes, and is not included in the optimization process. The 
underlying principle of the VIC system is to calculate the shape of a test specimen by digitally acquiring a random 
speckling pattern applied to the surface. This is done with twin synchronized pre-calibrated cameras installed over 
the wind tunnel, as seen in Figure 1. The VIC system can also measure the displacement field of a structure (useful 
in measuring aeroelastic deformation of the flexible wings) by tracking a subset of the speckling pattern from one 
image to the next: temporal matching. For the imaging parameters, wing shapes, and speckling patterns used in the 
current work, the displacement/shape resolution is estimated to be 0.05 mm. 


HI. One-Design-Variable Morphing Wing 


A. Model Description 

In order to validate the data collection procedures, a morphing wing with a single design variable is utilized. 
The rectangular planform wing is fabricated from a single layer of plain weave carbon fiber reinforced plastic (with 
fibers aligned in the +45° directions), with horizontally aligned uni-directional carbon fiber strips that run from 
wingtip to wingtip spaced every 2.5 cm from the leading edge (as seen in Figure 3). These strips transfer loads such 
that morphing the wing shape at the root effectively extrudes this same shape up to the wingtip. The root chord of 
the rectangular wing is 19.5 cm, the wing span is 25.5 cm, the aspect ratio is 1.3, and the wing area is 497 cm’. At 
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U., = 16 m/s, the Reynolds number at the root is 200,000. The random speckling pattern applied to the suction 
surface of the wing can also be seen in Figure 3, to facilitate measuring the wing shape/deformation with the VIC 
system. 
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Figure 3. One-design-variable morphing rectangular wing. 


Actuation is provided with a single morphing servo; the corresponding control horn is attached to the root at x/c 
= (0.28, and is largely constrained to vertical cambering motion. The wing shape is constrained through two 
attachment points: one at the leading edge (which permits just rotation) and a second at x/c = 0.65 (which permits 
rotation and some chord-wise motion). The servo and the constraint linkages are attached to a mounting platform 
located below the wing at z/c = -0.2. A sting balance attachment point is also built into the mounting bracket. The 
full range of actuation will include significant changes in the wing’s angle of incidence due to the unconstrained 
trailing edge (which will also result in an aeroelastic nose-down geometric twist for adaptive washout). In order to 
facilitate a comparison of aerodynamic performance of different wing shapes at the same flight condition, the angle 
of attack 1s measured with respect to the rigid mounting platform. 

The capabilities of the full-field VIC system are demonstrated in Figure 4: the chord-normalized wing shape 
contour is plotted, along with airfoil sections at the wing root and the wing tip. It can be seen that the span-wise 
stiffeners (carbon fiber strips) built into the wing effectively transfer the shape from the actuation points to the wing 
tip. No change in the camber is noted, though minor aerodynamic twist can be seen at the leading and trailing edges 
of the wing root (less than 1% of the chord). Utilizing the VIC system, 9 servo positions are selected and 
photographed to determine the range of attainable wind-off wing shapes. The morphing mechanism is capable of 
altering the camber from -7% to 19%: normalized root airfoils are plotted in Figure 5. The location of this camber 1s 
variable as well: decreasing the servo position from 250 to 90 shifts the camber location from x/c = 0.32 to 0.45. A 
further decrease in servo position replaces the camber location back to 0.32. Passive aeroelastic effects are 
documented in Figure 6, for the two extremes of the wing motion (servo positions | and 250) at a moderate angle of 
attack. Minimal passive deformation 1s observed for the negatively-cambered wing, though a slight de-cambering 1s 
observed for the other extreme: the servo is unable to completely hold the wing shape under load, as the camber 
decreases from 19.1% to 18.4%. The aforementioned washout can also be seen, decreasing the incidence at the root 
by 4.3°. 
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Figure 4. Measured wind-off wing surface (z/c) at sp 250, with sections plotted at the root and the tip. 
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Figure 5. Measured wind-off root airfoils of the one-design-variable morphing wing model. 
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Figure 6. Passive aeroelastic wing deformation at U,, = 16 m/s, a = 10°. 


B. Hysteresis Assessment 

Several potential pitfalls exist in the wind tunnel testing of the wing shown in Figure 3. The first concern is the 
electrical hysteresis/resolution/drift of the strain gage sting balance*’. The forces generated by a micro air vehicle 
may not be more than a few percent of the maximum measurable load of each channel. The lowest measured drag 
force is 0.2 N (invariably measured from the wing when morphed to a flat plate at 0° angle of attack): such a force 
will correspond to microvolts across the strain gages, which introduces a challenging data processing and signal 
conditioning problem. A second concern is the repeatability of the shapes obtained from the morphing servos, a 
complaint reported in the work of Levinsky and Palko'’. The final and most important concern is a viscous effect: 
Mueller” shows that the location of the laminar flow separation, transition, and turbulent reattachment over a 
Lissaman 7769 and a Milet M06-13-128 airfoil is prone to aerodynamic hysteresis between Reynolds numbers of 
60,000 and 300,000 (a range which includes the current application). Differing lift and drag curves are measured 
depending on whether the angle of attack is decreasing or increasing, and may also be a problem with a low 
Reynolds number airfoil that semi-randomly changes its shape. 

In an effort to determine the effect, 1f any, of the above factors, the following test is conducted. Five servo 
positions are used to represent the extremes and intermediate positions within the range of motion. While holding 
the angle of attack and airspeed constant, ten consecutive data sets are collected for each of the five servo positions. 
For each position, this is done without nulling the sensors or changing the shape between measurements: the results 
should reflect the sting balance drift and resolution, not aerodynamic hysteresis. Data is then collected as the servo 
position is randomly altered among the five pre-selected positions. This data can then be sorted into common servo 
positions for comparison with the previous test: measured coefficients of variation are given for Cy; (Table 1) and Cp 
(Table 2) in the low-drag, high-lift, and near-stall flight regimes. 
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Table 1. Measured scatter in the coefficient of lift, U,, = 16 m/s. 


a, = 0° a = 10° a = 22.5° 

COV (%)  COV(%) COV (%) 
SP 1 Consecutive 0.14 0.32 1.79 
Random 1.36 2.20 2.28 
SP 125 Consecutive 0.34 0.21 0.25 
Random 1.17 0.98 1.45 
SP 250 Consecutive 0.19 0.38 0.30 
Random 0.83 0.25 1.36 


Table 2. Measured scatter in the coefficient of drag, U., = 16 m/s. 


a, = 0° a = 10° a = 22.5° 

COV (%) COV(%) COV (%) 
SP 1 Consecutive 3.07 3.40 1.90 
Random 2.63 2.29 1.67 
SP 125 Consecutive 0.56 1.85 0.81 
Random 0.87 1@22 1.26 
SP 250 Consecutive 1.29 1.05 0.39 
Random 1.47 0.69 1.24 


The experimental scatter in both signals is acceptable: less than 2.3% COV in lift and less than 3.4% in drag. 
Measurement errors and repeatability are expected to be worse for the drag, as the relatively small forces reside 
closer to the sting balance’s resolution. Drag forces will also be more susceptible to the viscous flow hysteresis 
discussed above. Furthermore, only the lift force shows a distinct trend between the two measurement methods (an 
order of magnitude increase in scatter when the servo position is randomly altered); no such pattern emerges from 
the drag data. The largest coefficients of variation are typically measured from the negatively-cambered airfoil at 
servo position | (as seen in Figure 5). Significant leading edge flow separation can be expected even at low and 
moderate angles of attack. In addition to the turbulent reattachment issues, unsteady leading edge vortex shedding 
may distort what is essentially a static sting balance measurement. 


C. Alpha-Sweep Results 

The lift coefficient (Figure 7), drag coefficient (Figure 8), and the lift-to-drag ratio (Figure 9) are given as a 
function of angle of attack for the same nine servo positions that populate Figure 5. As expected, altering the 
camber has no significant effect on the pre-stall lift slope: the average C,, is 0.047, characteristically shallow for the 
low aspect ratio wing. An increase in the slope is seen for the aggressively-cambered airfoils (up to 0.064), possibly 
due to the nonlinear vortex lift generated by the tip vortex swirling system. Otherwise, the lift curve is largely 
shifted up or down, with the zero-lift angle of attack ranging from 5.1° to -10.6° (extrapolated). The stalling angle 
and the maximum C, progressively increase with actuation up to 12% camber, after which stall is very benign and 
poorly defined. This latter effect may be due in part to the adaptive washout shown in Figure 6, a mechanism 
known to cause such behavior®. Distinct trends are harder to discern for the drag data of Figure 8. Airfoil cambers 
between -5% and 5% exhibit similar drag performance at small and moderate angles of attack (though a clear trend 
develops closer to stall, as exaggerated camber increases drag). The wing morphed to servo position 60 (-2% 
camber) appears to show the “drag bucket” commonly associated with transitional flows over low Reynolds number 
airfoils °. 

The trends in the lift-to-drag ratio (Figure 9) as a function of camber are similarly difficult to predict. Highly- 
cambered airfoils are preferred at negative and post-stall angles of attack, while moderate camber (5%) is optimal 
for most of the range in between. The exception is at 7.5° and 10° angles of attack, where the slightly negatively- 
cambered airfoil at servo position 60 is measured with the highest efficiency; this performance is certainly drag- 
based (rather than lift), predominately due to the aforementioned bucket. The rapid changes in drag between servo 
positions 30, 60, and 90 indicates the superiority of a evolutionary genetic algorithm over a gradient-based search 
optimization, which would struggle with the discontinuous objective functions present at low Reynolds numbers. 
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The systematic data presented in these three figures can now be used to validate the hardware-in-the-loop 
optimization procedure, as the optimal wing shape (in terms of lift, drag, or efficiency) is known for a sweep of 
angles of attack (to within 30 servo positions). 
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Figure 7. C,-a relationship as a function of servo actuation, U,, = 16 m/s. 
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Figure 8. Cp-a relationship as a function of servo actuation, U,, = 16 m/s. 


D. Validation of Optimization Procedure 

The evolutionary optimization of the wing’s lift at 10° angle of attack is given in Figure 10. In addition to the 
GA specifications given above, a population size of 11 is used, initially uniformly distributed within the design 
space (between servo positions | and 250). The results from the function evaluations of each design in each 
generation are plotted through 13 generations (at which point suitable convergence is achieved). This data 1s 
overlaid with the results from the a-sweep at 10°, where servo position 215 is clearly optimal. Further cambering 
past this point to position 250 seems to induce flow separation, and a minor loss in lift. The genetic algorithm 
quickly moves to the area of the design space between positions 200 and 250 (only indicated in Figure 10 by the 
cluster of data points in this region), but ultimately settles on position 250 as optimal. We are thus left to conclude 
that the superiority of position 215 over 250 noted in the a-sweep tests has been affected by some form of hysteresis, 
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though the difference in performance between the two 1s less than 2%. The majority of the final population resides 
at servo position 250, with the exception of two designs at position 180, presumably a result of the 
reproduction/mutation rates employed by the genetic algorithm. Two more genetic algorithm runs at 10° produces 
very similar results, consistently converging to a position between 240 and 250. 
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Figure 10. Evolutionary optimization of C;, at a = 10° and U., = 16 m/s: function evaluations (left) and the 
initial/final design populations (right). 


Similar data 1s given in Figure 11 for maximizing the aerodynamic efficiency at 10° angle of attack. As before, 
a population size of 11 is used, and a suitable convergence is achieved after 13 generations. Whereas the correlation 
between the genetic algorithm function evaluations and the a-sweep is very good for the coefficient of lift, there is a 
considerable amount of scatter in both data sets’ L/D, ostensibly due to the error contribution from both the lift and 
drag measurements. The genetic algorithm converges to an intermediate servo position 125 (again indicated by the 
large data cluster), though a significant volume of data points lie in the range between 125 and 150, as does the final 
population reported in Figure 11. 

As noted above, the a-sweep tests indicate an optimal design at servo position 60, an apparent discontinuity in 
the L/D response surface. The cause of the discrepancy between the GA and a-sweep results is unclear: hysteresis 
may distort the data (as suspected in the above tests to locate the maximum C,), or perhaps the response 
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discontinuity at servo position 60 is narrow enough to remain undetected by the uniform initial distribution of 
designs. Regardless of the reason, the difference in the performance of the optimal design located by the genetic 
algorithm is again small, less than 5%. Two additional GA runs confirm a convergence at servo position 125. 
Additional tests to maximize L/D are also run at -5° and 0°. The former angle converges to servo position 230 (in 
good agreement with the data of Figure 9), while the latter converges to position 160 (the measured L/D of 4.2 at 
this angle is a significant improvement over any of the designs tested within the a-sweep). 
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Figure 11. Evolutionary optimization of L/D at a = 10° and U,, = 16 m/s: function evaluations (left) and the 
initial/final design populations (right). 


IV. High-Fidelity Morphing Wing Optimization 


A. Model Description 

As the results in the previous section have demonstrated a certain degree of confidence in the hardware-in-the- 
loop optimization procedure, the technique is now utilized on a higher-fidelity, more realistic wing platform. A 
single layer of plain weave carbon fiber is used to fabricate a Zimmerman planform wing (a common planform for 
micro air vehicle applications), with fibers running in the +45° directions. Curved uni-directional strips of carbon 
fiber are again used to effectively transfer the wing shape from the root to the tip. The randomly speckled wing (for 
VIC purposes) can be seen in Figure 12: the root chord is 17.5 cm, the wing span is 40.6 cm, the aspect ratio is 2.9, 
and the wing area is 567 cm’. The estimated chord-based Reynolds number for this vehicle is 180,000, a slightly 
lower value than that seen in the previous section. 
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Figure 12. Two-design-variable morphing Zimmerman wing. 
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As before, two actuation points are used: one at the leading edge (permitting mostly rotation), and a second at 
the trailing edge allows for both rotation and longitudinal translation. The latter effect prevents the mechanism from 
becoming over-constrained, decreasing the resistance seen by each morphing servo. A flat mounting platform is 
again used to house the servos and actuation linkages, and as a reference for angle of attack measurements. The first 
servo actuates the wing at x/c = 0.21; this is largely a vertical motion to provide wing camber. A second servo 
actuates the trailing edge, providing a rotation for potential wing reflex or negative camber. Introducing negative 
camber to a portion (typically towards the trailing edge) of the wing’s root will surely decreases the overall lift, but 
such a shape has certain advantages, particularly for micro air vehicle wings. Decreasing the lift will likewise 
temper the induced drag of the wing, whose relatively low aspect ratio (2.9) leaves a considerable portion of the 
longitudinal flow affected by the tip vortex swirling structures. Reflex may also be used to reverse the sign of the 
adverse pressure gradient over the upper surface of the wing, prompting flow reattachment or perhaps completely 
preventing separation at a certain angle of attack. Though only lift and drag are under consideration for the current 
work, a reflex airfoil can provide longitudinal static stability without the use of a horizontal stabilizer (the negative 
lift over the reflex can offset the nose-down pitching moment of the remainder of the wing), whose removal may be 
necessitated by micro air vehicle size constraints. 

Full field VIC results (z/c) of a cambered wing with trailing edge reflex 1s given in Figure 13, with airfoil 
sections plotted at the root and towards the wing tip. As expected, the curved carbon fiber stiffeners are less 
successful (than the rectangular wing) at transferring the same shape from root to wing tip. A slight loss in camber 
is observed, along with a shift towards the trailing edge. The choice of wing planform precludes the transferal of 
reflex to the wing tip, where the airfoil is only positively cambered. An array of the model’s morphing potential can 
be seen in Figure 14. Servo 1 is capable of +11% camber, while servo 2 1s capable of +4% reflex. As before, large 
servo | positions increase the camber, though the opposite (inverse) of this shape can now be obtained from the 
servo’s minimum position. Large servo 2 positions actuate a negative pitching moment to the trailing edge, 
increasing the reflex. A flat plate is obtained with both servos in their middle positions (125,125). Finally, as both 
the leading and trailing edge of the carbon fiber wing are fixed (as well as the intermediate location attached to servo 
1), wing aeroelasticity is not considered to be significant, and will not be examined. 
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Figure 13. Measured wind-off wing surface (z/c) at sp (250,250), with sections plotted at the root and the tip. 
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Figure 14. Measured wind-off root airfoils of the two-design-variable morphing wing model. 
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B. Optimal Lift Designs 

The optimization procedure is carried out to maximize the lift of the high fidelity morphing wing for a range of 
angles of attack from -5° to 20° in 5° increments. Testing above 20° invariably causes wing stall and excessive 
vibrations; function evaluation repeatability is very low and the genetic algorithm struggles to locate an optimum. 
In order to improve the convergence characteristics of the genetic algorithm operating with an increased number of 
design variables, the population size 1s increased to 25. The initial population is uniformly distributed over the 
design space, as before. Results at 10° angle of attack are given in Figure 15, in terms of the evolutionary history 
(both the mean lift across the population and the best are given at each generation) and the designs that populate the 
initial and final generations. For this case, convergence is very rapid, with little variation in the best design 
throughout the entire optimization. The majority of the population has converged upon this optimal design within 5 
generations, and the function evaluations appear to be very clean and repeatable (as previously noted in Figure 10). 
The optimal design lies approximately at (170,1): a moderate amount of camber from servo | and no reflex from 
servo 2, which would only serve to decrease lift as discussed above. Careful evaluation of the initial population 
reveals that design number 9 1s very close to this optimum. The elitism employed within the genetic algorithm 
ensures that this design is preserved from one generation to the next. 
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Figure 15. Evolutionary optimization of Cy at a = 10° and U., = 16 m/s: convergence history (left) and the 
initial/final design populations (right). 


The morphing wing shapes found to optimize lift at all six of the tested angles of attack are given in Figure 16; 
the measured performance is given in Figure 17, for comparison with the wing morphed into a flat plate (125,125) 
and an intermediate wing at servo positions (250,110). The moderate trailing edge actuation of his latter airfoil 
pushes the maximum camber to x/c = 0.4, a shape commonly seen on micro air vehicles, and thus a good model for 
comparison purposes. As expected, none of the optimal-lift designs utilize any reflex actuation from servo 2; the 
position is fixed at the minimum (1) throughout the a-sweep. For low angles of attack, camber from servo | is 
progressively increased to optimize lift, in accordance with linear theory. Flow separation clearly becomes an issue 
above 10° as the optimizer is forced to employ a moderate camber; this effect can also be seen in Figure 7 with the 
low-fidelity model. The optimal designs are identical at 5° and 20°, both calling for the largest camber. The 
adaptive morphing wing consistently out-performs both the flat plate and the cambered wing. Despite the 
aerodynamic twist of the morphing wing, all three wings have approximately the same pre-stall lift slope. 
Maximizing the lift has the unexpected consequence of improving the stalling behavior as well. In spite of a larger 
maximum possible lift coefficient, stall 1s delayed by roughly 3° as compared to the other two cases, and 
characterized by a very benign stall, with little loss of lift between 15° and 20° angle of attack. 


C. Optimal Efficiency Designs 

Similar tests are run to maximize the wing efficiency, again using a population size of 25 with the initial 
population uniformly distributed within the design space. The genetic algorithm is run between -5° and 5° angle of 
attack in 2.5° increments, and at 10° and 15° as well. The evolutionary history, initial population, and final 
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population found at 10° are given in Figure 18. As expected from the measurement repeatability issues discussed 
for the single design variable model above, convergence of the lift-to-drag ratio is much noisier than that found for 
the lift. Unlike the previous case, a member of the initial population does not lie very close to the optimum, and the 
best design of each generation changes several times throughout the optimum. Despite the variability in the best 
design’s performance from one iteration to the next, its actual identity only changes three times: at iterations 7, 12, 
and 15. The flat plateaus of the best design’s performance typically seen in GA runs with numerical objective 
functions (due to elitism) are destroyed here by experimental repeatability errors (though the pseudo-random 
variations in the mean performance is indicative of a healthy distribution throughout the design space). The genetic 
algorithm shows suitable convergence after 21 iterations, locating servo position (247,156), a cambered wing with a 
very small amount of reflex towards the trailing edge. At this point the best design in each generation has remained 
unchanged for 7 iterations, with almost no variability throughout the population for the last three iterations (as seen 
in the final population of Figure 18). Further iterations would rely solely on the mutation operator for greater 
improvements in the aerodynamic efficiency. 
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Figure 17. Morphing wing lift performance versus a flat plate and a cambered airfoil. 
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Figure 18. Evolutionary optimization of L/D at a = 10° and U,, = 16 m/s: convergence history (left) and the 
initial/final design populations (right). 


The morphing wing shapes found to optimize L/D at all seven of the tested angles of attack are given in Figure 
19 and the measured performance is given in Figure 20 for comparison with the flat plate and cambered wing 
described above. As before, the camber actuation provided by servo | does not drastically change throughout the a- 
sweep, staying in a range between positions 150 and 250. Increasing the angle of attack from -5° to 2.5° sees an 
increase in the amount of reflex employed by the model to optimize L/D. Such a doubly-cambered geometry 
obviously decreases the lift, but it is unclear whether the drag is tempered through viscous (flow reattachment due to 
a favorable gradient) or pressure (loss of lift leading to a subsequent drop in the tip vortex strength) considerations. 
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Figure 19. Morphing wing shapes and servo positions for maximum L/D through an a-sweep: U., = 16 m/s. 


Between 0° and 5° angle of attack the differences in the optimal shape are minor, though further increase in the 
incidence begins to remove the reflex from the wing. At 15° the reflex is completely gone, with servo 2 now 
pushing the wing upward. This, coupled with a mild amount of camber from servo | provides a very counter- 
intuitive wing shape, with a relatively flat leading edge and the wing camber shifted back to x/c = 0.65. A similar 
shape is used at -5° angle of attack. One possible explanation for such a shape can be found in the design of low- 
speed laminar airfoils, where the maximum thickness/camber is placed farther aft than usual, in order to delay the 
location of the flow separation that is certain to occur against an adverse pressure gradient at low Reynolds numbers. 
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Substantial improvements in the performance of the morphing wing can be seen in Figure 20 for all of the angles of 
attack tested, with the exception of 10° (where the cambered airfoil used for comparison is very similar in shape to 
the optimal design). 
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Figure 20. Morphing wing L/D performance versus a flat plate and a cambered airfoil. 


V. Conclusion 


A procedure has been established to achieve proper shape management of morphing wing structures, utilizing a 
genetic algorithm with wind tunnel hardware-in-the-loop to optimize the lift and the efficiency. A detailed 
examination of the entire design space of a morphing wing with a single actuation point was used to verify the 
optimization process. A morphing wing structure with two actuation points provided a more practical set of optimal 
designs that effectively utilize doubly-cambered airfoils to control the lift-to-drag ratio. The largest barrier to the 
use of genetic algorithms with experimental objective functions 1s repeatability and error, thought to be primarily 
due to aerodynamic/electrical hysteresis encountered at the low testing Reynolds numbers. The elitism commonly 
employed in genetic algorithms will copy the best designs from one generation to the next, but experimental error 
may prevent sequential measurements of the superior performance, delaying optimization convergence. 

For the two examples considered here, the genetic algorithm based technique will not out-perform (in terms of 
fewer function evaluations) conventional experimental optimization techniques such as design of experiments 
(DOE). Dividing each servo actuation sweep into 10 increments for a full factorial design of the high-fidelity 
morphing wing structure requires 100 function evaluations to fit a response surface and locate an optimum. For the 
wing efficiency optimization, the GA requires 21 generations to converge with a population size of 25: 525 function 
evaluations. This discrepancy becomes less true with the addition of further design variables however: with five 
modes of wing actuation, for example, the hardware-in-the-loop optimization may be the only feasible method of 
properly exploring the experimental design space (the size of the factorial matrix will grow exponentially: 10° 
function evaluations for the example given). Micro and unmanned air vehicles are well suited for multiple levels of 
actuation: the flexible materials commonly utilized and the small flight loads allow for significant changes in shape 
with a relatively low amount of power. Effective shape management of such a vehicle is outlined in the techniques 
described above, and may be the best method for maximizing the performance of a high-fidelity morphing wing. 

Future work will include the use of laser-based flow visualization to document the flow patterns over the 
morphing wing during hysteresis testing and genetic algorithm testing. Flow separation and reattachment are 
obvious points of interest, hopefully elucidating the performance of the optimal wing designs. Further optimization 
runs will be conducted under various constraints: maximizing lift or efficiency with minimum bounds on the drag or 
the pitching moment (of particular interest to the static stability of the vehicle). Using these constraints at high 
angles of attack could result in the mitigation of wing stall, or yield a controlled descent flight mode useful in auto- 
land features. A genetic algorithm has no natural method for handling constraints, necessitating the use of penalty 
factors to the objective function for infeasible designs. As discussed above, higher fidelity morphing wings will be 
built and tested. The individual or simultaneous utilization of several distinct actuation modes 1s very realizable: the 
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multi-point aerodynamic twist used here, but also variable aspect ratio (through a telescoping mechanism perhaps), 
propeller thrust line, wing sweep (multiple joints can be considered for different in-board and out-board angles), and 
geometric wing twist. Finally, the optimization results will be used in an on-board control system for real-time wing 
morphing. Such a control system will receive instantaneous angle of attack and wind speed measurements, and in 
response, command the series of actuators to optimize a given objective function (which may be determined based 
upon the current flight mode). This will be done using data similar to that seen in Figure 16 and Figure 19, either in 
terms of a look-up table, or by fitting the optimal servo positions with a response surface. The former may require 
rounding the measured on-board angle of attack to the nearest optimization data point, while the latter requires 
interpolating between optimization data points. 
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A GENERAL THRORY OF TEREE-DIMENSTONAL FLOW IW 
SUBSONIC AND SUPERSONIC TURBOMACHTNES OF 
AXTAL-, RADIAL-, AND MEXED-FLOW TYPES 


By Chung-Hua Wu 


SUMMARY 


A general theory of steady three-dimensional flow of a nonviscous 
fiuid in subsonic and supersonic turbomachines having arbitrary hub and 
casing shapes and a finite number of blades is presented. The solution 
of the three-dimensional direct and inverse problem is obtained by 
investigating an appropriate combination of Plows on relative stream 
surfaces whose intersections with a z-plane either upstream of or some- 
where inside the biade row form @ circular are or a radial line. The 
equations obtained to deseribe the fluid flow on these stream surfaces 
Bhow clearly the several, approximations involved in ordinary tio- 
dimensional treatments. They also lead to a solution of the three- 
dimensional problem in a mathematically two-dimensional manner through 
iteration. The equation of continuity is combined with the equation of 
motion in either the tangential or the radial direction through the use 
of a stream function defined on the surface, and the resulting equation 
ig chosen as the principal equation for such flows. The character of 
this equation depends on the relative magnitude of the Local velocity of 
sound and 4a certain combination of velocity components of the fluid. A 
general method to solve this equation by both hand and high-speed 
digital machine computations when the equation is elliptic or hyperbolic 
ia described. The theory is applicable to both irrotational and rota- 
tional absolute flow at the inlet of the blade row and at both design 
and off-design operations. 


INTRODUCTION 


The problem of three-dimensional flow in turbomachines of axial-, 
radial-, and mixed-flow types is treated in references ]. to 1S. Because 
of the enormous mathematical difficulties involved in the problem, Lorenz 
(reference 1) first introduced the idea of an infinite number of blades 
of infinitesimal thickness in order to follow the flow on a given surface, 
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Bauersfeld {reference 2) added to the theory the condition of integra- 
bility for the blade surface that must be satisfied In the inverse, or 
design, problem. The theory is further clarified and strengthened by 
the works of Stodola (reference 3), von Mises (reference 4), and Dreyfus 
(reference 5), and is the basis of many recent investigations on axial-, 
radial-, and mixed~flow compressors and turbines. 


For incompressible Plow, Ruden (reference 6) proves that the 
through-rlow solution obtained under the assumption of an infinite num- 
ber of blades gives a circumferentiaily average value of the fluid prop- 
erties, provided the deviations of the fiuid properties from their cir- 
cumPerential averages are small. In reference 7, Traupel points out the 
oselliatory nature of radial Plow in 3 multistege turbomachine and gives 
solutions of the three-dimensional potential flow through inclined 
stationary blades and also of the rotational flow through a homogeneous 
stage of identical nontwisted blades for an incompressible fluid and an 
infinite number of blades bounded by cylindirecal walls. Meyer gives a 
detailed treatment of three-dimensional potential Plow in a stationary 
blade row, for an incompressible fluid and cylindrical bounding wall, 
in reference 8, there the solution Por an infinite number of Dledes is 
extended to a finite number of blades by the vortexsand-source method of 
Ackeret, which is originally given for two-dimensional flow (reference 9). 
In reference 10, @ Jinearized solution for an incompressible fluid and an 
Lnfinite number of blades for a prescribed loading and cylindrical 
bounding wails is obtained by Marble, and is used later to investigate 
the problem of mutual interference of adjacent biade rows and off- 
design operations (reference 11). Siestrunck and Fabri. (reference 12) 
also obtained a linearized solution for incompressible flow, and the 
method is extended to compressible flow. For general wall shapes, 
Spannhake (reference 15) examines the flow through diffuser and impeller 
by the use of bound vortices for blades. The incompressible through 
flow in a mixed-flow impeller is treated by Gravolos (reference 14). 

In reference 15, Wislicenns examines the inflivence on the meridional 
flow of the blade force and nonuniform circulation along the blade span. 


For compressible flow, Reissner (reference 16) gives a biade-design 
Iethod in which the extension from an infinite number of blades to a 
finite number of blades is accomplished by the use of a power series in 
the circumferential direction, and the terms in the series are deter- 
mined by a comparison of the equations for an infinite number of blades 
and a finite number of blades. (In reference 5, Dreyfus gives a method 
of designing water turbines of thin blades, in which the solution for 
an infinite number of blades is extended to a finite number of blades by 
the use of a power series, the second term of which is determined from 
the equations of continuity end irrotational absolute flow and is 
explicitiy given.) In reference 17 the compressible flow problems in 
axial turbomachines having an infinite number of blades are treated, and 
both the direct and inverse problems are considered. Methods for 
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limiting solutions for zero and infinite blade-row aspect ratios and a 
step-by-step method of solution, as well as a simpler method based on an 
approximate knowledge of the shape of the streamline, for a finite blade- 
row aspect ratio are given. Unaware of the work of Traupel at the time, 
the anthors of reference 17 also emphasized the oscillatory nature of 
radial flow in multistage machines and suggested the use of a simple 
sinusoidal form of the streamline as a first approximate solution. Their 
methods are derived for compressible flow, however, and are also extended 
to the case where both the hub and casing wails or either is tapered. 
Reference 18 gives a general. through-fiow theory for both direct and 
inverse problems and for subsonic or supersonic flow in turbomeachines 
having arbitrary hub and casing shapes, The supersonic through flow in 
rotating impellers having & prescribed flow along the casing and pre- 
scribed blade shapes is treated in reference 19. 


A general theory of three-dimensional flow in subsonic and super- 
sonic turbomachines of axtal-, radial-, and mixed-flow types for a 
finite number of thick blades of finite thickness has been developed at 
the WACA Lewis laboratory and is presented herein. Both the direct and 
inverse problems are considered. The theory is applicable to either 
irrotational or rotational absolute flow at the inlet of a blade row 
and to both design and off-design operations. 


in the section BASIC AEROTHERMODYNAMIC RELATTONS, the motion and 
energy equations for the unsteady fiow of a nonviscous compressible finid 
in a rotating blade row are expressed in terms of the velocity components 
and of two basic thermodynamic properties of the fluid, namely, entropy 
and a modified total enthalpy for flow in rotating blade rows with change 
In radial distance from the machine axis. Estimated entropy changes due 
to shock waves (in the case of supersonic flow), heat transfer (in the 
case of a cooled turbine), or viscous effect can be easily accomodated 
in the calculation, The equations obtained show clearly the condition 
under which the flow through blade rows can be treated on the basis of 
irrotational absolute flow. 


In the following section, a general potential equation is obtained 
for steady three-dimengional compressible flow through rotating or 
stationary blade rows when the absolute flow can be taken as irrota- 
tional. The methods of solution for both subsonic and supersonic flows 
are briefly discussed. : 


A simpler method of solving the three-dimensional irrotational 
(absolute) Plow, which is also applicable to rotational (absolute) flow, 
is obtained by considering fluid flows on a number of relative stream 
surfaces whose intersection with a z-plane either upstream of or some- 
where in the blade row form a circular arc or a radial line. Equations 
governing the flow on these surfaces are obtained in the next four sec- 
tions. Through the use of a stream function defined on the stream 
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surface, the equations of continuity and motion for fluid Plow on these 


surfaces are combined into one principal equation. 


The character of the 


Principal equation is dependent on the relative magnitude of the local 
velocity of sound and & certain combination of velocity components. 


The process involved in soiving the direct and inverse problems by 
thia approach is described in the section STEPS FOR COMPLETE SOLUTIONS 
OF THREE-DIMENSTONAL DIRECT AND INVERSE PROBLEMS. Im the inverse prob- 
lem, besides the blade-thichkness distribution determined by biade 
strength and other considerations, either the tangential velocity, a 
relation between the tangential and axial velocity, or one other rela- 
tion is prescribed on 4 mean siream surface about midway between two 


blades. 


The last section gives a general method of solution of the 


principal equation when it is elliptic or hyperbolic. 


DIMBOLS 


The following symbols are used in this report: 


B,yb 
Di 


nod 


C;c 


Gg 


velocity of sound 


integrating factor for continuity equation for So and S17 
surfaces, respectively 


differentiation coefficient -used to multiply function ya Lue 
at point j to five the m°P derivative at point ji based 


on nei degree polynomial 


nonzero term on right-hand side of continuity equation for 
So and 8S, surfaces, respectively 


specific heat of gas at constant pressure and volume, 
respectively 


differentiation with respect to time following relative 
motion of fhuid particle 


m*o derivative of q 
vectors having the unit of force per unit mass of fluid 


given function of W/W, on 8, 


total enthalpy per unit mass of Fluid, 4h + ev" 


static enthalpy per unit mass of fluid, u + p/p 
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L modified total enthalpy for flow in rotating blade row with 
change in radial distance from machine axis, 


1 
beg -= fr2 or H - o(Vyr) 


J,K,L,M,N coefficients of Pirst~- and second-order derivatives in the 
principal equation 


k thermal conductivity 

L distance along streamline 

bs) orthogonal coordinates on surface of revolution 

M mass flow between mean stream surface and one surface of 
blade 

iy number of blades 

n unit vector normal to relative stream surface 5&5 

P static pressure 

Q heat added to fluid particle along its path per unit mass 
per unit tine 

qd any quantity on relative stream surface § 

R gas constant 

Tp 1 remainder term of m2 derivative at point i obtained by 

2 using n&4 degree polynamial 

r radius vector 

a relative stream surface passing through fiuid particles 
iying on &@ circular arc upstream of or midway in blade 
row 

So relative stream surface passing through fluid particles 
lying on 2 radial or curved line upstream of or midway in 
blade row 

8 entropy per unit mass 

a * a/R 


T static temperature 


4] 
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time 

velocity vector of blade element at radius r 
interval energy per unit mass | 
absolute velocity of fluid 

velocity of fluid relative to blade, v- U 
ju, 2 + We" 

independent variables 

distance along turbomachine axis 


arc en ae 


ratio of specific heats 

average value of Y for the temperature range involved 

grid spacing 

equal to 1 and Fr for 5, and S. surfaces, respectively 


independent variable 2 or Yr for 65, surface and 2 for 
Do suriace 


independent variable $ and r for 5, and Se surfaces, 
respectively 


angular distance of fluid particle measured with respect to 
stationary radial line 


slope of characteristic curves, vo 
tan o 
& 
arc sin - 
equal to r and 1 for 6, and S» surfaces, respectively 


absolute vorticity, VX V 


fluid density 


oV 
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generalized variable used for general density table 


a angie between tangent of streamline or boundary well in the 
neridional plane and axial direction 

T radial, axial, or angular thickness of stream sheet 

D velocity potential 

p generalized variable used for general density table 

cp angular distance of fluid particle measured. wiae respect to 
radial line on rotating blade 

x angle between w and axial direction 

VU,y stream functions defined on relative stream surfaces 5 and 6); 
respectively 

iD angular velocity of blade 

Subscripts: 

c casing 

e exit 

hn hub 

L inlet 

é meridional component 

m mean stream surrace 

oO Lower limit of integration 

r,u,Z radial, circumferential, and axial. components 

5 isentropic 

T total state. 

nC components in y- and €-direction, respectively 

L on 8, or in front of rotor 

a on 85, ov behind rotor 


es ee 
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superscripts: 


a,b, . +. .- KE yrefer to points a,b, ... K, respectively 


BASIC AFROTHRRMODYNAMIC RELATTonS+ 


The three-dimensional flow of a nonviscous, compressible fluid 
through a turhomachine is governed by the following set of basic lave 
of aerothermodynamics. From the principie of conservation of matter, 
the equation of continuity is 


38 +V¥«(ow) = 0 (1) 
or 
V-eW-+ —— QO { le) 


For a blade rotating at a constant anguler velocity @ about the 
Z-axis, Newton's second law of motion gives 


DW 2 if 
Te © + 2a PP (2) 


Because the boundary walls are surfacea of revolution and the relative 
Flow can be approximated as being steady in many cases, it is conventent 
to use a relative cylindrical coordinate system r, ~, and 2 with 

cp measured with respect to the rotating. biade (see fig. 1). By use of 


DW (W.V) W = 2 = Vw" ~ WX (XW) 


the scalar forms of the equation of motion (2) in the axial, circum- 
ferential, and radial directions can be expressed as 





Si, SW, WW, dW, Wy, Wy 5 1 dp 

sp tea tp apt We gp pe eT - 5 Gr (28) 

Wy WwW, Wy wy OW,  WpW : 

set Strap tear to a + Quit, = - SB (2b) 
WW, OW, OW, OW 1 3p 
he i (2c) 


lsome of the relations given in this section have been given in refer- 
ence 19. They are repeated here for completeness and easy reference 


for the following developments. 
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The first Lew of thermodynamics may be written 


= 
Du yp Dip) 9 (3) 


Where u is related to the temperature T by 
du = ec, at (4) 


and Q is given by the following equation if only conduction is 
considered: 


Q = pl vy. (KVT) (5) 


For the ranges of temperature and pressure encountered in ordinary 
turbomachines, p, p, and YT of the gas are accurately related by the 
following equation of state: 


p = R pf (6) 


Although the flow of the gas through the turbomachine is compietely 
defined by the preceding equations together with the Imow variations of 
and k with temperature and the given boundary and initial condi- 
tions, it is found more convenient in references 17 and 18 to express 
the state of the gas in terms of the entropy and the total enthalpy or 
a4 quantity I of the gas, besides its velocity components. These 
quantities are defined as follows: 


T ds = du+p d(p +) (7) 
Hehtsv? (8) 
hh al 
Teh+5we -5 0° = 8 - af V7) (9) 
end 
=i 
h=u+pp (10) 


From equations (10), (4), and (6} is obtained 


dh = (cysR) af = op at = (11) 


where y is equal to Cp / Cy and is a function of temperature. Another 
expression for dh is obtained by using equations (10) and (7), so that 


dhe Peo as (11a) 


x — ee ee 
ee ee ee 
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By the use of equations {7), (4), and (6), 


sy, ¥ | 
ae) = syd inp - yd inp (12) 


end 


a5) =; a nT - a4 ing (12a) 


can be obtained, and the equation of continuity can be written 


L DinfT Da 
VWs or “pe 7 DER © 18) 


Equation (13) can be expressed in @ slightly different form. From the 
definition of the local velocity of sound (reference 20), 


2.) os 


By the use of equations (12) and (6), 


af y Em yRD (148) 


Substituting this relation into equations (12a) and (13), with the use of 
equation (11), resuits in 


© dh 5 
dinp= 2 as (12b) 
and 
1 Dh 0D 8s 
ViWt ope - peR™ ° (13a) 
From equations (9) and (lla), 
=P + Suu ~ofr = VI -TVS 
The equation of motion (2) ean then be written 
Ow 
<= WXHIVXW) + 2wxXWe= -VI+Tve (15) 


An alternative form of equation (15), which involves the vorticity of 
the absolute motion, is obtained as follows: With the z-axis parallel 
tO Wy, 


———— 
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V=Wtruwxe (16) 
hence 
VXV=VXW +0X (wx Fr) (17) 
But | 
VX(wXr) = (rev) w -(wev) r tawl(ver) - r(yew) = Bw 
therefore 


VXV = VKXW + 2w (17a) 


This relation can also be seen from the following expressions of rela- 
tive and absolute vorticity expressed in terms of the rotating and 
stationary cylindrical coordinates r,om, z and r, @, Zz, respectively: 


OW 
(WXW) 556° ° GE 
OW. OW 
(VXW),, = = hs — (18) 
1 OWyr) 1, Wy 
VxW) 2 oe EOD 
OV ov 
LL Z u 
VXV) HF OS” oe 
OV. OV 
Waa = a - (19) 


and the relation 


Vr) a(wyr) 
ore * 


Using equation (17a) results in the alternative form of equation (15) 


aw 


< ~WX(VX V) = -VI + IVs (15a) 
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By use of equations (2), (9), and (11a), 


DT lop 1l,,. DW DU 
Ses get assets WV) ptw- of - ug 
Da 1 DU a 
= 0 BE 2B we (whe -20xw) -U+ = +32 (20) 


Tt may be emphasized that the preceding equation is a consequence 
of the equation of motion (2) and the thermodynamic relations (4), (6), 
(7), and (10). For steady relative flow, the rate of change of I 
along the streamline is seen to be proportional to the rate of change 
of entropy along the streamline. 


The energy equation (3) can be used to express the rate of change 
of entropy along the streamline by the use of equation (7) as follows: 


Des 
Q= T ss (21) 


The preceding equations lead to several important general consider- 
ations: If the blade rows are not placed too close together and no 
trailing vortices are shed from preceding biade' rows (or where these 
effects can be neglected), the fluid properties at a fixed point rela- 
tive to the blade can be taken as constant with respect to time. Con- 
sequently, according to equations (20) and (21), the quantities s and 
I of the gas remain constant along the streamline for adiabatic flow. 
The invariancy of I means that the rate of change in total enthalpy 
along the streamline is equal to the angular speed of the blade multi- 
plied by the rate of change in angular momentum (about the machine axis) 
of the fluid particle along its streamline, which is the well-known 
Euler turbine equation usually derived under less general conditions. 

In @ cooled turbine where the heat transfer may be large, the rate of 
change of s and I along the streamline can be corrected by equa- 
tion (21) Por an estimated value of @Q. Again, for steady relative flow, 
equation (15a) shows that either when gradient I and gradient s both 
vanish or when the difference between VI and TYs vanishes, the 
absolute vorticity either yanishes or is parallel to the relative 
Velocity. 


For the flow through eae stationary blade row m= 0, W becomes V, 
I becomes H, and equation (15a} becomes 


Ov vx (vxv) = -VE+TV5 (15b) 


Which agrees with similar relations previously obtained by Vazsonyi 
(reference 21) and Hicks, Guenther, and Wasserman (reference 22). It 
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is interesting to see that, for relative flow in a rotating blade row, 
VX(V XV} becomes Wx(YXV) and H becomes I. 


Tf it is assumed that the fluid enters the inlet guide vanes of a 
turbomachine with uniform H and 3s and zero vorticity and that the 
Plow is adiabatic, s does not vary in the iniet guide vanes and p 
is then a function of only po, according to equation (12). Gonse- 
quently, by virtue of Kelvin's circulation theorem, the absolute vor- 
tieity will remain zero in passing through the inlet guide venes and the 
Plow in the inlet guide vanes can be treated on the basis of irrota- 
tional absolute flow. 


Tf the guide vanes impart a radial variation of tangential velocity 
of the fluid in @ z-plane downstream of the vanes similar to that in a 
potential vortex, that is, inversely proportional to the radius, the 
circulation is constant along the blade span and the fluid maintains a 
uniform s and H anda zero vorticity of absolute flow entering the 
following rotor-blade row. If the rotor-blade row is situated far away 
from the inlet guide vanes, the fluid enters the rotor with a uniform 
I in the circumferential direction, as well as in the radial direction, 
and the flow through the rotor blades can again be treated on the basis 
of zero absolute vorticity and steady relative flow. If the rotor is 
close to the guide vanes, however, vortices are shed from the inlet 
guide vanes because of periodic variation in circulation caused by 
unsteady flow, and the Plow downstream of the stator and. through the 
rotor blades should theoretically be treated on the basis of rotational 
flow. 


If the guide vanes impart a radial variation of tangential velocity 
of the fluid at a z-plane downstream of the vanes not inversely propor- 
tional, to the radius, the circulation varies along the span of the guide 
vanes, vortices are shed from the trailing edge to the fluids dowstream 
in the direction of the exit velocity, and the fluid enters the follow- 
ing rotor blades with a uniform s and H but 4 nonuniform I anda 
nonzero value of absolute vorticity. Consequentiy, the flow through the 
rotor-biade row can no longer be treated on the basis of zero absolute 
vorticity, even if it is far apart from the preceding guide Vanes. 


From the preceding discussion, the choice of s and H or I 
as the two basic thermodynamic variables of the gas besides its veloc- 
ity components is apparent. Compressor and turbine rotors are usually 
Gesigned to impart or subtract the same amount cf energy to or from the 
gas radially; hence E is usually radially constant throughout the 
machine if the inlet flow is uniform (except in the boundary layer along 
hub and casing walle). If the circumferential velocity of the gas 
upstream of the blade row is zero or varies inversely with radius, I 
is then constant throughout the machine. These facts will be utilized 
in the following developments, 


a ee a ee ee Tn a EY. = Se ee eee 
=e eet) sessaaeta ms 
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POTENTTAL EQUATION POR THREE-~DIMENSTONAL PLOW THROUGH 
ROTATING BLADE ROW 


Consider first the special case of steady relative flow where the 
fluid upstream of the blade row is free of vorticity and is uniform in 
EF and s. The adiabatic flow through the blade row is then relatively 
steady and absolutely irrotetional and is most conveniently treated by 
the use of a velocity potential & based on the zero absolute vorticity 
and. related to the relative velocity components through equation (16) as 
foLtowse: 


of 
= Vy = Wy 
ioe Vy = Wy + or (22) 
ad 
an Ve = W, 


For steady isentropic flow, the continuity equation (13a) becomes 


o(W 3) OW OW W 
1 rt 1 Py Zz oh u oh dh 
be te a ly Be Bee Bao (25) 


From equations (9) and (22), 


2 a a 
ad 1} faa fa a6 36 
nar +o oh a (2 + ES) (2) (24) 
sh a) Wu d?d Vue 3°o 
ae ee * dzon = 
1 3h We 3° Wn a°@ Wy 3% 
£m. (2 2e, ee (25b) 
a Wo. oe Fa 
3h so Mua ato 
mH. (i, mor r wes) (25¢) 


By the use of equations (22) and (25a) to (25¢c), the continuity equa- 
tion (23) may be written 
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We") 0, (, Mat) a oe | 1 He) Be 
at / dr* a® J r@ dof 


seed Ore > WuWz 1 3%6 a ae a“o ribeye o® 
ae rdrdop " 22 r oz | ac ozor rT or 


(26) 


Equation (26) is then the three-dimensional potential equation for 
isentropic flow in @ rotating blade row. Jt is seen from this equation 
and equation (16) that the three-dimensional flow through a rotating 
blade row cannot be treated by a three-dimensional flow through a sin- 
ilar stationary blade row with the same inlet condition relative to the 
blade row, as in the case of two-dimensional flow on a cylindrical sur- 
face, because the difference between the absolute and relative vorticity 
ew does not enter into the two-dimensional flow on a cylindrical surface 
but does enter into the three-dimensional case, 


Equation (26) is very similar to the ordinary three-dimensional 
potential equation for flow past stationary objects, except thet both 
relative and absolute velocity components are involved in the coeffi- 
cients of © derivatives and that ® is directly defined by the abso~ 
lute velocity. The real. difficulty in solving this equation lies in 
the fact that all the velocity components change greatly in passing’ 
through a turbomachine and, consequentiy, the equation cannot be lin- 
eparized and yet give a good approximate answer. For supersonic relative 
velocity, the method of characterlatic surfaces (references 235 and 24) 
may be used to solve equation (26), with the initial conditions not 
given on @ characteristic surface. For subsonic relative flow, the 
equation is more conveniently written in the form 


a a W 
ag 1a d. : o 09 in ua in dinp _ 


(26a) 


Pa 


— 


a 


Of | a 
te 
me 


and can be solved by Southwell's relaxation method (reference 25) or 
other numerical methods using the differentiation formulas obteined in 
reference 26 to teke care of the unequal grid spacings near the blade 
Burfaces and the curved hub and casing walls. The lest three terms in 
equation (26) sre computed from the $6 values or velocities obtained 
in the previous cycle and kept as constants during each improvement of 
@ values, and the whole process is repeated until the desired accuracy 
is obtained. Because a three-dimensional stream function cannot be 
defined, the use of velocity potential results in & boundary-value prob- 
tem of the second kind, which is more difficult to handle in the calcu- 
lation than the first Kind. The boundary condition to be satisfied is 
that the relative velocity normal to the moving blade is zero, or 


L6 NACA TW 2604 


W,. 0, + Wn, +W, pn, = 0 (27) 


Where nA is the unit normal vector at the boundary surface, and that, 
at inlet and exit stations far away from the blade, the velocity is 
parallel to the bounding hub and casing walls, which, in the case of 
the axial machine, means that 


V, = = 0 at z= te (27a) 


In doth the subsonic and supersonic cases, the solution is 
extremely time-consuming. Furthermore, this direct approach to the 
three-dimensicnal problem requires that the absolute velocity at the 
inlet to the blade row be irrotetional and the fiow be adiabatic. in 
actual machines, the flow entering the blade rows is always rota- 
tional, which is caused by a nonuniform total enthalpy and entropy at 
the inlet of the machine, by entropy change caused by shock waves or 
heat transfer, or by the effect of boundary layers along the hub and 
casing wells. Some other approach to the problem, wnich is simpler to 
handle and is also applicable to rotational inlet flow, is therefore 
desirable. One approach is suggested in the following sections. 


FOLLOWING FLUID FLOW ON RELATIVE STREAM SURFACES 


In order to solve the steady three-dimensional Plow, with either an 
ixrotational or rotational absolute fiow at the inlet, in e relatively 
Simple manner, an approach is taken to obtain the three-dimensional 
solution by an appropriate combination of mathemtically two-dimensional 
Flows on essentially two different kinds of relative strean surface 
(figs. 1 to 3). Whe first kind of relative stream surface is one whose 
intersection with a z-plane either upstream of the blade row or midway 
in the blade row forms a circular are (fig. 1). The second Kind of 
relative stream surface is one whose intersection with a z-piane either 
upstream of the blade row or somewhere inside the blade row forms a 
radial line (fig. 2). These two kinds of relative stream surface will 
be hereinafter designated stream surfaces 87, and Se, respectively. 


57 Stream Surfece of First Kind 


In figure 1 is shown a stream surface of the first Kind formed by 
fiuid particles lying on a circular arc ab of radius oa upstream 
of the blade row. It is usually assumed in ordinary two-dimensional 
treatments (for example, references 27 to 30) that the stream surface 
thus formed is 4 surface of revolution. In the following development, 
the surface will be allowed to take whatever shape it should have in 
order to satisfy all the equations governing the tbhree-dimensional flow. 
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In most cases, the deviation of the surface from a surface of revolution 
is not large, and it is satisfactory to consider 65, surfaces formed by 


Fluid particles originaily lying on a cireular arc upstream of the blade 
row. if the rotationality of the inlet abgoliute flow is large, if the 
blade is designed for a velocity diegram quite different from the free- 
vortex type, or if the blade length is long in the direction of the 
through flow (radial- and mixed-flow machines) , the twist of the surface 
may be quite large, resulting in very large circumferential derivatives. 
If this effect is found during calculation or mown from experience, it 
Le more satisfactory to consider 8, surfaces formed by fluid particles 
originally lying, in front of the blade row, on curves inclined to the 
circniar arc in a direction apposite to the twiat of the surface. In 
this way, the intersection of the 8; surface with a constant z-plane 


about midway in the flow path is a nearly circular arc, and the total 
twist of the surface will be about equally distributed toward the 
upstream and downstream directions (fig. 3). If this distribution of 
the twist of the stream surface is still not enough, it may be necessary 
to divide the complete flow path into a few shorter paths and consider 
an 87 surface for each of them. Under these conditions, 8, surfaces 
formed by fluid particles originally iying on the hub or casing walls 
upstream of the blade row should not be chosen in order that the compli- 
cation arising from the possibility of fluid particles leaving the well 
and flowing along the blade surface may be avoided. In such cases it 

is better to consider the 8] surface a short distance from the hub’ and 
casing; otherwise, for an approximate solution the fluid can be con- 
sidered to follow the hub and casing walls, which are surfaces of rev- 
olution, and the calculation is thus much simpler than that for a 
general surface. 


Bo Stream Surface of Second Kind 


A stream surface of the second kind is shown in figure 2. The 
most important surface of this family is the one about midway between 
two blades dividing the mass flow in the channel into two approximately 
equal parts. This surface is designated the mean stream surface 
(82 vm) For blades with radial elements, such as the one shown in fig- 


ure 4, it ts convenient to consider a mean stream surface formed by 
Pluid particles originally lying on a radial line ab upstream of the 
biade row if the twist of the surface is not expected to be large. 
Otherwise, the radial line is chosen sbout midway in the passage with 
the Pluid particles originally starting out from a curved line upstream 
of the blade row such as shown in figure 3. 

The mean stream surfaces for axial-flow gas turbines designed on a 
free-vortex velocity diagrem are shown in figures 3 and 4. The redial 
element of the mean stream surface (fig. 4) is. chosen accordingly as the 
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stator is designed to aline the blade sections radially at the leading 
edge, tralling edge, or somewhere between. Inasmuch as the rotor-blade 
sections are_usually alined radially at or near the center of pravity 

of the blade sections, the radial position of the mean relative stream 
surface is chosen at the same position (figs. 3 and 4). The continua- 
tion of the stream surface outside the blade row is not shown. The mean 
stream surfaces Tor the inlet stage of a multistage axial compressor 
designed on the principle of a symmetrical velocity diagram at all radii 
are shown in figure 5, 


Both of these two kinds of stream surface are employed, in general, 
in the solution of the three-dimernsional problem. The correct solution 
of one surface often requires some data obtainable from the other, and, 
consequently, successive solutions between these two are involved. Yet, 
the solution of each surface is manageable with the present mathematical 
technique and computational facilities. In many practical cases, and 
especially in the inverse problem, however, this iteration may not be 
required if only an approximate solution is required or if the prescribed 
Valnes lead to a satisfactory blade shape. These points will be dis- 
cussed in the section next to the last (pp. 53 to 57). 


Relations among Relative Velocity of Fluid, Coordinates of 
otream Surface, and Normal to Stream Surface 


in general, the coordinates of the stream surfaces and their differ- 
entials are reiated, respectively, by the following equations: 


S(r,t,z) = 0 (28) 
Sar +S ap + SF az = 0 (29) 


Rather than use the three partial derivatives of 8S with respect to 
the coordinates, it is conventent to consider the unit vector n norml 
to the surface, which is related to § by © 


Dy Dy Re 1 
SY BS 8 TF (30) 
or rop dz OS 198 os 
or} T\F Sp) * Sz 
The vector n is, of course, perpendicular to the relative velocity wW, 
so that 


n=eW= 0 


ee Oe 
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or 
nw, + o WW, + uW, = 0 (31) 
By using equation (30), equation (29) can be written 


n, drtn,r d)+n, dz=0 (29a) 


The vectors n and W are show on 5, and §8., surfaces in fig- 
ures i and 2. 


EQUATIONS GOVERNING FLUID FLOW ON By SURFACE FOR AXTAL-FLOW AND 
AXTAL-DISCHARGE MIXED-FLOW TURBOMACEINES 


If the fluid motion on 8, is followed, equations (28) and (31) 

can be used to eliminate one of the three coordinates. For axial-flow 
= 6{a) to 6(c)}) and axial-discharge mixed-flow turbomachines 

fig. 6(d}), it is convenient to express r interms of and gz. 
For radial-flow and radial-discharge mixed-flow turbomachines (figs. 6(e) 
and 6(f)), this system will encounter difficulty at the exit where the 
rate of change of fluid state with respect to 2 becomes infinite. It 
is therefore necessary to eliminate 2 and to consider r and © as 
the two independent variables. 


Flow Along General 6, Surface 


For axial- and mixed-flow turbomachines, any quentity gq on the 
5; surface is considered a function of m and 2; that is, 


gq = al @, z,r(%, z)| 


The change in q along Sy due to a small change in m@ while z is 
held constant is (see fig. 1) 


aq = Sap + $8 SF ae 


From equation (29a), 


ie 


or 
op 


Sate rg er re eee ll 
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hence 
5 oq u 2) ae 
A (34 D,. or 
Similarly, for dp= 0, 


_ faq Fz dq 
«= G23) 


With a bold partial derivative sign used to denote the rate of 
change of any quantity q on 6) with respect to p or 2, with the 
other Kept constant, the preceding relations give 


23g. = $4 
raQo r 


3 
tle 


(32) 
aq. oq zo 
az oz Dy == $a 


"With the relations (31) and (32), the rate of change of q along a 
streamline on™ 5, is 


- . 
Da _ _Uu 34a oa 
mS >t Wy * (33) 


Equations of continuity and motion. - When the fluid motion is 
followed along the stream surface and equations (31) and (32) are used, 
the continuity equation for steady relative motion becomes 


O(pWy)  3{pw_) 
ean + = p e(p,2) (34) 
where 
1 ( o(W.. r) WW, OW 
(2) = - (> etm eta (35) 


nh. 


For rotational steady relative motion, the equations of motion (14) 
in the radial, circumferential, and axial directions are 
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Wy" WwW, Wy Wp (is i) 
Sz of us - stig 


yk 
ce ae ty op tv 


LOL Tas 
Lee S) + Oly - Fs +E ap 





WW Wy Wp Wp, 1 WW, Wy 
rt’ & ~ do 7 Wz 


OW, OW ww, ow 
(36) 


Relations (9}, (16), (31), and (32) along the relative stream sur- 
face S) can be used to reduce equations (36) to the following: 


2 . 
Wo Wu OW, aWr any Wie a 
“ety op t M2 a7 = - ly gg er 


7 
r 





Wi, Wy» OW OW, OW 
oo ee ee ee ee, _ L131, fas "ufdh _ os 2 
rr ap 2 (2 sae ast oe --2 5 S23 (S- wr? * 


ow aw OW n 
r 1 oe a az as z {ob as 
“Wr gg t Wa Fog - gp) - rr B- 2 (BoB. ) 
(37) 
The last term in each of the preceding three equations is propor- 
tional to the components of the normal vector and therefore can be 


expressed as a component of a vector that is parallel to n ané@ has 
the dimension of force per unit mass. If this term is defined as 


: 1 fd _ a 2) 1/1 2 
fe- Sr 7 Py r Ot nae = E(B ate n (38) 
the preceding equations can be written 


W, aw, aw, Wy" 


zap te ge 7 ay = fp vn 





Wri, Wp, ai, 1, WW, OW, 1 T ; 
rr op Wz \e om ~ oz / tr = - 5 apt F apt fy (390) 


8 aw, aid 
+H (2 z 2) al, 88 


me 3z r am gz 
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Similarly, the equations of motion in the form of equations (2) can be 
written 





a 
Mu Or oy, OE ne 
ap Z 9z r r 
Wa Wu Wu | We¥u i ap : 
rT Bp ” "2 32 + Nir =~ or ag + *u 40) 
Wao We Lae yp: 
r ap 232 paz Z 
where 
fi=- LLP, 
iy 2: ee 


Because this vector f is parallel to on, it is perpendicular to 
the relative velocity of fluid, or 


fy + fy, + f Mae @ (41) 


By the use of equation (41) and equations (39), it can be show that for 
steady flow on an S, surface, 


Di Ds 

at T ( 418} 

. which: agrees with equation (20). Therefore, for the present problem of 
steady relative flow on a stream surface, the relation (41a) can be 
taken either as one of the equations of motion or to represent the rela- 
tion given by equation (41). In other words, there are only four inde- 
pendent relations among equations (39a), (39b), (39c), (41), and (41a). 


dust as in the case of the continuity equation, either set of the 
preceding equations of motion is expressed in terms .of. the special par- 
tial derivatives with respect to the two independent variables 9 and 
z» The effect of radial pressure gradient is taken into account in all 
these equations by the f term, which is neglected in the ordinary two- 
dimensional treatment on a surface of revolution. Equations (28), (31), 
(34), and (39) or (40}, however, lead to a possibility of correctly 
solving the three-dimensionai flow of fluid particles on an 5, surface 


in & mathematically two-dimensional manner. 


Principal equation. - The equations of continuity and the equation 
of motion in the circumferential direction can be combined into a prin- 
cipal equation through the use of a stream function y as follows: 
First, if a variable b is introduced such that 


4V 
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in which the integration is performed along a streamline on the §1 
surface, then the continulty equation (34) can be written 
a(bpW.) = a(bpW_r) 
ul Z, 
ee ef eee 6) eyiac 
oo ee (34a) 


The preceding equation is the necessary and sufficient condition that 
there exist a function y with 


oy 
So = Tbe, (43a) 
oy 
a = ~bew,, {43b) 


The difference in y_ at two points j and kE on the 5y surface is 


1 
& k 
yee ys [| ays | dplwyr ap - Wy, az) 
j j 


In particular, the difference in Y at two points j and k on the 
constant—-z plane at the inlet where the fluid state is uniform is 


K 
: 9 
yr - yw) = biog We 4 _ 
? 


These two equations show that, physicelly, the integrating factor b 
can be interpreted as proportional to the local radial thickness of 4 
thin stream sheet whose mean surface is the stream surface considered 
here, The continuity equation (34a) can also be obtained by consider- 
ing the masa flow going into an element of such a stream sheet as shown 
in figure 7. By equating to zero the mass Plow going into the element, 
which is defined by two axial planes dp apart and two normal planes 
dz apart (see fig. 7{a)), and letting dp and dz approach zero, 
there is obtained. 
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a(roW,)  a(teW_r) (54) 
—sp 1 32 * 
where 7 is the radial thickness of the stream sheet. From equa- 
tions (34a) and (34b), it is apparent that b is proportional to T, 
and the differences in y at two points j and k 4s given by the 
two equations preceding equation (34b) are proportional to the mass flow 
across any line joining the two points. In actual computation, only the 
ratio b to b; or T to Ts is important (a different initial value 
amounts to a different constant muitiplier of the relation between 1 
and mass flow). In the following, b will be retained in the equation, 
but in actual calculation it is simpler to evaluate the ratio T to 

T,; ‘than to evaluate the ratio b to b,, both from the data obtained 


on the So surface to be discussed later. Although the evaluation of 


this ratio requires, in general, calculations on the S5 surfaces, a 
Means is nevertheless provided to determine correctly the flow on a 
general 6, surface through iteration. 


¥rom equation (43), 


bp LM _ 1 ay 1 Bin bp ay, Mu 2 ay (448) 
rap 12, re (B® Pn, pe ap 
tee 2 inp ay (4.40) 
P 32 a az Oz 


The third terms in the preceding equations can be expressed in terms 
of h ‘through the use of equation (12b): 


d Into = 4 In b+ dh - ds* (45) 


a. 


where 5* = s/R. But from equations (9) and (43), 


2 w" 2 5 
nt. NS TS - £ (oes *{ (2 28) » (24) (46) 


Then from equations (45) and (46), 
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Substituting the preceding two equations into equations (44a) and (44b) 
and adding yield 


aw, Oar a _ wal 
vp|a® - (a2 Ng Vts-s-oS ae an Sy - a 


rs A 


2 2.247 @ 2 2. 
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Substituting the preceding equation into equation (39b) and dividing by 
ae give the principal equation for the determination of Fluid motion 
along & general 5; surface; 








2 
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48 
where (48) 
Qo 2 
M 9alinb as* iil 51 7 OW, or’ + WW, ny, 
~ gz 92 2 a2 Y ag ™ O. 
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The equation of the characteristics of the differential equation (48) is 
(reference 31) 


26 NACA TW 2604 


a z a 
W, dep WH, ae Wy, 
( = (2) + é a2 2 ae ° Be = 0 (49) 





from which 
a a 
r OP Mull, 4, Nor (Wye tie! = 8) (50) 
dz” GE 2 a ow, 


Equation (S50) shows that the characteristics are real when 
NWy? +W,° >a, in which case the method of characteristics for two inde- 


pendent variables (references 20, 30, 31, and 32) can be applied. When 


AW? + W2° < &, the characteristics are imaginary, and it is more con- 
venient to solve the equation by relaxation (references 25, 33, 26, and 
29) and matrix methods (references 26 and 29) in the following forn, 
which is obtained by substituting equations (44) into equation (39b): 


tay ay [2 2 in bo | Mu) ag) ain be oF . 
r= ape Q7% re r= Ive) n,./ OD OZ oz 
Z W... aW.. W 
le) 1393 Tr 
a Bett tee 4 6) (= + 20) » 0 (48a) 
r an 


Procedure of solution. ~ It may be noted that equation (39b), 


instead of (39c), is chosen to form the principal equation (48) or (48a), 
because f,, 18, in general, much smaller than f.. The various quan- 


tities appearing in equation (48) or (48a) are to be computed from 
other equations given earlier, With the introduction of the stream 
function, there are altogether seven basic independent relations - one 
energy equation (21); three equations of motion, (48) or (48a), (39a), 
and (39¢); two equations between wy derivatives and fluid properties, 
(43a) and (43b}; and the orthogonal relation between W and f, equa- 
tion (41) or (418). On the other hand, there are ten basic dependent 
variables in y, b, W., Wy, W., ff, fy fz, 8, and I (or h or op) 
to define the flow and the shape of the surface. In general, the vari- 
able b is to be evaluated according to equation (42a) or from the var- 
iation in the radial thickness of stream sheet using the data obtained 
in the solution of 85 surfaces and is therefore considered as given 
here, Jf during the comlete solution of the three-dimensional flow the 
shape of an 6) surface is taken as the one obtained by joining corre- 
sponding streamlines obtained on 85 surfaces of the preceding cycle, 
two relations between the n- (or f-} components are given by equa- 
tions (29), and there are now altogether nine equations to be solved to 
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find the nine unknowns, Alternatively, the variation of W, may be 
considered as known from the 5S, solutions of the previous cycle, and 


the remaining elght variables, which determine the flow on and the shape 
of the §, surfaces, can be determined from the seven preceding rela- 


tions given and the following additional relation: Because f,, f,, 
oS 18 


and f,, respectively, are proportional to e Foe and 30 of the 
integral surface §, they satisfy the following equation (reference 34): 

fFeVXfH O (51) 
Which may be written 


t |S ag a] t tals - ae) + telF—e—- Foe le 


(51a) 


By using equations (31) and (32), equation (51a) becomes simply 


£ tc 
J 7 29, 7 (51b) 
ap \f.. az \f, 


This equation can be used to give F. by integrating along 9 constant 
(p line: 


Zs 


ne tae £ 
= — (i) + xe &) ax (Sic) 
r r/ m2, Zo ? ly 
eat 2=2Z2,, f,= 0, then 
Z 
a f 
r 3 Z 
f= — —|— ] dx old 
Li ry acp =) ( ) 


In this case, then, the shape of the 5S, surface is determined after 
the f-components (or n-components) are obtained in the solution, In 
either case, equations (21) and (41a) are invariably to be used first to 
Getermine the change of s and ft. If the flow is isentropic, s 

and I remain constant along its streamlines on the surface. (For 
such a case and for a uniform ace condition, p in the continuity 


equation may be replaced by n-+ and, consequently, the ® and z 
derivatives of 8, as Well as those of I, will not be involved in 
the equations (46) to (48)}. In case of heat transfer or shock, the 
changes in s and I can be estimated by whatever method is ayeilable 


1 —— ee 
. a a ee ee SSS 
== — ee ee —T 


— —_——— — 
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and used in the calculation. For supersonic flow, all the equetions are 
psed to compute the fluid state at each point and the solution is carried 
downstream step by step. For subsonic flow, iteration over the whole 
domain is necessary. The details of these computations will be given in 
the last section. In general, the solution of the flow on the general. 
5) surface is very laborious, and is to be used in the final stages of 
calculation of the complete three-dimensional problem or when a high- 
speed computing machine is available. 


If the flow is such that it may be assumed to take place on 4 sur- 
face of revolution (at the hub and casing welis or other radii), the 
equations are considerably simplified as follows: 

Fiow along Surface of Revolution 


When the 5, surface is a surface of revolution, 


n,=fy= 0 (52) 


fe 
Ss -p-sg-= tang= A (53) 
cy 


where A is a given function of 2. (For a conical flow surface, A 
is simply a constant.) Equation (35) now gives 


W OW OW 
e= - (Ea 7) on (54) 


Whether c can be taken as zero will be determined by the relative 
Meenitude of the three terms on the right side of the eguation. In 
general, for nonneglipibple c, equations (43) now become 


= rbpW, (55a) 


az 


ele 
bt [= 


= - bow, (55p) 


Because Wy, is now related to Wy, by equation (53), the three velocity 


components .can be solved simultaneously as follows: By use of the rela- 
tions (52) and (53), equation (39b) can be changed to 


OW aw Ww 
LT ON, Ww u 1 /10~ fT 328 
rop oz (2+ ») -& (ERE) 0 (56) 


it 


(14.2%) 


— re a es os - - a . 
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Instead of equation (46), 


h= I+ = - (bp) ~* | (a2) (; ar + (2u\" (57) 


should be written, Then 
= Loar a@ /3inb 3ds* = 2 “5 cee 


(a2.y2) 9 40 be 82 yyy ey 22 (2222 in b 9s ae) + (p22) Awe = _ 


az az OZ OZ 
L 
2 Zz 3° ig a 
oo) Meant) Babe Ma 


(58) 


Combining the preceding equations with equations (55) and substituting 
the resulting equation into equation (56) give the following principal 
equation for the flow on a surface of revolution: 


a 2 
W 2 2. Wie a2 WW, \ 5 
aot) ¥) 3 Bye (14-2) wie EJ Stel) oy aty HM 20 


aX 927 


(59) 


3 * é 
Bind | 9s AL 
| ae 


at ace We ow 22k r? 
QZ az 


a(b 
Reali tia: Stile et a 


Ey r 





n= - (xy) 224m 2 d8% 2 Lot do Bor, 2, ( LoL Ts 

= r ae = ap ae r ac We Al r oD ~ r 
For this equation, the characteristics ere real or imaginary when the 
resultant relative velocity W is supersonic or subsonic, respectively. 
Yor the subsonic case, it is again better to use the following form 
obtained by differentiating equations (55) and substituting the result- 
ing equations into equation (56): 


. ——— = ee — - | 
ee ee a ee ee ee se ee eee Es 
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Pa o 
2, lovey ray 1 dinbo oy S@ilnbp dy 
(144°) 5 SE PHASE | (a4) Op Op Bz Bz - ¢nbbp ~ 
(bp)*{1 dn @ ds\ _ 
r ofp 


With A given and b determined from data chtained on the So» 
surface, there are now the six independent relations equations (21), 
(59) or (59a), (55a), (55b), (535), and (418) for the determination of 
the six main variables in ¥, W,, W,, Wp, 8, and I. The f-componenis 
are not involved in the calculation. If the flow is adiabatic with 
uniform I and 5s, the equations are further simplified. 


Flow along Cylindrical Surface 


If the flow near the walls of an axtel-flow turbomachine can be 
considered to take place on a cylindrical surface, then 


m= o,=f,2f, = Wp, = 0 (60) 


Fquation (35) now gives 


ca - > (61) 


which is relatively small. (If c¢ is negligible, b can be taken as 
1 everywhere.) For flow without change in radial distance, the quantity 
We 


Tt canbe replaced by 4H, ( = b+ =): The equations governing the 


cylindrical flow are then {compare reference 29) 


< = rbpw, (62a) 
oy 
oz = = DoW) (62b) 
3 
Top = @ (63) 
D 
Ay _t De (64) 
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(65) 
where 
M = 3 In b 7 as* 1 SH, 
"Oe OR 2 On 
2 
ye -tSind Los 1 a Hy 1 Oy | aw’ B Os 
“"F dp “Trop * 72 Wee r op Wee r op 
or 
ay y raae 1 By de) _ 
2 5g? - (3 ae Sh SE BY) - = 3p ~ F 3G) ™ 
7 (65a) 
In general, the circumferential derivatives of and s are to 


be determined by the inlet flow and equations (63) and (64). For adia- 
batic flow with uniform E, and s upstream of the blade row, these 
derivatives are equal to zero everywhere, making the problem much sin- 
pler. The main difference between this simplified case and the ordinary 
two-dimensional fiow on a eylindrical surface is the inclusion of the 
factor b in equations (62) and (65) (in general, b is a function of 
® and 2). If the velocity diagram is such that there is considerable 
radial gradient in the radial velocity or considerable variation of the 
distance between the adjacent streamlines, the factor b is not 
negligible. 


EQUATIONS GOVERNING FLUID FLOW ON SS; SURFACE FOR RADIAL-~FLOW 
AND RADIAL-DISCHARGE MIZED-FLOW TURBOMACHTNES 


Flow along General 61, Surface 


For turbomachines with radial discharge, r and @ are considered 
as the two indépendent variables; that is, 


GqG@=eq Lz, ? > z(x ,¢p) | 
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Then 
#-3- = 3 
Lea. idq _ Su og (66) 
ra r oD n, oz 
Dq aq, Vu ag 


Equations of continuity and motion. - By the use of these relations, 
the equations of continuity and motion become 


1 S(otyr) 2, atoWy) 


ea aie ete ae ! 
stg or r <a 4 = 
where 
; OW. OW, OW, 
eta - = (a, ae + noe t Sz (68) 
and. 
.G 
: Wy 7 Wy Nu oy. lik: cow, = - Shp OS bo (69a) 
Wyly i Oia ee 
r rar r ap x oP = ne ee : 
(69b)} 
av W,, oW 
Zz 2 Us J 
DE = Wi, ar + r ac = tS. (69¢) 
with 


pe - 2 (B28 28) 4 = --2iZo (70) 


oo Principal equation. - If a veriable b' is introduced such that 


a cn 
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Or 


(71a) 


5 
aie 
a 
ff 
1 
ch 
-_ 
. 
i 
It 
l 
4 
| 
R 


in which the integration is performed along a streamline on the surface, 
then the continuity equation (67) can be written 


ath IPR) elem) 


= 50 (72) 
and a stream function: y can be defined on the surface with 
o 
ae = -b' pil, (73a) 
2 cb ' pi, (73) 


Here b! can be interpreted as the thickness (in the z-direction) of 
the stream sheet whose mean surface is the Sj surface considered. The 
continuity equation (72) can again be obtained by equating the mass flow 
into and out of an element of the stream sheet as defined by two axial 
planes ad? angie apart and two cylindrical surfaces dr distance apart 
as shown in figure 7(b). As before, the difference of yw at any two 
points on the 87 surface is equal to the mass flow across eny Line 
connecting these two points. By the use of the preceding two equations 
and the relation 


On2 Woe \-2 2 
ne EEE ota EB) 


the principal equation for the flow of this surface is obtained from 
equation (39b): 


Z 

W a Wp rah W ra 

a -S)\ atu 1 Fe oo) a ha eR 
A. or r era'p ac r age re aig 








EL 


(75) 


2 2 ra co 2 
ar “« or r | r 
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This equation is seen to be hyperbolic or elliptic when Ap $y Ls 


greater or less than the speed of sound, respectively. For the elliptic 
case, it is preferable to use the following form: 


2 t I 
eee ee a ee a 
pe am re 


2 

(b'p) 1dIl . Tas Wy ow, u _ 

Tay [7 rapt rap? tute ap ~ Mele ty] = 9 (758) 
ram 


The integrability condition (51) is now written 


a fur 
3 r a 
Be al) on 


hence 


r 
e £ £ 
— 7 ) 41 2 (=) ax (76a) 
a va ee =. & 


The procedure of solving the principal equation with the various terms 
in it determined by other flow equations is the same as that in the 
previous systen. 


Flow along a Surface of Revolution 


For the special case of flow on @ surface of revolution, edqua- 
tions (92) and (53) hold (with A considered as a function of r) and 
the expression of c!' reduces to 


OW OW 
re a z 
“kK Oz 7 Oz. (77) 
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Furthermore, equations (73) become 


SY = -b'pll, (78a) 
oe = rb "pW. ) (78b) 


and equation (69b) becomes 


OW, ow W 
ee ~u 1 /larlTo 
a +2 Nias (B+ a) - 2 (EB 23) -o ve) 


Using the relation 





gives the corresponding principal equation as 


a a 
( ee} aie en (Ls fut ah, HOY 
| ee ea OF as = 
oa) ae ( 2) wen O+s3)lt-- re ye ar 5 apo 
(81) 
where 
, rs a“ yey. Payee? = -y2 
we -oimb', ot 1 (ar EE ee te BA 
ar ar ge ar r “> dr 


W = +3, 139 In bi 1 Os* 3 OL aye a2) 1 OL p> 98 
ihe ae Foe *3e, 8g) ae Set 
: r 


or 


Zz Pa 
a“y 1 ay i oy bip av 1\ 195 In b'p oy 
et roe + (t+ 53) a Seta ee +B) Se 
spin . o'p)* (1 SE _ Bde A 
°- Pav \F de” F be)" = 
i ag 
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Flow on Radial Plane 


For the special case of flow on & radial plane, 





n,=m,=f,=f, = Wz, = 9 (82) 
and equations (77) to (81) reduce to 
oe 
c's = = { 83) 
Ov _b 'pWy (848) 
oF rb pw, (84) 
he t+t oer? 1 yf , (av (85) 
= dal =- r op + or 
2 a a 
a2 / dre ate FOP at | p22 or or OM 
(86) 


where 
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Alternative Form of Equations for Flow along 
surface of Revolution 


The equations given in the preceding secticns are obtained for 
turbomachines to avoid an infinite value of the partial derivative with 
respect to 2. Difficulty still exists in using either of the systems 
in the case of a mixed-fPlow type machine with an axial inflow and a 
radial outflow. For solutions of general H ] surfaces, this difficulty 
can be avoided by dividing the machine at the middie of the flow path 
and using the first system at the inlet portion and the second system 
at the exit portion. If the $8, surface can be approximated by a sur- 
face of revolution, it is convenient to use a set of orthogonal coordi- 
nates 2 and , where 2% is the arc length of the generating line of 
the surface of revolution in the meridional plane and @ is the usual 
cylindrical angle (fig. 8). Because 


Wy dr 
Wy = ar —- sin o (87) 
and 
We dz 
then, for use with the first systen, 
aq L og 
5, = Bec oO (83) 
and, for use with the second systen, 
a4 Og 
Sr CHC Oo x (90) 


By use of the preceding relations, the equation of motion in the cireum- 
ferential direction as given by either equation (56) or (79) for the 
two systems, respectively, becomes in both cases 


OW OW W 
1 ONG ul u 1 /LoLl Tas 


which agrees with the results obtained in references 29 and 30 ina 
different manner. The subsequent equations given in these two refer- 
ences can be modified and used for such surfaces. (The last term on the 
left side of equation (79a) represents the rotationality of the absolute 
flow and is not included in reference 29, which is derived for itrrota- 
tional absolute flavw.} 


" 
ed age . ae — me i i i ep | 8 
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By comparing the integrating factor b used herein and the thick- 
ness of the stream filament of revolution + used in these two refer- 
ences, it is seen that the two play exactly the same role in the con- 
tinuity relation. Although b is obtained mathematically as an inte- 
erating factor, physically it may then be visualized as the thickness 
of the stream filament in the r or z-direction for the two systems, 
respectively. The use of b herein is, of course, more general in that 
1% varies two-dimensionaily over the surface in the general case, where, 
as in references 29 and 30, tT is considered a function of 7 only. 


EQUATIONS GOVERNING FLUID PLOW ON So SURFACES 


In the preceding section, it was shown that the determination of 
the flow on 5; surfaces requires a knowledge of the radial variation 
of the velocity components. This knowledge can be obtained by following 
the Pluid motion along relative stream surfaces of the second kind, So. 
On So, the relations (28) to (31) also hold. These relations, how- 
ever, will now be used to eliminate the independent variable ; that 
is, any quantity q on Ss is now considered as 


q=q4 | x, 2 (Tr, z) | 


Accordingly, on 8». 


aq _ oa _ St 1 og 
ro ny,r op 
(91) 
aq og _ Bz 1 oq 
Qz OZ yr Op 
and along a streamline on 5a 
Ua vy. 22 94 
bi “Wr gp t Wz 5, | (92) 


Equations of Continuity and Motion 


Equations (30) and (91) are used to change the continuity equa- 
tion (35) to 


u a( pW r) : a( pw) <= tial (93) 


er az 


6V 
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where 
OW OW OW 
C(r,z) = - eS (oo so + ny so + Dg so (94) 


For general rotational motion, the equations of motion (14a) in the 
three perpendicular directions are 


Wy | O(¥,r) Wy fe ail) ST aa 
“ep Le 7 op] the Ws oy zr ate 


We | O(Vur) Hy 2 Wz My 102, fds (95) 
rl er op] "2@\r op " / * rapt op 


WW, Wy, 1, Wy — OL Os 
~ tp (ae ~ ee) + wy (2 Se. ~~ 2 tT 


In following the motion on S 9, equations (95} are reduced to the fol- 
iowing form by using equations (9), (16), (31), and (91)- 











W,, a(Vx) aw aw 
a ut vw, (SE-B) = Ea ae (96a) 
a or az or ar ar 
W,. 3(V,,7) . W, avr) ON ae D(V,,r) (960) 
Yr or vr oz. °—U uw Dt 
J kd » tf Yur) = ~8f 7 BaF (96c) 
— NEN 82 ar r EY oz OZ Z 
where F is a vector having the unit of force per unit masa of gas 
defined by: 
1 {dh Os 1 lop 
Fe - — ~ 7 Ne - 8 n 37 
ar \op = nx p op (97) 


A similar result is obtained for the equation of motion in the forn of 


(2): 


Pat 
ea ies eo ae 
or Z ~ - 9 9r 


Wy a2 = 





W, AV 7) WwW, a(v,r) 
Be or zig a2 pee 
oWe OWe L 


w . = 32 
Maga? ea Se ee, 
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Because the vector F is normal to the 5 surface, 
FLW, + FLWy + FW, = 0 (99) 


By the use of equations (99) and (96), it can be show for steady flow 
on an Se surface that 


DI = = (99a) 


This result is the same as that obtained for the 5, surface. Again, 
for the present problem of steady relative flow on the 6S» aurface, the 
relation (99a) can be taken either as one of the equations of motion or 
to represent the relation (99). In other words, there are only four 
independent relations among equations (96a), (96b), (96c), (99), and 
(99a). In the following development, it is found convenient to use 
equations of motion in the form of equation (96), not only because 
ol/dr is zero in many design problems (whereas op/dr 4 0), but also 
because equation (96) leads to a form capable of a rigorous solution 
for both subsonic and supersonic flow and shows clearly how the various 
design factors affect the three-dimensional motion in general. (See 
equations (106) to (114) that follow.) 


In & manner analogous to the 8] surface, the continuity equa- 
tion (93) is put into the form 
a(xBpW,.)  3a(xBpWw,) 
a = CO 


or oz (100) 


by the use of an integrating factor B, which is related to C by the 
following equation: 


D in B ainB ain B 
pe Sy HG +, SSE = (101) 
or 
+t cf 
B C 
ln = = C dx = sx (1038) 


Hguation (100) is the necessary and sufficient condition that a 
strean function wy exist and 


ay 
ar = TBeW, (102a) 
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212 
N [<= 


= - rBoW,, (102d ) 


The difference in VW at two points j k on the 5S. surface is 


_ W . | aay a rBo(W, ar - Wr dz) 


Similar to’ the flow on the 8, surface, the preceding equation 
indicates that B is proportional to the anguiar thickness of a thin 
stream sheet whose mean surface is the stream surface Sp considered 
herein and whose variable circumferential thickness is equat to YB. 
Indeed, if the mass flow into and out of the element of such a stream 
sheet (cut between two planes normal to the z-axis, and a distance dz 
apart and between two cylindrical surfaces dr apart (fig. 7{c))} is 
equated to zero and the distances dr and dz approach zero as a linit, 
the following equation is obtained: 


a(T pW.) r a(Tpw,) 


— so ge 0 { 1008) 


Comparing this equation with equation {100} and considering the mass 
flow relations show T to be proportional to rB. This proportionality 
IKNeans that B can be physically intepreted as a quantity which is pro- 
portional to the angular thickness of 4 stream sheet whose mean surface 
is the 5, surface considered herein. With this interpretation, B is 
immediately seen to be closely related to the angular distance between 
two neighboring biades. In actual calculation, only the ratio rB to 
(rB), or tT to Tz is important, and it is also easier to obtain the 
yariation in rB from the distance between adjacent stresmlines 
obtained on S surfaces than to evaluate B/B,; by equations (101s) 
and (94) using data cbtained on S$] surfaces. 


Principal Equation for Case with Vr Given 


In the soiution of flow on an So surface, the continuity equations 
and the equation of motion in the radial direction are cambined to form 
the principal equation. The principal equation will now be obtained for 
two main groups of present designs in which a certain desirable varia- 
tion of the angular momentum of the fluid Vir and of the ratio of 
relative tangential and axial velocity are prescribed on the 52 jm sur + 
face, respectively. These equations can also be used for the solution 
of a direct problem, in which the same information obtained on 657 
solutions of a previous cycle is used as known values in the 65 
solution, 


— i me ee ee ee ee re ee 0 ee a ee et ee 
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For the first group, the following equation is considered known: 
Vur = Glr,z) (103) 
Among this group of designs are the free-vortex design (in which G is 
simply a function of 2), the more general "solid-body rotation" design, 
the "symmetrical velocity diagram at all radii" design, and others (for 
example, see references 17 and 18). 


From equations (102) and (45}, 


We, ay 1 1 8 9s* 3 in B\ ay 
wo 229 ¥, (2-4 a ok: (3048) 
ar ar” ( r 2” ar — or ar 
WwW, 869% 1 @h Os* 93 in BY av 
~ 8p ge 2 (SHtn -"E ye eee) 





2 2 | 
2r2 OW 
_ oer uw L -2 a ay 
he l+“3--—3-§ (xBo) (au) + (2%) (105) 


Differentiating with respect to r and az gives 
2 a a 
a-ha 8 (: ‘ a) (wie2at,2) € , 2anB | ae" | 


Be or or ar gr 
1 a _y ay 
(rBo) (3, = Wr Src 


2_ (4 2ay_2 otre_y 2 
ao — | 4 _O+ Wt 
oP tibia) an 2 (24 u )s (W247) (222 _ 2). 


a” 32 OZ a a2. az 


(rBp}"> (4, ayy 2¥) 


ardz r az" 











; Substituting the preceding equations into equations (104} and adding 


give 
aw, ow 42 
2_ 2 2) | oe (a?- 2) 2. ¥ 
E (Wy + ) xBp (= =) - W 2 WW, —~ + 
(a2) 28 2-2 eed « 52 (@inB _ as*\] ay, 
oA ~y or P gr ar ar * 


a ae 
a Wi 2{3 in B os*\; ov 
ak-##).. Poe = = (106) 
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| Substituting equation (106) into equation (96a) and dividing by 
2% yield the following principal equation for the fluid flow on sur- 


face 59: 


Wee) «2 WW, a2 We-\ a2 
( r ) aty . Wr, a%y (2 z| ey Ey ML 








_ as are = ni ares ~ ao Pao ue or aA 
(1.07) 
where - 
me. 2 DB, as* 1 /8l _, Mu 
~ 92 az ge \8z U 32 

t a@inB, as* I fal OWy 2) 

Ne-; 7 “pr get (RE we + ote 7 

a” _(W,“ Hi“) at np Bly Wy, a(Vyr) 

amy ¢ or ar D r ar 


From the coefficients of the second derivatives, the principal equation 
is seen to be hyperbolic or elliptic when the meridional velocity 


WO Afit,? + W,* is greater or less than the speed of sound, respec- 


tively. For the elliptic case, it is again convenient to write the 
principal equation in a slightly different form. From equation (101), 


WW, ay 1 9W 3 in Bp 3¥ 


or ar¢ =v ar or ar 
(108) 
OW, a¢ a 1n Bp aV 
~ "BA a Ee ez az 
rab 
Substituting into equation (96a) results in 
a a 
r=) 
a (22 Be SF, 2a Pe oY) 
are’ 2 aC” ay ar ar az Oz 
27, o(V,r) 
(rBo) ke u a. as | 
“ay Lz ar ae tthe] =O aie 
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With the variation of V,, or W, prescribed by the designer in an 
inverse problem or taken from the previous 5, calculation in a direct 
probiem, the meridional velocity components are determined by equa- 
tions (107) and (107a). (Other equations are used to determine various 
terms Involved in the coefficients M and N.) 


Principal Equation for Case with W/W, Given 


In the second group of designs, the following relation is pre- 
scribed on an 82,» surface (for example, see references 17 and 18): 


W 
—— = g(x,Z) (1.09) 
We 


In order to result in blades with the mean blade surface composed of all 
radial elements (for high-speed rotation), it may be @esirable to spec- 
ify amean 55 surface consisting of ail radiel elements. Then 


Wa 
= r g3(2) (130) 
Wy 


Similarly, in order to obtain a cooled turbine rotor blade with minimum 
twist, the following function may be specified on So ym? 


Wy 
a, = Bo(z) (11.1) 


In application to direct problems, one of the preceding relations is 
obtained from the 5, soiution in the previous cycle and is considered 
as given in the 55 solution. Im both inverse and direct problems, 
with the relation between W,, and W, given by these equations, all 


three velocity components are to be combined into the main terms of the 
principal equation as follows: Substituting relation (109) into equa- 
tion (96a) gives 


a, | OW, 


a 
cite") ae- - ge 


g , 26) 1/29 %45) a 
+g (84 28 Wa + tog tt (- Ban Bae) ‘@ 


(112) 


(avy (113) 


Instead of equation (105), 


2r2 : ay\* 
hel+"5 ~ = (xBp) 21 (asa? (32) + 
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should now be written. Differentiating with respect to r and a, 
combining with equation (104), and substituting into equation (112) 
give the following form of the principal equation: 


W WrWe a2 Wy, 2\ 92 
(1+22) (2 ne) 2 —3 2 _2(1+¢2) rz ae (oe oer en oy ov — fj 








ge oerez ac 372 or az 
(114) 
where 
yw. .2inB af (28 W24 22) 
oz Oz g2 \9Z ga az 
_ 2e,; 1, 8inB_ as* 1 (2 2 2, 38 
N (1+e¢°) ie = 3 apt fr - Wy Ba || + 


ee a2? 
ial e(E+3e)+ 5 a Ge + 2a, 


aW," 


This equation is hyperbolic when the relative velocity is supersonic, 
elliptic when the relative velocity is subsonic. For the subsonic cage, 
a form of this equation more convenient for computation is obtained by 
substituting equation (108) into (112): 


2 2 
a, ay fi ay a“y r 2) 2 In Bo av, iene) 
(1+e") are ( g 2) ro 352 ~ | (ute*) ar saa 


a oz OZ 
egorbo + SS ey a Br + T > —— a +B) 0 (1148) 


It may be noted that for both groups, equation (96a) rather 
than (96c) is chosen to cbtain the principal equation of the present 
problem, because F, is always much smalier than F, in axial 
machines and Fy is zero or nearly zero on Se surfaces for high-speed 
centrifugal and mixed-flow impellers whose mean blade surfaces are 
usually composed of all radial elements. (For low-speed centrifugal 


impellers, equation (96c} can be used to form the principal equation 
in a similar manner.) 
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Procedure of Solution 


Although the equation of motion (96a) is chosen to form the prin- 
cipal equation, other equations are to be used to obtain the various 
terms involved in the principal equation. As in the case of feneral 
S) surfaces, there are ten basic variables to define the flow and the 
shape of the Sp surface. They are: Y, B, W,, Wl, Wo» Fh, Fy Feo 8, 
and I {or p}. B is considered given. (In the direct problem, B 
is evaluated directly from the distances between adjacent streamlines 
or according to equation (100a) using the value of C obtained on By 
surfaces; in the inverse or design problem, B is estimated (refer- 
ences 29 and 35) from the blade thickness as desired from blade stress 
and other considerations.) On the other hand, there are seven inde- 
pendent relations in one energy equation (21); three equations of 
motion, one of equations (107), (107a), (114), or (14a), and equations 
{96b} and (96c); the orthogonality relation between W and F, equa- 
tion (99a); and the two equations relating WY and velocity, (102a) 
and (102b). 


Direct problem. - In the direct probiem, two alternative procedures 
may be used. If the shape of the Se surface (determined from the 
data obtained on 8; surfaces) is considered as given in the present 
Se solution, two additional relations between the fn- or F-components 
completely define the problem. The procedure of calculation is as 
follows: 


(1) Use equations (20) and (21) to determine the variation of 
s and I. 


(2) Compute W, from the orthogonality relation as follows: 
a n 
W,=-(— We +h, 
Thy Thy 
(3) Campute F, from equation (96b). 
(4) Solve the principal equation. 
(5) Obtain W, and W, from equations (102). 
If only the tangential velocity or the relation (109) is taken 
fron the 5, solutions of the previous cycle and is considered as 
given in the present 6 solution, one more relation is available 


between the F-components such as that which exists between the 
f-components on the 6, surface: 


F-VxXxF=0 (115) 


=-— = 
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Writing equation (115} in scalar form and using the relations (31) 
and (91) give 


¥ F 
O22). os 
ar (3) ~ 82 (5) (1158) 


By integrating along a constant z-line, equation (1158) provides the 
Polliowing relation to determine the value of F, to be used in the 
principal equation from the values of Fy and Fy: 





FP F = F 
ee (Fz) ’ * e ad (2115p) 
Fyr uX/o : r ae 
QO 
If F, = 0, at 2 
F 
| vA 
F... = Br or (=) dz (115¢) 
oO 


The procedure of calculation is as foltows: 


(1) Use equations (21} and (99a) to determine the variation of s5 
and £, 


(2) Compute F, and F, from equations (96b) and (96c}. 

(3) Compute F, from equation (115b) or (115c). 

(4) Solve W from the principal equation. 

(5) Compute Wy, and W, from equations (102a) and (10zb). 

Inverse problem. - In the inverse or design problem of a finite 
number of thick blades, in addition to the blade-thickmness distribution 


or its equivalent B, either equation (103) or (109) ig prescribed on 
&8 Mean stream surface So ym: It may appear that still another rela- 


tion can be prescribed on the mean surface, The differentials of the 
coordinates of the surface are now governed by 


F, dr + Fir dp + F, dz = 0 (116) 
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however, and, in order that this differential equation will lead to an 
integral surface of the form represented by equation (28), F mst 
satisfy the condition of integrability as given by equation (115) 
{reference 34). An expression similar to equation (115a) for the case 
of an infinite number of bledes was Tirst pointed out by Baversfeld 
(reference 2) in a discussion of the Lorenz paper (reference 1}. In 
effect, it restricts the freedom that the designer has in prescribing 
the velocity components of the fluid on the surface. Hence, in the 
- inverse problem of a finite number of thick blades, in addition to the 
blade thickness distribution or its equivalent B, the designer can 
specify only one relation on the mean stream surface, which relation may 
be either the tengential velocity as given by equation (103), the flow 
angle between the tangential and axial velocity as given by equa- 
tion (109), the axial velocity, or any other reasonable relation that 
will lead to a solution of the set of equations. 


In the preceding consideration, the hub and casing shapes are also 
prescribed by the Gesigner in the inverse problem. Alternatively, the 
prescription of the hub shape can be replaced by @& prescription of 
another relation at the casing, thereby fixing the shape of and the flow 
along 52 ,m at the casing entirely. The flow is then extended to the 


hub and the last streamline gives the hub contour (reference 19). 


Approximations Involved in Through-Fiow Theory 


When the equations previously derived in reference 18 for a large 
mumber of thin bisdes are compared with the corresponding equations 
derived herein aiong ea stream surface, the two are obviously exactly 
the same if the ordinary derivatives used in reference 18 are replaced 
by the present partial derivatives following the stream surface, and 
if B is equal to 1 or if the variation of B along the flow path 
is zero. In the interpretation of the through-flow solutions as the 
flow along a mean stream surfece (which divides mass flow into two equal 
parts circumferentially) or as the Plow along the’ mean channel surface 
{seometrical mean}, the first difference can easily be removed by simply 
interpreting the values obtained in the solution as those along the sur- 
face rather than in the meridional plane. The second condition, however, 
is satisfied only when the circumferential variation of all the velocity 
ccmponents approaches zero, or When the ciromferential derivative of 
the tangential velocity and the ratios of mn, and ny, to Ny approach 


zero (see equation (94)}. 


Besides the use as a limiting solution in general and to give cer- 
tain trends where the contribution due to the Pinite number of biades 
is small or constant, the through-flow calculation should be properly 
modified by the factor B in its application to actual turbomachines 
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of a finite number of thick blades. As B can be physically inter- 
preted as the ratio of the local angular thickness of the stream sheet 
to its inlet value, a good approximate value can be obtained by solving 
the two-dimensional flows on a number of stream surfaces of revolution 
starting at different radii at the Inlet. For.the subsonic flow in the 
turbine cascade reported in reference 29 and for the supersonic flow in 
two impulse bladings investigated in reference 30, the reductions in 
anguiar thickness from the inlet value along the mean streamline are 
seen to be a chordwise average of 4 and 9 percent more than the reduc- 
tion in the channel width, respectively. Aliso, in the subsonic cage, 
the inflvence is extended a certain distance outside the blade row. The 
inclusion of this factor B, even if it is epproximate, should give a 
much closer answer than that obtained with B taken as 1. 


In this interpretation of the infinite number of blades solution 
as the solution of through flow along a particular stream surface 
petween two adjacent blades, the distributed “body force" F has a 
definite meaning, as given by equation (97). (For an infinite number 
of blades, F becomes the blade force.) For blades with large turning 
and large redial twist, as in a free-vortex turbine, the influence of 
the radial component of F on the flow is not negligible. 


CIRCUMFERENTIAL VARIATION OF FLUID PROPERTIES BY USE OF POWER SERIES 


In general, the blade-to-blade variations of flyid properties are 
to be obtained from calculations on 67] surfaces. When the twist of 
the 8S; surface is iarge, some other method of obtaining the biade-to- 
biade information is desirable, For subsonic irrotational absolute 
flow, this information can be obtained by extending the solution 
obtained on the mean stream surface in the circumferential Grection by 
the use of power series (without the consideration of the shape of the 
8 flow surfaces}. The various derivatives involved in the series are 
obtained from the flow condition on the mean stream surface. The higher 
the solidity and the thinner the blade sections, the fewer are the terms 
required for a given accuracy. Results obtained in references 29 and 36 
indicate that only three terms in the series wiil be required to give 
surficlent accuracy for high-solidity turbines and centrifugal com- 
pressors. 


The series method will also be used in one of the two methods of 
the inverse solution in which the flow obtained on the mean stream sure 
face is extended out circumrerentially. 


Denoting the absolute vorticity VxXV by E and. using the rela- 
tions (16), (91), and (97) in equations (19) give 
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x] oi o(Vur 2 
fr = FL > 


is a0 
=r+3p “ro “Bron (117a) 


OW, OF, OW, OW, FPF, WW, Fr, Wy, 
fur Sg "or a2 "or * iy dp Rr 3p (117) 
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From the preceding equations, 
+ I 


This equation means that the apparent vorticity, which 1s obtained by 
differentiating the velocity on the mean streem surface with respect to 
the coordinates, is not zero even if the absolute vorticity is zero or 
tangent to the mean stream surface. Substituting equations (1178) 

and {117c) into equation (94) results in 


& 4. r 
1 oO, E ous) Fe Che) oy Fey te tI (119) 
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Substituting equation (119) into equations (117a) and (l17c) gives 


1 OW, 3, BC¥yr} ' FF. | Fy O(Vyr) | F, o(¥,r) ome 7 F. : 
rop * or ~ For ar ‘Fy yr oz Fo ~ By 7% 
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u 
(120) 
1 OW, 1 A(Vyx) PF, | Fy avr) F, avy) ie _ F, ’ 
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(121) 


The first derivatives of h or p, and p can be obtained as follows: 
From equation (97), 


(122) 
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Or from equation (9), 


10h lor {*, OW, Wy Ww, 4, — “ 
Lee (Sy t ee eS (1a) 
With 5 known, * can be obtained by using equation ({12b): 
13inp 1 dh 10ds* 
a ao - ee” Ee (128) 


The second derivatives of the fluid properties with respect to 
can be obtained in a similar manner. Differentiating the continuity 
equation (1) with respect to © and dividing by r give 


1 9%(pWr) =, -9*(pw,) 3@( pW.) 


7 
2s tPF + = 3 = 0 (124) 


Equations (91) are used to change equation (124) to 


; 
2 Sep" 2,2) ar op in Se" r|az ap Fur 3 of 


(1248) 


Differentiating equations (117a) and (117c} with respect to @m and 
dividing by r result in 
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Substituting equations (125) and (126) into (1248) ‘and noting that F 
is perpendicular to -W give 


1 OW, Fe Fer >» O(V7) ,*2 5 AV, ) 1 5 ool, Ty 
Fr 


re Sop" = 7-72 2er ap + Br be Op <2 or ap 
1 9 %W,) eeding , Fz Sr Fy Oy 
cn” a> oe See ore (127) 


Equation (103) is to be used in equations (101) and (102) to obtain the 
second derivatives of Wr, and W,. The second derivatives of h and 


p are obtained from equations (9) and (123) as 


2 2 2 
1 Om 1 OT 1 Of (128) 
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{129} 


Dimilar Pormules can be obtained for higher-order derivatives. At 
a fixed value of r and 2, the velocity components, h, and 9 ata 
hort angular distance away from the mean stream surface Sp can then 
be obtained by a Taylor series: 


~-~P,)4 p-p.)5 
ap) = g(p,) + (-9,) at(@,) + Sa)" a"@,,) + on g"@p) +... 


(130) 


fn alternative way to obtain deneity is to use equation (145) (to be 
given subsequently) after the other fluid properties are determined. 
Obviously, the preceding equations are most useful when the flow is 
isentropic with vorticity equal to zero. Otherwise, the variation of 
vorticity along the mean stream surface has to be determined first. 

At present no such method is available. It appears, however, that the 
method of Squire and Winter (reference 37) and Hawthorne (reference 38) 
may be generalized to compressible flow for the variation of vorticity 
along a mean stream surface in turbomachines. 
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DEEPB FOR COMPLETE SOLUTIONS OF THREK-DIMENSIONAL 
DIRECT AND LNVERSE PROBLEMS 


In general, the solution of the three-dimensional direct and inverse 
problem involves the use of both 6], and Se surfaces. In the direct 


problem, starting with assumed flow surface, the solution its obtained 
through the successive (alternate) use of the two kinds of flow sur- 

Face, although a satisfactory approximate solution may be obtained in 

one or two complete cycles. The use of an approximate method of solu- 
tion to get a good starting value on each surface will shorten the length 
of camputetion. For inverse are, the process is usually shorter. 

The calculation will start on the m Surface on which elther 4 con- 
dition on the fluid velocity or the ae itself is prescribed and an 
estimated value of B Yor a desirable blade thickness distribution is 
used. After the solution on the S2,m surface and its shape are obtained, 
the blade coordinates are obtained by extending the solution circumferen- 
tially either by the series method or by the method given in reference 35 
uping the variation of the distances between the streamline obtained in the 
S2,m Surface. Because it is Important only to obtain the right order of 
magnitude and the right kind of variation (three-dimensionally) of the 
blade thickness, the first solution may give satisfactory resulis. The 
velocity distribution on the blade surface is controlled directly by the 
one relation specified on the 5S2., surface and the variation of 8. 


Suitable procedure is subsequently suggested for the solutions of 
direct and inverse problems with either Lrrotational or rotational inlet 
absolute motion, at design or off-design flow condtiions, for turbo- 
machines haying various wall configurations (fig. 6). 


Direct Problem 


Axial. turbomachines with nontapered straight walls. - In this type 
of machine, it is desirable to start the computation on 6] surfaces, 
because with short axial blade length, the total deviation of the 6] 
surface from the cylindrical surface is relatively amall, especially 
along the bub and casing walls. 


The following steps are therefore suggested: 


(a) In the initial calculation, the flow surfaces are assumed to be 
eylindric&l and the set of equations (60) to (65) derived for cylindrical 
flow or the approximate method given in reference 39 can also be used to 
obtain the streamlines and circumferential variation of finid state on 
5] surraces at three or more radii. - 


ay 
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(b>) From the data cbtained in step (a), an Se stream surface about 
midway between two blades is constructed by comnecting the streamlines 
Which divide mass flow on the 5S] surfaces in the same percentages. ‘The 
direction numbers of the surface and the Wy, and W, at the surface 
ootained in step (a) give the starting value of W;, by use of equa- 
tion (31). The factor B is evaluated either directly from the engular 
distances between streamlines obtained in (a) or according to equa- 
tion (100a) with C evaluated from the information obtained in (a). Its 
value at other radii is obtained by interpolation or by proportioning 
according to the channel-width ratio. Calculation of the flow on this 
surface is then made by the use of equations (91) to (115). For subsonic 
flow with irrotational inlet flow, the solution obtained on the 52, 
surface is easily extended circumferentially by series expansion using 
equations (117) to (130). The values obtained can be further adjusted 
to fit the given blade (reference 39) and can be used in a more accurate 
second calcuiation on 5] surfaces in the next step. For subsonic flow 
with large rotationality at the inlet and supersonic flow with signifi- 
cant check caused by the blade entrance angle, it is more desirable to 
obtain the information on circumferential variations by the use of two 
or more 52 surfaces at or near the two blade surfaces. 


(c) The radial variation of fluid state computed from the solution 
obtained in step (b) or the variation of the radial distance between 
streamlines is used to determine the factor b and used in the principal 
equation (48) for a more accurate determination of $8) surfaces and the 
flows thereon. The general equations (32) to (51) should now be used 
for the 8S, surfaces located between hub and casing, if not at or near 
these walis. 


(a) The calculation of Ss surfaces can again be repeated and so 
forth. 


if the inlet flow is quite rotational, so that the S81 surfaces 
along the walls and the 6 surface near the blades may turn around the 
corners, these surfaces should be chosen at a short distance from these 
boundary walls as shown in figure 3. By the use of these two kinds of 
surface, the secondary flow caused by a rotational inlet profile or by 
the turning of the blades is inciuded in the complete solution. 


Axial turbomachines with tapered or curved walls. - The steps 
involved here are quite similar to those of the preceding case, except 
that for the initial calculation of §, surfaces along or near the 
tapered or curved wall, either equations (52) to (59) are to be used, or 
equations (13!) to (25') given in reference (35) can be used in the 
manner given in reference (39). 


SV 


NACA TN 2604 ae) 


Radial- and mixed-flow type turbomachines with curved walls. - In 
this type of machine it is not desirable to start the computation on the 
S| surfaces because the flow surfaces near the wails may deviate con- 
siderably from surfaces of revolution because of the long flow path. On 
the other hend, the solidity of the blade is very high and the blade 
section is uniformly thin. As a result, the shapes of the So surfaces 
are closely related to the blade shape and the factor B can be esti- 
mated relatively accurately from the blade thickness distribution. The 
following steps are therefore suggested: 


(a) The computation is begun on the S2,m surface. For subsonic 
irrotational inlet flow, computation need be made only on a mean £&8e 
surface and the solution can be extended out circumferentiaily by equa- 
tions {117) to (130). The approximate method given in reference 40 can 
also be used in the initial calculation. For subsonic flow with rota- 
tionai inlet profile and for supersonic flow it may again be more 
desirable to compute two or more Se surfaces between the blades. 


(>) The data obtained in step (a) may be used to make calculations 
for three or more §) surfaces between hub and casing walls. 


(c} The processes (a) and (b) can be repeated pntil the desired 
accuracy is reached. 


Jnverse Problem 


Conditions prescribed on mean stream surface. - Im the inverse or 
design problem it is most convenient to consider a mean stream surface 
of the Se kind about midway between two neighboring bladea to be 
designed (figs. 3 to 5). From the results developed previously for 
such surfaces, it is seen that in addition to the factor 8B, the 
designer can specify only one relation among the fluid properties on 
that surface, which can be either a velocity component, a relation 
between two velocity components, or one other reasonable condition. 

The factor B essentially controls the blade thickness distribution, 
whereas the relation specified on the surface essentially controis the 
mean camber surface of the blade. From a consideration of strength and 
Mach number in general, and the requirement of coolant passage in the 
case of cooled turbine blades, the designer always has a very good idea 
of what kind of blede-thickness distribution he wants. With this thick- 
ness distribution, the ratio of pitch minus circumferential thickness 
of blade to pitch can be obtained. After correcting this ratio with 
some known relations between this ratio and B (such as those given in 
references 29, 30, and 35), especially near the leading and trailing 
edges, it can be taken as the factor B in equation (101). Then from 
the type of velocity diagram or a certain feature of blade shape 


1 
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desired, a relation along the mean stream surface 8, can be pre- 
seribed and coordinates of the mean surface and the fiow on that surface 
can be solved at the same time by equations (101) to (215). It may be 
noted that in this process, the designer still has, in general, a little 
freedom in choosing the value of 2, in equation (115c). For a rota- 
ting blade, zg is8 usually taken somewhere near the center of gravity 
of the biade section, whereas for the stationary blade, the position of 
Zqg can be utilized to control the magnitude and distribution of Fy, 

in the most favorable manner. 


Boundary conditions for mean stream surface. - In the solution of 
this S2,m surface, the boundary conditions are a little different for 
subsonic and supersonic flow. For subsonic flow, not only the varia- 
tions of the stream function at stations far upstream and downstream 
are given, the meridional contours of the hub and casing walls are also 
given (these contours can be determined by approximate calculetions 
from biade row to blade row such as given in references 17 and 41). For 
supersonic flow, the variation of the stream function and its normal 
derivative is prescribed on an jnitial curve, which is not e character- 
istic curve. Then either the hub and casing contours are prescribed, 
or only the casing contour but with one more velocity component along 
the casing is prescribed. In the second case, the flow is extended 
toward the axis of the machine and the hub contour is determined by the 
shape of the last streamline for the required mass fiow. 


Determination of blade shape. - For subsonic irrotational flow, 
the solution obtained on the mean stream surface can be extended ont 
circumferentially by using equations (117) to (130). ‘The blade sur- 
face can be then determined as follows: 


(a) The position of the mean stream surface is first determined 
by solving the circumferential coordinate as a function of the axial 
coordinate at several radii. With the circumferential coordinate 
measured from the radial element of the surface chosen at 2), equa- 


tion (116) gives, at a constant r: 


* UF 
rm, - (re) 2=Z. -| (= i dx (131) 
oO 


(b} The blade coordinates (r,9) will first be chosen at one 
station 2, a8 follows {see fig. 9): The mass flow passing through 
the Z, plane between the mean stream surface and the tentative suction 
or pressure surface is computed as follows: 
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Pp f le : 
Mn = W dr da? V5 
P ., th p Wz ( } 


Because of the inaccuracy in 8 for the blade-thickness effect, the 
mass flow obtained will be a little different from that required. The 
blade coordinates and @p as functions of 2, and r are modi- 
fied until the mass flow checks. I+ is not important that Mg and Mp 
are & little different from one-half the required mass flow as long as 
their sum is equal to the total mass flow, but once the division ts 
chosen, it should be maintained at other z-stations. 


(c)} The blade coordinates obtained at z= Zy are extended 


upstream and downstream according to the velocity components evaluated 
at the surface. For example, for a short distance 2-2, away, the 


changes in the blade surface coordinates r and P are 


W 
r= ro +(F) (2 - 20) ° (1354) 
W 
P =, + (2 7) (z - z,) (135) 


After r and @ are thus obtained, the total mass flow may be checked 
again by equations (132) and (133). 


When the blade coordinates are obtained close to the leading and 
trailing edges, they can be faired in according to some standard shapes. 
A blade shape is therefore obtained in which the three-dimensional flow 
of the fluid is considered. The right kind of three-dimensional blade- 
thickness distribution is obtained and a good knowledge about the LPlow 
on the blade surface is also available at the same time. The’ data 
obtained in the solution can also be used directly for © more accurate 
and detailed determination of the velocity variation around the nose of 
the blade, for a relatively quick check of the series approximation, or 
for improvement, if necessary, of the inverse solution throughout by 
the method given earlier for solving the direct problem. This process 
seems to be the quickest way of establishing some standard three- 
dimensional flow variations for typical designs of blades from which a 
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good approximate method for routine design calculations can be estab- 
lished and of providing a basis on which the viscous flow along the 
blade surfaces and hub and casing walls can be analyzed. The results 
given in references 29 and 35 indicate that for blades of high 
solidity, three terms in the series give sufficiently accurate 
results. 


For subsonic flow with vorticity, the circumferential extension 
cannot be accurately made at the present because of lack of adequate 
methods for the determination of vorticity variation along the mean 
stream surface (S24). An estimate of this variation can be made, 
however, and the solution can be cheeked later. An alternative method 
is to use the shapes of the streamlines and the distances between them 
obtained in the "2m solution and to design the blades with the 
assumption that the flow surfaces are surfaces of revolution by the 
method given in reference 35. Inasmuch as the rotationality of inlet 
Plow is usually serious only in later stages of a multistage compressor 
where the hub-tip radius ratio is high, this essumption is reasonably 
good. 


For supersonic flow, the flow in the mean stream surface 82,m is 
also determined first. If the shock due to the entrance wedge angle 
is small, an approximate solution of the blade shape can also be 
obtained by the series method neglecting the finite jump acrose the 
shock or using an estimated value. The improvement of the flow varia- 
tion for the resultant Diade is then more important than that in the 
subsonic case. Local modification of the biade shape can also be made 
if the velocity distribution on the blade obtained is unsatisfactory. 
A better method is to use the shape of the streamlines and the dis- 
tances between them obtained in the S2,m, solution and to design the 
blades assuming flow surfaces of revolution according to the method 
given in reference 50. 


The processes described here for the three-dimensional solution 
have been and are now being used to analyze the compressible flow 
through @ number of compressors and turbines. Some of the results 
obtained are given in reference 42. 


GENERAL METHODS OF SOLVING PRINCIPAL EQUATION 


In the solution of the 8) surface for the direct problem and of 
the 8S surface for both the direct and inverse problems, the main 
calculation is the solution of the principal equation, which is a 
second-order, nonlinear partial differential equation in two independent 
variables. The case when the principal equation is elliptic will be 
considered first. 
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Liliptic Case 


A common form of the principal equation is written as follows: 


lay, ay | . ay 3 ay | 3 Inb 9 In b 
nan apa * rian han 3 [29g 22 SF ole 232 BE) anne . 


Mo(bp)* = 0 | (136) 


In equation (136), y and b are used for both SS, and Se surfaces; 
HR denotes $ Yor the 6] surface and r for the Se surface; 
fC denotes 2 or vr for the S) surface, and 2 for the Se sur- 


face. The values of 9, €, J; and K for each individual case are given 
in the following table: 
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The equation is nonlinear even in the case of incompressible fiow. In 
the numerical computation, it is convenient to rewrite the equation in 
the following form: 


cee a Sax Shere 8 (137) 
até at 
where 
2 
_x Sin bp of , a in bp ay _ Ma(bp) 
N= Ban ant at PP oy (138) 
an 


and is evalueted from any approximate solution at the start of the cal- 
culation and from the values af ww and p obtained in the previous 
eyele during the calculation. For simple boundary shapes for an 5e 
surface and simple functions of J, K, and L, it is possible to find 
a Green's function G(y,-€, %, yy) with its proper characteristics so 
that the solution of the problem can be written in the following form 
(for example, see reference 10): 


¥ (n,$) = ff G(n, 6, x, y) N (x, y) ax ay (139) 


If the boundary wall is arbitrarily curved, it is necessary in this 
method to use the technique of conformal transformation to render the 
given boundary into a simpler one, such as cylindrical. Because this 
process will involve a numerical solution of the Laplace equation with 
the given boundary shape, it may be better to solve the given equs- 
tion (137) directly with the given shape by the numerical method. - 
Furthermore, this method will be the only choice in the feneral case 
where J and K are complicated functions, which makes the task of 
obtaining the proper Green's function very difficult if not impossible. 


FPinite-difference form of principal equation. - In order to solve 
the given equation (137) directly, the general numerical differentiation 
formuia for first and second derivatives with the function value given at 
unequally spaced grid points using second- and higher-degree polynonmtal 
representation as given by reference 26 is used to give the finite- 
difference expressions conveniently and accurately at the grid point 
near the curved boundary. If the value of any quentity q on the 
stream surface under investigation corresponding to a number of values 
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of one of the independent variables x not equally spaced, denoted by 


xO, xt, . .., xt, x 4 oy is given, the mth derivative of q (on 
the surface) with respect to x when x = x+ may be written 


pal 
(Da) a = > 3, q) + mB (140) 
j=0 : 


The differentiation coefficients B and the coefficients of the deriva- 
tives in the first or second remainder term have been explicitly 
expressed in reference 26 in terms of the spacings between the successive 
grid points by using polynomials of the second, third, and fourth degree 
for general nonuniform spacing throughout and for the special case near 
a tapered or curved boundary where only the first or last spacing is 
different from the otbers. For the special case, these coefficients 
have also been computed for different ratios of the distance between the 
boundary and the nearest point and the other spacing, from 0.1 to 1.29 
in intervals of 0.01, and are given in reference 46. For spacing ratios 
lying between these tabulated intervals, B can be obtained from the 
values tabulated by applying interpolation formulas given in refer- 

ence 43, or by the direct use of the formas. Differentiation: cceffi- 
cients B for equal intervals using variocus degrees of polynomials are 
given earlier by Bickley in reference 44. 


In the present fluid-fliow problems, a large region must be covered. 
in order to get to the boundary conditions which are always given at 
stations far upstream and downstream of the blade row. In order to 
reduce the labor of computation, it is desirable to attempt to reduce 
the number of grid points required for a given accuracy by using a 
degree of polynomial higher than the customary second. A study of the 
expression of the remainder terms (see reference 26) and actual experi- 
ence in the present problem show that, in most cases, the use of the 
fourth-order polynomial will reduce the necessary number of grid points 
to less than one-fourth that required by the second-order polynomial. 
Near the leading and trailing edges of the flow on surfaces of the §7] 
kind, the variation of ww is such that accuracy is obtained most 
effectively by using small spacing there. In such case, the grid 
pattern should be chosen at these regions first, and either be kept 
constant or be continuously increased toward the inlet and exit stations. 


With the grid pattern and the order of polynomial representation 
selected, the coefficients B at each point can be obtained from refer- 
ences 44 and 26 for equally and unequally spaced points. Then the dif- 
ferential equation (157) at any grid point whose w value is ¥f is 
replaced by the following algebraic equation: 


ed ears . - mm mg ee er a ee OSS 
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fal ; jal . : 
2 (o* Zat + wh dad) yd + D (204 + lat) ys -wi=o0 (142) 
J= 


where wt and 4 denote the values of vy on the surface considered 
corresponding to the grid points along constant ¢ and constant 7 
lines, respectively. (See Pigs. 10 and 11.) It should be noted that, 
in accordance with the definition of the speciai partial derivatives, 
tw values are those on the surface 5; whereas the grid spacings 
involved ere just the distances along the q- and {-coordinetes. 


Boundary conditions. - In flow on surfaces of the first kind, the 
flow picture is as shown in figure 9. Arbitrarily assigning a value 
Yr; on the suction surface, the value Wy 7 on the pressure surface of 


the next blade is determined from the mass Plow passing between them. 
These two values are used as the end values in equation (142) for grid 
points next to the boundary. Outside the blade region, however, the 
position of the dividing streamiine is not known. Instead, there is 
the condition that the flow repeats itself or the -value increases 
by ¥rr-¥r when @ increases by an amount equal to the pitch angie 


(2x divided by number of blades). It is then convenient to draw any 
two parallel lines up to the leading and trailing edges of the biade and 
consider only the grid points Lying between the two reference lines. 

For the -derivative at a point y°, for example, the requirea yb 
value is obtained from wi, which is a pitch angle away from yb 

(fig. 10), as 


we=yt - (yp, - ¥y) (142) 


This relation is used between the inlet station 1-1 and the leading edge 
of the blade and between the exit station 2-2 and the trailing edge of 
the blade when the 5) surfaces are assumed to be surfaces of revolu- 
tion. For the general 5S; surface where its deviation from the surface 


of revolution is considered, modification has to be made in places such 
as shown in the exit portion of figure 9. Because of the twist of the 
flow surface, the dividing line from station 1-1 to the leading edge of 
the blade becomes two separate lines from the tralling edge of the blade 
to the exit station 4-2, accompanied by trailing vortices. Although the 
flow still repeats itself cireumferentially every pitch angie, the use 
of equation (142) for the derivative at a point close to these lines 
Will give inaccurate results. in these cases, it is better to use the 
end-point differentiation formulas to evaluate the derivatives. 


IV 
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At the station 1-1 sufficiently far upstream of the blades, the 
Plow condition can be taken as uniform and the flow angle, equal to the 
given inlet angie. For the point Hh, the yy value at point i 
upstream can be obtained Prom the given flow angle as foilows: 


GS, tan a4 


y Pete ee 


H 


( - gh ton a) v8 + (38 tan ay) # (143) 


Thus, the required  velue upstream of station 1-1 can be replaced by 
the values on that station, and only the wW values downstream of 
station 1-1 will be involved in the finite-difference expression (141). 


An alternative method to take account of the inlet condition is 
as follows: If the first station 1-1 is chosen sufficiently far from 
the blades, the variation of the stream function upstream of the 
station 1-1 is linear in the circumferential direction. ‘The value of 
the stream function, however, depends on the inlet angle. If solutions 
for a range of inlet angle are desired, they can be obtained by speci- 
fying a number of sets of linearly varying stream Punctions upstream of 
station 1-1 as fixed boundary vaiues. The slope of the streamlines 
obtained in the solution at the iniet then gives the value of the inlet 
angle. If, however, the solution for a certain specific iniet angle 
is desired, the streamline obtained in the solution must be adjusted 
according to that inlet angle, for example, as jk in figure iO is 
adjusted to position gk, thereby cbtaining an improved set of boundary 
Values of the stream functions to be used in the next calewlation. 
This method is, of course, not Se accurate and convenient as the previ- 
ous method for obtaining a solution for a given inlet angle, but is 
desirable in the matrix solution because the inlet angle is then not 
involved in the matrix factorization, thereby making the same matrix 
factors usable for a range of inlet angie and Mach number. 


At the exit station far downstream of the blade, the same methods 
can be applied. For a blade having a sharp trailing edge, the Kutta- 
Joukowski condition can be used and the correct exit angle far down- 
stream is the one that gives the flow at the trailing edge satisfying 
that condition. For round trailing edges, either the position of the 
stagnation point 18 assumed or some available empirical rule for the 
exit angle is used. If the calculation is made to compare with certain 
experimental results, the measured exit angle may be used. 


hae, 1 pe ee — ee re a ee 
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In flow along surfaces of the second kind, the boundary walls 
extend all the way to the inlet and exit stations with the + values 
given on the walls (fig. Li). Across the inlet and exit. stations, the 
flow is considered to be uniform and parallel to the walls so that the 
required ww value outside the station can be obtained by an equation 
similar to equation (143). For the inlet station where the axial 
velocity is redially uniform and there is no radial or tangential 
velocity, varies as the square of the radius. For the exit station 
with a certein radial gradient in fliwid state, the radial variation of 
fy can be determined from the corresponding redial variation in axial 
velocity and density. 


Solution of finite-difference equations. - With the grid system 
and the degree of polynamial representation chosen and the boundary 


conditions taken into account, the problem remaining is the solution 
of the set of linear algebraic equations (141) written for all interior 
grid points. For a small mmber of solutions with a given blade, the 
best method is the relaxation method (references 25, 353, 45, and 36). 
A modification of this method involving the use of higher-order difYer- 
ences is suggested by Fox (reference 46). Formulas and tables of 
coefficients obtained in reference 26 enable the direct use of higher- 
degree polynomials for problems with curved boundaries (reference 29}. 
For the present flow problems, It is necessary to include 4a large 
damain to get to the boundary conditions that are given at places far 
from the biades, and the use of higher-degree polynomials whenever it 
is applicable greatly reduces the mumerical, work. 


I? a number of cases are to be solved for a given geometry (same 
plades for 5S) surface and same hub and casing shapes for Ss. sur- 
face), it is advantageous to solve the problem on a large-scale digital 
computing machine. If a high-speed digital machine is available, the 
| gimultanecus equations may be solved by Liebmann's iterative process, 

which is the most simple to set up. For quicker results or when only a 
relatively slow-speed machine is available, the matrix process discussed 
in reference 26 is most suitable. Ina calculation of the 62,m sur- 
face for a gas turbine and in a calculation of the §S1 surface of 
revolution for a centrifugal compressor, the coefficient matrices 
(about 400 and 200 interior grid points for the two problems, respec- 
tively, and the fourth-degree differentiation forma are used} were 
factorized into the lower and upper triangular matrices on an IBM CPEC 
and an JBM 604, respectively, in about 60 hours. The determination of 
¢ for a given set of values of WN tock only 2 hours on the CPEC for 
the gas-turbine probiem. The gas-turbine problem was also worked out 
on an Univac; the factorization took oaly ll minutes and the determina- 
tion of YY, 2.5 minutes. The increasing availability of these high- 
speed large-scale digital calculating machines will render the suggested. 
method of solving the three-dimensional-flow problem a practical one. 
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General table for evaluation of density from w-derivatives,. - 
After the wW values are obtained at the end of each cycle of calcula- 
tion, the velocity components are evaluated from the derivatives of ff 
with respect to the coordinates, after the density is obtained as 
follows: From equations (46), (57), (74}, (80), (95), (105), and (113), 
the relation between h or p and w-derivatives can be put into s 


common form as 
2] x «(= a) «(3 21)" (144) 


The quantities represented by X, as well as by €, q, and € for dif- 
ferent cases, are given in the following table: 








a 





a, 1 (general) (46) 

2 (surface of (1 + 22) 1 (57) 
revolution) 

5 (cylindrical 1 
surface) 

4 (general) 7p r 1 (74) 

5 (surface of op r 1} = (80) 
revolution) 

6 (radial @ r rl (85) 
plane) 





7 (Var given) r a r (105) 
W 

8 > given) r L+ g4 QO r (113) 
ra 


With the w-derivatives evaluated, if an exact determination of h 
or p from the preceding equation considering the variation of specific 
heat with temperature is desired, the Keenan and Kay gas tables (refer- 
ence 47) can be used. With two or three readings of h and p (or its 
reciprocal, specific volume), the correct value of h or op satisfying 
equation (144) is found. For most cases where the temperature range 
involved is not too large the use of an appropriate average value of jy; 
> may give accurate enough results. With the use of an average Y; 
the density at any point in the flow field can be related to the inlet 
total value by equation (12a) as 


a, 
re a oe ee 1 ee a _ r 
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1 | 
a 2.2 (2 2|\7r-L 
—— -* + ofr 1 ov es sk * 
Ppa By Ay. a(bp)* Hy 
(145) 


In order to make out a general table for the calculation of density from 
the y-derivetives, the preceding equation is rewritten as 





2 
2 ae 
Ye Q : oye (146) 
xr 
where ol 
y-1 
T+ twtr? x \ I ott 
p 2 T,i 
ao oan e 
Cr Hy 
tt. 
1 22 Y-1 
-_ ~2/ 7 += _wt x o* 
®o=|x(- | can) - mS abs en, 4) 
r On e z oY) ar Or a By 


The functional relations between % and ® are given in table I for 7 
equal to 1.4 and 4/3, respectively. From the given iniet condition and 
the given X velues, the veriation of 





_ tH 
2.2 r-t 
; A r+05 _x 
(2 H;) (bpp, 4) * 
i 


is first ecypyted and plotted as an auxiliary graph or table as a func- 
tion of = - i ). A similar auxiliary graph or table is prepared 





for the variation of 
os 
+ 
Sar" = & 


Ay 


T+ 





Bont 
as a function a Gz: ~ x). Anytime during the calculation, from the 


Value of Fe x ~ X } at each point (in general, X changes during 


successive improvements between 5, and 6,5 surfaces), 
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_ teh 
L 2 T-1 
I+ sr - 
(284) (beg, 2) ~~ | 


ig read from the first graph or table and is combined with 


he(2 a8) «(2 ax) 


and the entropy factor to obtain ®. The value of ~Y is then read from 
tables I or Ii. After the value of 


_ 
L + = ofr® - x y 


EH. 


a 


is read from the second curve ar table, the density ratio is obtained. 


Hyperbolic Case 


In the hyperbolic case, the main problem is the solution of the 
following principal equation, written in a common form for the two kinds 
of flow surface: 


2 2 
a4 ,2K8 ey L 3 oy Noy _ 
J set 25 Bray * ail om: +M at * yan (147) 


with the initial condition that y and its normal derivative are given 
on a curve which is not a characteristic curve. From equation (147), 
the equation of the characteristic curve is - 


J ( any’ ~ 2K (v 32) tao (148) 


The slopes of the characteristic curves are 


A= ost) = §-5 Ke. IL, (1498) 


68 NACA TN 2604 


Ag = a = = + = NKe-JL (249b) 


The coefficients J, K, L, and yp and the independent variables 
7 and t¢ for the eight cases considered are given in the table on the 
following page. Using these values of J, K, and L, Ay and Ag are 


also expressed in terms of the velocity components. Except for cases 2, 
5, and 8, they can also be expressed in the usual trigonometric form, 
tan (Xi). The vaiues of X and uw are also given. 


Changes of vy-derivatives along characteristic curve. - When the 
reference point on the jib-plane moves along the image of the charac- 
teristic curve in the 7t-plane corresponding to a small change in C, 


at, the change in y is dy = Fa. Because of these two small 
changes, the change of any quantity q on the surface is (fig. 12) 


da = $2 at = SF at + 225 at (150) 
or 
ag _ 39a, Ada 
at ~ at * Dan (151) 
Hence along AL 
2 Aa 2 
day aay 4 aay _ay tla 
at 3 at t+ an Of oat toy atan roe 
dé ay_ a ay, 4t a ap_aty , M1 a%y (153) 
at an at aq v a ay alan an? 
From equations (152) and (153), 
ay _ day “1 at 
ato7n at an” v anZ eis) 
: 2 
ay _ a oy An a ay (An) o%y 
mre ae By AC BT Ay PR name 





Cape] Burface |Coordi-| » J ba L A 
— tan (yo) 
ye a 





Wa" W Hu” Wate Al Wy "4s un 2 Wy 
L G (ecneral) | = rj iL = = ia = — = = st neck A y Thy eo 7 al a 
o a es & au , 
(surface are a ¥ spare |. +N UR ka we e 
2|8, of revo-| | ri i - bana ~ (432 Fas (1427) b- * - Ney = haath Ho, 
intion) a ae B a (W_P+H_*) ay 




















W." YW sta, lwo 2 W 
= u's u fay 
1-—s - AW, tH,” =¥ 
a A -Hy We 
We iw We WoW NR 2 fead W 
4 | 8,( general) Oyj r rj1l- — 1-5 ne 7 
a 5. a a“. Yr 
Fs 7 ee —— 
leurrmce WptHy 2 W 2 $09 AeA? W AW?-o2 | 
3 | 6, of revo-| #4 r 1-—— -bts) =F a+) a-"5) - a ue 7 Wye 
lution) a A A A a A -(W +i } r 
! 
el, (redial | ot, We | Ry naa WHybanl He 8? Y | pas 
1 plane) ae ne ae at | ¥- Qh 
¥n4 Hrs Ron WeWgta Al Wr Oty 28 ais 
7 | Ba(¥ rjs | 1[/1- ' ers i YeMata Nat egr 28 is rae 
. ae at a” an f a,” We a oe 





B {W/¥,, riz 1 1. a” (14@2) (1g?) (-“5) : Jiee| firad VW te feat | 


a o 
a -(W,, We”) 


ao Ht 
re 
i 
NM 
hy 


~ é 
rode ML WOVM 


PIs 


aj 


Pa: 





c9 | =x 


jim 
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Substituting equations (154} and (155) into equation (147) gives 


: a. ; 1 dad oy 2 io a NE 
(156) 


By virtue of equations (149a) and (149b), equation (156) becomes 


2 day May, N28 
SHOE EMEEBR-0 com 


Dbimilarly, along the second characteristic curve fo; 


a Ald ob | May, Nay_,- 
at at *b a an * TF at * Tea 9 adi 


Starting from two points a and b a short distance apart on the 
initial curve, equations (1498) and (149b) give the tangent to the 
characteristic curves at these two points and equations (157a) and 
(157b) give the new value of o4/d€ and odv/dn at the point of inter- 
section C of the two tangent Tines (fig. 11). ‘Fhe auxiliary equa- 
tions corresponding to the particular problem are then used to deter- 
mine other pertinent quantities at the point ¢. ‘This process is to 
be carried step-by-step downstream. 


Changes of fluid velocity and direction along characteristic 
curve. - When the characteristic curve hits the boundary wall, it is 
more convenient to express equations (157a) and (157b) in terms of the 
magnitude of the fluid velocity and the flow direction. In order to 
do this, the definitions of wW-derivatives are first put in @ common 
form for all cases as 





SF = bp We x (158) 
at = - bp Wy € (159) 


where € equals land r for the 5, and SS, surfaces, respectively. 
By the use of equation (45), 


OV 
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d dind 1 dh as* ¢INW dine 
at 8 ~-vome (SRP SR oe, ag * at 
(160) 
d oy _ dinb,1d¢h ds*, @ md ,ading 
ae ay ~ 08 Met ae +2 ae att 7 aaa | 
(161) 
Substituting equations (160) and (161) into equation (156) yields 
dinb i dh ds* awe | a 
(Az We - W,) Caz +S-$)+ es ~ a ) + 
dinr In ¢ W M 
Ag We ae - %y ae te 5 - Wy FeO (162) 
Let 
Wy) = Ww sin X 
(163) 
We =woecos X 
and 





2_.2 2.2 
_ aor an 2 2 2) _ wor 1; 2 2 
h=I+ 5 (We + Wy +My Je E+ a es (w + We ) 
(164) 


where We is equal to W,, W. r» 9; Wo, W,, 0, Wy, and W, for cases 1. 


to 8, respectively. By the use of equations (163), (164) » end (144), 
equation (162) can be written 





ZL we 1) as dw con xX + lie sin X% ax 1 a - were me 
a2 at * Ko cos X% - sin x dt 2 at — Bf” 
d ln b i an 





ag + yar x Tax bax § —— Ay coax se) 4 


1M sinX ~ N cos X_ 


J As cos™%- sin X (165) 


= Sm. tl oy. 
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A similar expression can be obtained Por the change in w and xX 
along A, by replacing Ap by A) in the preceding equation. For 
cases 1, 3, 4, 6, and 7, A can be written as tan (xin), where u is 


equal toa sin” = through purely trigonometric transformations as 
folicws: 


AE +N Ke-JL Oy “t +a sa 
— —— aT: 0”CtC~<‘ 


2. Wee 


sin X% cos X¥ + Sin w cosy sin 2% + sin au 


7 eee XY - sin@ " - cos 2X + cos 2u 


sin (X+u} cos (X-p)} eos (¥tu) sin (x-u) 
= cos a cos can CF cos (Xtu) cos (x-u 


tan (+u) or tan (X-p) 


For these cases, equation (165} can then be written (compare refer- 
ence 30): 


1 dw ~ dx 2 le were Wy 
vee ap | See a ae 


aaa ds* dine a inr 
ag at * Deore > ein x (2% —~at - cos x ae) 


1M sinX - N cos xX] _ 
J AcosX% - sin X |- : (166) 


where the minus and pius signs on the second term and subscripts «a 
and 1 for A in the last two terms are used along characteristics AL 


and As, respectively. Equations (165) and (166) are most useful when 


the characteristic hits the boundary wall. For a direct problem, the 
siope there is known from the givén blade shape and for an inverse or 
design problem, either the desired turning at the boundary or the 
velocity on the boundary is prescribed. With either d* or dw known, 
Gw or aX is evaluated from equation (162) or (165} (only one charac- 
teristic equation is used at the wall). For convenience of setup in 


NACA TN 2604 - 73 


calculation, tais system can also be used for interior points. Lbxcept 
that more terms are involved in the present problem and that w takes 
different meanings in different cases, the procedure of calculation is 
very much the same as ordinary two-dimensional flow described in refer- 
ences 34 and 30. 


CONCLUDING REMARKS 


A general theory of steady three-dimensional flow of @ nonviscous 
Pluid in subsonic and supersonic turbomachines having arbitrary hub and 
casing shapes and a finite number of thick blades is presented. The 
solution of the three-dimensional direct and inverse problem is 
obtained by investigating a combination of flows on rélative stream 
surfaces whose intersection with a z-plane either upstream of or scme- 
where inside the blade row form a circular arc or a radial line. ‘The 
equations obtained to describe the fluid flow on these stream surfaces 
show clearly the several approximations involved in ordinary two- 
dimensional treatments. They also lead to a solution of the three- 
dimensional problem in‘a mathematically two-dimensional manner through 
an iterative process. The equation of continuity is combined with the 
equation of motion in either the tangential or the radial direction 
through the use of a stream function defined on the surface, and the 
resulting equation is chosen as the principal equation for such flows. 
The character of this equation depends on the relative magnitude of 
the local velocity of sound and e@ certain combination of velocity com- 
ponents of the fluid. <A general method to solve this equation by both 
hand and machine computations when the equation is elliptic or hyper- 
bolic is described. The theory is applicable to both irrotational and 
rotational absolute flow at the inlet of the blade row and to both 
design and off-design operations. 

Lewis Flight Propulsion Laboratory 
Wational Advisory Committee for Aeronautics 
Cleveland, Ohic, July 13, 1951 


REFERENCES 
1. Lorenz, H.: Theorie und Berechnung der Vollturbinen und Kreisel- 
pumpen. V.D.1. Zeitschr., Bd. 49, Nr. 41, Okt. 14, 1905, 8. 
1870-1675. 


2. Bauersfeld, W.: 4uschrift an die Redaktion. V.D.I. 4Zeitschr., 
Bd. 49, Nr. 49, Dez. 9, 1905, 8. 2007-2008. 


3. Stodola, A.: Steam and Gas Turbines. McGraw-Hill Book Co., Inc., 
1927. (Reprinted, Peter Smith (New York), 1945, pp. 990-992. ) 


4, v. Mises, R.: Theorie der Wasserrader. Zeitschr. f. Math. und 
Phys., Bd. S57, 1909, 5. 1-120, 


eS ne 
ay ee ee ee _ 


t4 NACA TH 2604 


5. Dreyfus, L. A.: <A Three-dimensional Theory of Turbine Flow and Its 
Application to the Design of Wheel Vanes for Francis and Propeller 
Turbines. Acta Polytechnica, Mech. Eng. Ser., vol. 1, Nr. 1, 1946. 


G. Ruden, P.: Investigation of Singie Stage Axial Fans. NACA TM 1062, 
1944. 


7. Traupel, Walter: New General Theory of Multistage Axial Flow Turbo- 
machines. Wavships 250-445-1, Navy Dept. (Trans. by C. W. Smith, 
Gen. Elec. Corp. } 


8. Meyer, Richard: Beitrag zur Theorie feststehender Schaufelgitter. 
Nr. 11, Mitteilungen aus Inst. f. Aero. (Zurich), 1946. 


9. Ackeret, J.: Zum Entworf dichtstehender Schaufelgitter. Schweiz. 
Bauztg., Bd. 120, Nr. 9, Aug. 29, 1942, 5S. 103-108. 


10. Marble, Frank E.: The Flow of a Perfect Fluid through an Axial 
Turbomachine with Prescribed Blade Loading. Jour. Aero. Sci., 
vol, 15, no. 8, Aug. 1948, pp. 473-485. 


li. Marble, Frank E.: Some Problems Concerning the Three-Dimensional 
Fiow in Axial Turbomachines. 1.4.5. Preprint No. 182, 1949. 


12. Siestrunck, R., et Fabri, J.: Fcoulements tourbillonnaires dans 
jes machines axiales. Office National d'Etudes et de Recherches 
Aeronautiques. Pub. 45, 1950. 


13. Spannhake, W.: The Three-Dimensional Theory of Turbines and Pumps 
for Incompressible Fluids. R.2.P. Trans. No. 1568, British 
M.A.P. (From Forschung, Vol. 8, No. 1, Jan.-Feb. 1937, 
pp. 29~34.) 


14. Gravolos, Fausto G.: The Flow of an Inviscid, Incompressible Fluid 
through a Turbo-Machine with Arbitrary Hub Shape. Special Tech. 
Rep. No. 3, Rennselaer Poly. Inst., Aug. 17, 1948. (N7-ONR 
336-T.0. No. 1, NR 061-014. } 


15. Wislicenus, George F.: Fluid Mechanics of Turbomachinery. McGraw- 
Hill Book Co., Inec., 1947. 


16. Reissner, Hans: Blade Systems of Circular Arrangement in Steady, . 
Compressible Flow. R. Courant Anniversary Volume, Interscience 
Pub., inc., 1948, pp. 307-327. 


17. Wo, Chung-Hua, and Wolfenstein, Lincoln: Application of Radial- 
Equilibrinm Condition to Axial-Fiow Compressor and Turbine Design. 
WACA Rep. 955, 1950. (Formerly WACA TN 1795.) 


NACA TN 2604 %OD 


18. Wu, Chung-Hosa: A General Through-Flow Theory of Fluid Flow with 
Subsonic or Supersonic Velocity in Turbomachines of Arbitrary Hub 
and Casing Shapes. WNACA TN 2302, 1951. 


19, Goldstein, Arthur W.: Axisymmetric Supersonic Flow in Rotating 
Impellers. WACA TN 2388, 1951. 


20. Courant, R., and Friedrichs, K. @.: Supersonic Flow and Shock 
Waves. Interscience Pub., Inc., 1948. 


ol. Vazsonuyl, Andrew: On Rotetional Gas Flows. Quart. Appi. Math., 
vol. TIT, no. 1, April 1945, pp. 29-37. 


ae. Hicks, B. L., Guenther, P. E., and Wasserman, R. Hd.: New Formiea- 
tions of the Equations for Compressible Flow. Quart. Appl. Math., 
vol. V, no. 3, Oct. 1947, pp. 357-360. 


25. Ferrari, 0.: Determination of the Pressure Exerted on Solid Bodies 
of Revolution with Pointed Noses Placed Obliquely in a Stream of 
Compressible Fluid at Supersonic Velocity. R.2T.P. Trans. No. 
1165, British M.A.P. 


c4. Moeckel, W. H.: Use of Characteristic Surfaces for Unsynmmetrical 
Supersonic Flow Problems. WACA TN 1849, 1949. 


25>. pouthwell, R. ¥.: Relaxation Methods in Theoretical Physics. 
Clarendon Press (Oxford), 1946. 


26. Wu, Chung-Hua: Formulas and Tables of Coefficients for Numerical 
Differentiation with Function Values Given at Unequally Spaced 
Points and Application to the Solution of Fartial Differential 
Equations, WACA TN 2214, 1950, 


afi. Weinilg, F.: Die Stromung un die Schaufeln von Turbomaschinen. 
Johann Anbrosius Barth (Leipzig), £950 


2B. Keller, G.: Axialgeblase yon Standpunkt der Tragflugeltheorie. 
Gebr. Leeman &® Co. (Zurich), 1934. 


29. Wu, Chung-Hue, and Brown, Curtis A.: Method of Analysis for Com- 
pressible Flow Past Arbitrary Turbomachine Blades on General 
Surface of Revolution. NACA TN 2407, 1951. 


50. Wu, Chung-Hua, and Costilow, Eleanor L.: A Method of Solving the 
Direct and inverse Problem of Supersonic Fiow along Arbitrary 
Stream Filaments of Revolution in Turbomachines. WACA TW 2492, 
Iga, 


i ee ee ee eae: 


es Nok - ee a le a ee el el 


76 


ol. 


oa. 


33. 


a6. 


ra 


38. 


OU. 


40. 


41, 


aia. 


43. 


NACA TN 2604 


Webster, Arthur Gordon: Partial Differential Equations of Mathe- 
matical Physics, Samuel J. Plimpton, ed., G. E. Stechert & Co., 
ed ed., 1933, pp. 2329-241. 


Ferri, Antonio: Elements of Aerodynamics of Supersonic Flows. 
The Macmillan Co., 1949. 


Emmons, Howard W.: The Numerical Solution of Compressible Fluid 
Flow Problems. NACA TN 932, 1944. 


Ince, EH. L.: Ordinary Differential Equations. Dover Pub., Lodd4. 


. Wu, Cine-Hoa, and Brown, Curtis A.: A Method of Designing Turbo- 


machine Blades with a Desirabie Thickness Distribution for Com- 
pressible Flow along an Arbitrary Stream Pilament of Revolution. 
NACA TN 2455, 1951. 


Stanitz, John D.1 Two-Dimensional Campressible Flow in Turbo- 
machines with Conic Flow Surfaces. NACA Rep. 935, 1949. 
(Formerly NAGA TN 1744.) 


pquire, H. B., and Winter, K. G.: The Secondary Flow in 4 Cascade 
of Airfoils in a Nonuniform Stream. Jour. Aero. Sci., vol. 18, 
no. 4, April. 1S51, PP. cil=-277. 


Hawthorne, William R.: Secondary Circulation in Fluid Flow. Gas. 
Turbine Lab., M.i.T., May 1950. 


Wu, Chung-Hua, and Brown, Curtis A.: A Theory of the Direct and 
Inverse Problems of Compressible Flow Past Cascade of Arbitrary 
Airfoils. I.A.5. Preprint No. 326, Jan. 1951. 


Hanrick, Joseph T., Ginsburg, Ambrose, and Osborn, Walter M.: 
Method of Analysis for Compressible Flow through Mixed-Flow 
Centrifugal Impeliers of Arbitrary Design. NACA TN 2165, 1950. 


Wu, Chung-Hua, Sinnette, John T., Jr., and Forrette, Robert E.: 
Theoretical Effect of Inlet Hub-Tip-Radius Ratio and Design 
Specific Mass Flow on Design Performance of Axial-Flow Com- 
pressors. WACA TN 2068, 1950. 


Wu, Chung-Hua: A General Theory of Three-Dimensional Flow with 
Subsonic and Supersonic Velocity in Turbomachines Having Arbitrary 
Hub and Casing Shapes. Part IT. Paper No. 50-A-79, presented at 
the Ann. Meeting of A.S.M.E. (New York), Nov. 27-Dec. 1, 1950. 


fmon.: Tables of Lagrangian Interpolation Coefficients. Columbia 
Univ. Press., 1944. 


NACA EN 2604 


V7 


44. Bickley, W. G.:. Formulae for Numerical Differentiation. The Math. 


45. 


46. 


47. 


Gazette (London), vol. XXV, no. 283, 1941, pp. 19-27. 


Emmons, Howard W.: -The Theoretical Flow of a Frictionless, Adia- 
batic, Perfect Gas Inside of a Two-Dimensional Hyperbolic Nozzle. 
NACA THN 1003, 1946. 


Fox, L.: Some Improvements in the Use of Relaxation Methods for 
the Solution of Ordinary and Partial Differential Equations. 
Proc. Roy. Soc. (London), vol. 190, no. AlO20, ser. A, June 
1947, pp. 31-59. 


Keenan, Joseph H., and Kaye, Joseph: Gas Tables. John Wiley & Sons, 
Ine., 1948. 


oe ee eee ee - 


78 


1.0005007 
1,.0910027 
2,001L5061 
]..0G020103 
1.00251 71 


1,0030246 
1.0055555 
1,0040438 
1,0045555 
1,.0050687 


1.0055835 
1.0060993 
1.0066168 
L.OO71S57 
1 .OO7T6S61 


1.0081779 
1.OO870L2 
1,0092256 
1 0097522 
1..O102890 


1.0108093 
1.0213401 
1,0118724 
1,0124063 
1.0129417 


1.0154, 786 
1.0140171 
1L.0145572 
1.015098 
1,0156421 


1.90161869 
1.0167335 
1.0172614 
41.0178311 
1.0163625 


1.0169354, 
1.0194900 
10200462 
1,.0206042 
1.G2116358 


1.021 7252 
1.Q222882 
1 .0228550 
1.02354194 
1.0259976 


1,0245575 
10251292 
1 0257027 
1.0262780 
1.0268550 


1,02743538 
1.0280145 
1.62659 70 
1.62915813 
1.029 7674 


0,99949955 


99899850 
~39849616 
-99TIISLE 
299748922 


0,.99698452 


~J964¢TO92 
99597245 
99546516 
~39495686 


0,99444776 


+99393768 
39342669 
299291466 
39240207 


0 99188824 


391373586 
39085854 
2990354199 
98962460 


0.96950629 


~ISO 78706 
-J8526690 
967 T4575 
38722565 


0.98670066 


38617666 
-98565167 
«99512569 
98459881 


0 28407094 


98354210 
~78301217 
236248126 
«98194932 


0.S6141649 


«S808 8260 
-I6O34775 
«97981176 
97927492 


O,978735S75 


«ITALITTS 
eOTT6S759 
~9771155e 
A765 7455 


O.97603112 


3 7348680 
5 T494137 
ot 7459255 
ad TOBE TSS 


O.97S5e9872 


eo 7274893 
»97219805 
-9T7i64619 
971093508 





NACA TN 2604 




















0 .9705369C 
36998357 
96942708 

~J6886954 


1.030355534 
1,0508453 
1.-0325371 
1.03213507 
L.03272653 


1-03335254 


1.0659554 
1.0666 704 
1 ,OB738a2 
10881087 
10688320 


1 0695582 
























-96775086 


1,03359 252 1.Oo702883 
1.045246 1,O0710192 
1.,0351L279 1,071L7540 


10557852 
1.0363404 


1 0724918 






















1.0732326 


1.0369496 1 O759 763 
1.03 75609 L,CTa7230 
1,03581742 1,0754728 


1,0387895 »36265654 


L.O762256 















0.96208713 
96151415 
-9609399] 
26036442 
~I5S9 78768 


1.0394069 
1,0400263 
10406478 
10412714 
1,0416971 


1.0769815 
L.C777495 
L.O785026 
1,0792678 
L.O800362 


1.Q808079 













1.042549 0.959209 70 














1,043517 546 95963049 1,0815828 
1.437869 «95804956 1.0823610 
1,0444212 25746812 1.0851424 
1 450576 «95688506 1,08359272 


















1,0456962 | 0.95630069 L.OB47153 


1, 0463370 95571505 1.085506 
10469860 295512808 1.0863017 
1,0¢76255 295453976 1.0871000 


1.04682729 1.0879018 
1, 0887071 
1L,0895160 
1,0905284 
10911444 
1.0919640 


L,O927875 


























0,95335910 
»F5276678 


1,0489227 
10495746 
1.050209 2 
1.0508859 
1,0513449 


1.0522065 


0,.91852069 
~IL785675 
e9L71L5487 
91646898 

«FLS7S1LI1 


0,91509116 




















1,0528701 1,09356145 31439916 
1L.G535362 10944450 SLAT7O5L2 
L.0542043 1,0952795 +I LSOCR96 
1.0548758 1.0962178 «IL251070 
































10555492 1.0969599 |0,91161055 


1,0562251 4,.0978056 aLo90792 
1,0569034 1. .O986557 91020326 
1,0575842 1.0995095 30949646 
1,0592675 1, 1003674 aIOBTETST 





















1.589554 








1,10122592 |0,90807616 


1 0596418 1.1020950 «99738280 
1 ..Q6O3527 11029650 
4,0610263 11038391 


1L.QO61 7225 


1.G624213 
1 .O63S1L227 
1.06358268 
1.0645356 
10652431 


L.1LOS7i Tae 


1.1055999 
1.1OS4666 
1L.LOTS Tt? 
1,108273i 
1.1051750 





















90157261 





f1V 


NACA TN 2604 


1,1100772 | 0,90083625 


1,1109859 
1.1319991 


1.1129170 89862035 
1.113573594 249787611 


L.1i46665 | 0,89 712952 
1.1155983 »S9639000 
1.1165346 -69562515 
1.1174762 49487364 
1,i184225 269411629 


1.1193737 | 0.89535670 
1.1205298 39259431 
L.1l212910 2291682915 
1.1222575 «89106125 
1.,12352287 09029064 


1.1242053 | 0.88951724 
1.1251871 | .88874108 
1,.1251742 | .98796203 
1.1271667 | 98718022 
1.1261647 | .98639540 


1.1291681 | 0,88560773 
L-L301 771 ~-S68481708 
1.1311917 884023546 
1,12322120 «S83522682 
1.15352361 ~G82¢2709 


1.1342699 | 0.68162456 
1,1353077 . 98081846 
L.1565514 880003848 
1.1374012 eO7919 724 
1.1384571 «97838180 


1,1395191 | G.877563518 
1,1405875 ~S76 74151 
1.1416619 .S759 L607 
121427429 87506748 
1.14358304 87425545 


1.1449745 | 0.8734200¢ 
1.1460252 2872551156 
11471327 sO7L7S875 
11462470 87089276 
1.149368] 87004529 


11504963 | 0.86919011 
1.1516315 ~8698333524 
1L.i527741 86747265 
1. 1539238 -96660835 
11550810 «96574015 


1.1562457 | 0,46486808 
Lel57el79 »O6399217 
1+1585976 286311229 
1.1597855 ~862e2e7840 
1.160981 «96154045 


1.1621847 | 0.86044845 
1 1633964 255955226 
1.1646164 «85665165 
1.1658447 245774718 
1-1670816 285683812 





TABLE I - GENERAL DERSTTY TABLE - Contimuiad 


(a} FY = 1.4 - Comeluded 


1,1lé8se71 
1.1695815 
1. 17O8a44£ 
1.1721164 
L.lFS3s75 


1.1746880 
1L.1759880 
LeLi7ag74 
1.1786165 
1.1799455 


1.151L2046 
1,1826359 
1,1839935 
1.1455635 
1.i867445 


1,18813462 
1.1595390 
1L.1209550 
L.1823785 
1.18938256 


1,1952645 
1.1967255 
1..1981968 
1.1S96846 
12011851 


1.2026946 
1. 2042193 
L.2057574 
1.2073092 
1. c0aa7so 


L.21oessl 
12120497 
1.21356591 
1,2152856 
1, 2169255 


1.2185792 
1.2202510 
1.2219392 
1L,2256442 
1, 2253665 


1.2271059 
1.2289634 
1.235063393 
1, 23524338 
12342475 





1.2360808 
1.235 79542 
1,2396081 
1.241 70352 
1.2436198 


1. 2455586 
1,24 75206 
1,2495048 
1,2515134 
1, 2555466 


































































































0, 65592468 1.2556050 










0,85128987 
+ 85034891 
94940305 
2446845200 
O44 749577 








1.2685268 
1.2707833 
1.2750715 
L.27Ssoe7 





0,64555605 LeerT7TaTé 







84564156 L.287o209 





1.2900725 
1.2926566 
1.2952640 
1.29 79563 
1.3006735 


0 84165455 

+84066180 
«835966370 
OS865987 
».635 765030 










0.85663490 1.5035¢429 







«83561551 1.2062609 
+83458505 1.4091514 
pOS5oS242 1.3120571 


283251255 1.5150400 
0.635146626 
835041555 
62935425 
~82828823 
2721539 


1.5211890 
13245612 
L.c276021 
1.3309163 





0,82613556 1,3343067 


.82504868 L.S577 787 
~-d23595460 1.413356 
62295220 1.5449840 


821 74454 L,3487277 






0, 62062785 1..5525748 






«81950555 1.4565299 
~8183 7132 12606032 
+8lT23102e 1 3648001 





«81608251 1L.S69i1558 






0,91492559 1.s756105 


»G1L3S76010 1,35782479 
»G1259578 1,.5650531 
«61740261 1,3880508 





»GLOG2Q1027 1,5932489 
0,802900860 
80779738 
«80657644 
80554545 
0410526 


1.5986835 
3 .4043617 
1.4103403 
1,4166227 
1.4233067 


14505770 






0,80285263 






«G0159056 1.458035 71 
80031705 1.4461815 
«7903260 1 4554567 


+79 T7SE50 1,4650468 





.85500683 1.25 76894 
.O5400445 L,2598004 
45335759 1.261938 
«85222612 1.2641055 


1.2663¢12 






294557021 1.2801376 
H4959925 1,2825538 
- 84362500 1.2950276 














1.51 80832 















79 














0.759642681 
«79510887 
TS 77654 
«792435139 
« T9LO7S21 












GC. 78970153 
+786351602 
- f8691625 
« 76550184 
» 18407223 

















0, 78262716 
«18116602 
« 77969631 
» 77919340 
«7? T668099 















CO. 77515025 
-T7TS60066 
af FeOS146 
» t7Od4196 
« 76883127 


0. 76719895 
-f65543585 
+ T6365526 
«76226195 

» 7604353514 


0. 75867745 
» 7o689398 
.fo7058102 

, ef adeo Tes 

«75156205 


0,74945208 
» TATSOTTY 
«74552556 

» 43550327 

» 74143951 


0, 73953065 
2 F3TLTISOS 
a oI 5014 
5 2708C8 

» 5050880 













































































0. 72800941 
«72550885 
- 12505804 

.feOd5475 

~TLTT4684 


0, 71495825 
tL 206727 
.TO90d8 73 
2 70590426 

» TO28A8926 


0,6991153¢9 
49539255 
59147614 
» 68706956 
~ 68257205 





























ee ee ee 


80 


1.0010026 
1.0015060 
1 OO20107 
1.0025168 


100230212 
1 .CO353550 
1,0040432 
1.0045548 
1,0030678 


1,0055822 
100503580 
34 0086152 
1L.GO71533 
1,00 76541 


1L,Q081756 
1,0086985 
1,0092250 
1.009 7490 
1,0102764 


1,0108055 
1.0115357 
1.Q011L8675 
1.01240106 
10129555 


1.134723 
1.0140104 
4,0145499 
1,035991¢G 
1,0156336 


1.0161778 
1 .OL67235 
L,GL72710 
1,0178200 
1.01a3707 


1.0189229 
1.0194 767 
10200322 
1,0205894 
1.0211482 


1.021 7087 
1,G222708 
10228346 
4,02354001 
1239675 


i 245565 
10251070 
40256794 
1,0252556 
1 0268295 


LO2TS072 
L.G279867 
1.0285675 
1.0291510 
1.0297559 


TABLE I - GENERAL DERSTTY TABLE - Continmed 


O.99949555 
»I9899640 
~TIB49626 
wIFIISSS 
99748952 


0,9969849e2 
229647944 
99597508 
«99546585 
~IS49577S 


GC, 99444879 
993958396 
99542827 
~I7LILGES 
«29240404 


0,99189070 
«ISLS 7651 
~99086129 
39034513 
~78982915 


0.99931021 
«38879156 
JRB27LSS 
~S8775030 
a8 722936 


O,986 70679 
-78618318 
98565876 
«978513335 
-9B460705 


98407975 
«34355148 
283022022 
38249199 
-38196069 


G.98142855 
38089539 
«780365121 
~97982597 
979259 78 


O,97875255 
237821458 
«2? 7T67514 
297715494 
97659369 


097605131 
~9 7550792 
»I7496352 
~9 7441802 
~S7SB7LSL 


C,.97332592 
oS Ter To2s 
Df P2R556 
~DTLETATL 
-S7L1L2279 


{o) y= 4/5 


1 0303226 
1,03909112 
10315016 
1.0320939 
1.0326880 


1 ,0332840 
1.0558819 
1.03443817 
1.0350835 
1,.0356872 


1.03629 23 
1,0369003 
LOS 75099 
1.0361215 
1,O387350 


1,0393506 
1.0399681 
1,0405876 
1.0412093 
1.042 8351 


1,0424585 
1.0420857 
1 O45 7167 
1,0445468 
10449830 


10456194 
1.0462580 
10466987 
1,0475415 
1,04814868 


10488342 
1,0494837 
1,0501355 
1,0507895 
10514460 


1.0521047 
1 OS27657 
J .Q534290 
10540947 
1,0347628 


10554332 
1.0561061 
105676135 
1,0574590 
10581391 


1,0598217 
1 .0595068 
10601944 
10608846 
1,0615773 


1 0622726 
1.0629 04 
1.0636705 
1 C6435 740 
L.O6S0797 


0.9 70569580 
-97001565 
~36946044 
«96890409 
-35824658 


O,96778614 
295722646 
«J6566 766 
«595610553 
~96554249 


0.9649 7824 
«36441289 
«363584622 
«36527838 
+96270945 


0,.962135924 
-J6L56795 
96099550 
~J6042169 
~25964564 


O,.99927045 


sTO6953557 


GO, 95557093 
95579720 
95520226 
275461503 


095343965 
25282948 


O,94747825 
94687456 
»J4626958 
~94566314 
294505555 


0.944¢4606 
«243583558 
343522524 
«94260959 
34199452 


O,94137795 
24075997 
294014043 
«239519358 
«35089687 


NACA TH 2604 


1.C657881 
1,0664991 
1.0672128 
LOSTS293 
1..0686486 


1.G693706 
10700954 
1 708250 
L.O7LS334 
10722867 


1.0750229 
LOTS TE20 
L.O745040 
L.0752489 
1,O759966 


LOF674a77 
1.07 75017 
1,O782587 
L.O730187 
L,O73 7815 


1,0805481 
1.0613175 
1,0820901 
1,O828659 
1,0836449 


1.08¢4271 
10852126 
1,0860015 
1,O867937 
1 0875893 


1,0883882 
1L.0891906 
1,0899965 
L.O908056 
1.0916187 


1,09243551 
1,0932551 
1 ,O940787 
1,0949059 
1,C9S57368 


L,O965714 
1.02 74098 
1,0992520 
1,0990979 
1,.0999477 


1. lLOO8O14 
L.LO016591 
L,i025207 
1,10335863 
1.1042559 


1,1051255 
1, 1060074 
1, 1065894 
11077756 
1 i086660 


95576150 


0.9351 2951 
295449612 
2955896115 
2953522461 
935258641 


C.95194656 
«951350506 
«950665196 
. 93001723 
92937079 


O.92872267 


2547558 
292281152 


I1946475 


O,918797282 
-7L611295 
91745414 
-S1G7TSIS47 
-FLEOTOTS 


O.91538619 
-31469960 
291401163 
»913552050 
291262792 


0911953352 
«J1L25662 
910535784 
209835706 
90915415 


Q,90842908 


0,90487125 





»90198491 


NACA TY 2604 | 81 


TABLE I - GERERAL DENSITY PARIS - Concluded 


(ob) 7 = 4/5 - Concluded 


L,1logs6o7y | 0,90125753 11669283 [| 0,85695068 L.2514571 |0. 79906654 


1,1104597 
1.1115636 
1L.1l122706 
1.1151830 


11140997 
1.11509210 
1.1159464 
L.1L687 75 
1.1178125 


1,1187524 
1.1i36971 
1.1206466 
1.1216010 
1L.1L225603 


1,1235246 
4 1244940 
1,1254685 
1,1264481 
11274529 


11284250 
L,1294184 
1.1204192 
1,1514255 
1.1324572 


1.l5354545 
11344774 
1.13595061 
L.,1S65405 
1,13 75807 


1.1466269 
1.1396790 
1407372 
1.1418015 
L.,1428719 


1.14559456 
1,1450317 
1.1461212 
1 472172 
11465197 


1,1494289 
L.E505449 
1,1516677 
1.15279 75 
1,1559342 


1.1550760 
1.1562290 
1,L5 75873 
1,1585530 
1.159 7262 


1.1L609065 
1L,1620955 
1,1632916 
1,1644958 
L.1657060 


ee ee 


30062795 
«999796502 
89906165 
-89852485 


0,89 758574 


«89385283 
«89509868 


-36305117 


86225862 
-34146315 
«68066458 
287966306 
»OT905551 


87825081 
«87 744005 
-8766261L0 
«87580897 
87498870 


C,87416515 


0,56574240 


~S6298057 
86401501 


0,86139552 


1.1661568 
11693937 
L.L7O6391 
L.L718931 


1L.1731558 
L.1744275 
L.L757079 
L.Lié9977 
1.1 782966 


L.L796049 
11809228 
L.1L822504 
1.1L835879 
1..L849354 


1.1862930 
11876610 
1-. 1890394 
1,.1904285 
1,-1918285 


1,19323595 


L.1346517 | 


L.1Lz60954 
1,1975406 
L.LI8s2o76 


1,.2004666 
1,2019479 
1.20354416 
12049480 
1.20645675 


L.,2079937 
1,2095455 
1.21L1050 
1,2126785 
1,2l42656 


L,c158677 
1,-2i7464¢ 
1,e2e191161 
1, 2207632 
1, a224e59 


L,.22d1045 
1,2257994 
1,2275110 
L.,2292336 
1.2509655 


1,2327492 
1.2°549510 
1,2563314 
12581508 
1.2599896 


12418465 
1.245 7273 
1.2456273 
1.2475485 
1,c492916 


~95604946 
85514399 
Ood25 424 
~§55352015 


065240170 


»O5l4 7864 
»85055120 
-J4961933 
»-O4658275 


O847 74146 
204673540 
84584450 
~64¢38666 
2843972786 


O,€4296207 


«84199111 
-§4101502 
«84003365 
85904689 


0.635904 72 


83705705 
83605371 
83504476 
83405003 


203500945 
«83198282 
~95035017 
-S25991135 
»-O2886625 


«62781478 
2825756835 
82569 224 
282462101 
823554292 


O,82245790 


eS21356576 
-82026642 
«81915969 
«81604545 


0,81692372 


~SLS79417 
281465665 
281351105 
«812355725 


O,81119501 


«81002421 
80884462 
«980765606 
280645834 


0, 80525133 


80405474 
280289835 
20157204 
»80032551 


—— ge ee 


1, 2534457 
1.2554579 
1,2574944 
1.2595556 


1,2616424 
1.2637555 
1.2658957 
1.2660636 
1.2702602 


12724861 
L,27a74ed 
L.e7roes3 
122795498 
1,.2817028 


1.2840502 
1.2865130 
1.28659 726 
1.2914700 
1,2940068 


1.2965943 
1.299204) 
1.5018675 
1.5045765 
1.30735325 


1.5101379 
15129945 
13159043 
1.3188597 
1.32163955 


1.5249779 
13261263 
Leoola4ie 
1,5346266 
1.33 79854 


1 3414224 
125449408 
1.3485465 
L.3522452 
1 3560584 


1.5599561 
1.5639457 
15680720 
1,357232693 
1.5767161 


1.5812551 
13859506 
1,3908236 
1,5958818 
1.4011550 


1.4066513 
1.4124156 


“1,4184546 


1,4246420 
L.4515749 


«f9 780081 
a7PE52215 
«9525217 
e aI SOEA 


0.79261762 


ef 9129230 
«73995450 
. 76660396 
«18724026 


0, 765863526 


16447222 
«78306702 
» 78164705 
78021207 


O.77876149 


of? 729490 
«77581168 
of f45l144 
ef rerssat 


O,771i25722 


769 70200 
«76832752 
76653228 
. 76491635 


O. 76327643 


» (6161793 
« 75993368 
» od2250e 
» (ab49059 


O,.754 72957 


» PoeosOed 
-foll22e5 
a 74927324 
«7473592351 


O. 74547734 


43552715 
+ f41559135 
- f39521595 
eforéeced 


GO. 735352867 


»69853139 
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Figure i. - Relative stream surface 5). 
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Figure ¢. - Relative stream surface Bs. 
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Figure 3. - Intersecting 5) and So surfaces 
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Figure 4, - Mean stream surfaces for axial-flow gaa turbine. 
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Figure 5. - Mean stream surfeces for inJet atege of axial-flow campressar. 
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Figure &, - Amiel-, radial-~ 
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(a) S, surface with pm and z as (b) B, surface with r and as 
independent variables. 
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Figure 7. - Blements of stream sheet, 
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Figure 8. - Orthogonal coordinates for surface of revolution. 
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Figure 9. - Relation between mean stream surface and 
blade surfaces. 
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Figure 10, - Grid aystem and boundary conditions.for general 6, surface 
(elliptic case). 
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Figors 11, - Grid oystem and boundary conditions for gemoral 8 surface (elliptic case). 
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Figure 12, - Characteristic syatem for hyperbolic case, 
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